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Chapter 0 


Preliminaries 


0.1 Introduction 


The coordination of algebra and geometry is called Coordinate Geometry. In 
1619, the French Mathematician, R. Descartes gave an idea how the points 
in a plane can be located by pairs of real numbers. Using coordinates we 
can study the properties of figures with the help of geometric equations. 
In this chapter, we recapitulate, some basic ideas, important formulae and 
deductions which we have studied in earlier classes. 


0.2 Terminologies and Fundamental Concepts 


0.2.1 Directed Lines 


Definition 0.2.1 A line of a plane on which one direction is defined as 
positive and the opposite direction is negative is called a directed line or an 
axis. 


In the Figure 0.1, the line g is a directed line. If the direction of OB is 
considered as positive direction then obviously the opposite direction OB’ 


is negative direction. 
0.2.2 Directed Line Segment and its Value 


Definition 0.2.2 The segment between any two points is called a directed 
line segment. 


2 Analytical Geometry of Two Dimensions 


In the same Figure 0.1, if A, B be two points on a directed line g, then 
AB is the directed line segment of g. Its direction is taken from A to B i.e., 
A is the initial point and B is the terminal point. 


- ve direction Directed line g + ve direction 
B’ A’ O A B 


Figure 0.1 


The value (or the length) of the directed line segment AB is denoted by 
AB which is defined as follows: 


— 
AB = |AB| = —|A’B’|, where the direction of the segment is taken 


along the +ve direction of g 


ear . . . 
= _|AB| = |A’B’|, where the direction of the segment is taken 


along the -ve direction of g 


— 
and — |AB| = length of AB = length of A’B’. 


0.2.3. Projection 


(i) Projection of a point on a directed line 


Pp? g Pe g 
(I) (II) 
Figure 0.2 


The projection of a point on an axis g in a particular direction is the 
point of intersection of the axis with the line through that point drawn 
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parallel to the given direction. In Figure 0.2 (I), P’ is the projection of P 
on g along g’. 

If the given direction is perpendicular to the axis g, then it is called an 
orthogonal projection. In Figure 0.2 (II), P’ is the orthogonal projection 
of P on g along the perpendicular direction g’. 


Note 0.2.1 By projection we always mean an orthogonal projection unless 
and otherwise stated. 


(ii) Projection of a directed line segment on a directed line 


Let PQ is an arbitrary line seg- 
ment and g be the axis (di- 
rected line). From P and Q 
perpendiculars are drawn to 
meet the axis g at P’, Q’ re- 
spectively. Then the values of 
the segment P’Q’ is called the 
projection of PQ on g and P’, 


Q’ are called the projections of P’ 0” 

the points P and Q respectively . 

on g [vide Figure 0.3]. Figure 0.3 

Note 0.2.2 From Figure 0.3, B O A 
<—_e—__e—_e—__ > 


it is evident that |P’Q’| = 
|PR|, where R is the foot of 
perpendicular from P. on QQ’. 


& 
Figure 0.4 


0.2.4 Half Line 


Any point on a directed line divide it into two parts, each is called a half 
line. In Figure 0.4, OA and OB are half lines generated by a point O on 
the directed line. 


0.3. Some Tips and Tricks 


0.3.1 On Coordinate and Locus 
1. Location of a point 


A) The point P(x, y) in a plane is in 
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(i) The first quadrant = x > 0,y > 0. 
(ii) The second quadrant = x < 0,y > 0. 
(iii) The third quadrant = xz < 0,y < 0. 
(iv) The fourth quadrant = x > 0,y < 0. 
B) The point P(z, y) is on 
(i) The z-axis = y = 0. (ii) The y-axis = x = 0. 
C) If the Cartesian coordinates of a point are (x,y), by taking the origin as 
pole and the polar axis as the positive direction of the x-axis, the polar axis 
coordinates (r,@) of the same point are given by x = rcos@, y =rsin@ and 


hence r = \/z2+y?, tand= a 


x 


2. Distance formula 


The distance between two points P(x1,y1) and Q(22, y2) is given by 


PQ= V (x2 — 21)? + (y2 — y1)?. 


Distance of P(x1,y1) from the origin = OP = \/a7 + y?. 


3. Section Formula 


i) If R(x, y) divides the line joining two points P(a1,y1) and Q(22, y2) in 
the ratio m1 : m2 (m1, m2 > 0), then 


M1 xL2 + M2x m m 
Es ge see eee) 
M1 + M2 my, + mg 
M1 x2 — Mzx miy2—m 
and ¢ = — "4 y= aes ( divided externally). 
M1 — M2 my — M2 


ii) If R(x, y) divides the line joining two points P(x, y,) and Q(2, y2) in 
the ratio A: 1, then 


r d 
~ eta y= ne (for internal division) 
AL: — Ayo — 
a ae 7 “+ (for external division). 


iii) The coordinates of the mid point of PQ are given by (= ae Ms 2) 


: re? 
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4. Area of a triangle 


(i) The area of the AABC with vertices A(x1, y1), B(x2, y2) and C(x3, y3) 
is given by 


1 1 ZY Yt 1 
A= 5 lei (ye y3) + vo(y3 — y1) + 23(y1 — y2)] = 5 | %2 9 Lal's 
23° 3 1 


where A denotes the area of the AABC. 
(ii) The area of the triangle whose sides are ajx+biy+c, = 0, ag%+boy+ 


i. ay by C1 
co = Oand agxr+b3y+c3 = 0 is given by A = ~———- | aa_ bos cg |, where 
2C1C2C3 es 


C1, C2, C3 are the cofactors of c1, c2,c3 respectively in the determinant. 


5. Area of a polygon 


The area of the polygon whose vertices are (21, 41), (@2, y2),---;(@n; Yn) is 
1 
A= 5 [(z1ye — toy) + (ways — raya) + +++ + (ZnY1 — Yn21))- 


Note 0.3.1 The area of a triangle can also be found by easy method, viz., 
Stair Method as follows: 


Ty Yi 
lla 1 
A=i|™ #2) @ s|{(r1y2 + 2y3 + £341) — (yive + yox3 + y321)}}. 
2) 23 YB 2 
ZT Yi 


Note 0.3.2 The area of the triangle with vertices O(0,0), A(x1,y1) and 
1 
B(x2, y2) is given by AOAB = glt1¥2 — y1 29]. 


Note 0.3.3 If three points A,B and C are collinear, then the area of the 
AABC formed by them will vanish t.e., A = 0. 


Note 0.3.4 Sign of the area: If the points A,B and C are plotted in a 
two-dimensional plane and taken in a anti-clockwise sense, then the area 
calculated of the AABC will be positive, while if the points are taken in 
the clockwise sense, then the area calculated will be negative. But if the 
points taken arbitrary, then the area calculated may be positive or negative, 
the numerical value being the same in both cases. However, in case, the 
calculated area becomes negative, it should be considered as positive. 
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Note 0.3.5 Area of a polygon by Stair Method: The area of the poly- 
gon with vertices (x1, y1), (%2,y2),---;(@n; Yn) obtained by this method is 
given by 


Ly Y1 
2 Y2 
1 x 1 
5| 73 Ue |= gt @iyotzayst- --+any1)—(yr2otyou3t: + -+Yyn01)}I. 
In Un 
Bal Y1 


in which the first coordinates are repeated one time in last and where the 
down arrows are taken positive sign and for up arrows, the negative sign 
is taken. Also the points should be taken in cyclic order in the coordinate 
plane. 


Particular Cases: 


(a) If the two vertices be taken on the x-axis, say (a,0) and (b,0) and 
the third vertex be (h,k), then A = ; base x altitude = s\(a — b)kI. 

(b) Similarly if the two vertices be on the y—axis whose coordinates are 
(0,c) and (0, d) and third vertex in (h,k), then A = sl(c —d)hl. 

(c) The area of the AOAB, where O = (0,0), A = (a,0) and B = (0,0) 
then AOAB = 5 lab 

(d) AABC = 50 sq. units > |A| = 50 = E50; 


6. Standard Centers of a Triangle 


i) Centroid: The point of concurrency of the medians of a triangle is 
called the centroid. This point divides each median in the ratio 2: 1. The 
centroid of a triangle with vertices (x1, y1), (x2, y2) and (x3, y3) is 

Ti+ t2+ 3 Yt Y2+ Y3 
3 ; 3 ; 
Centroid is generally denoted by G. 
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ii) Incentre: The point of concurrency of the internal bisectors of the 
angles of a triangle is called the incentre of the triangle. This is the centre 
of the circle which touches the sides of the given triangle. Its coordinates 
are given by 


ax, + btog+cx3 ay, + bye + cys 
atb+e ’° atb+te 


where a,b and c are the lengths of the sides of the triangle. Incentre is 
generally denoted by I. 


iii) Circum-Centre of a triangle: The point of concurrency of the 
perpendicular bisectors of the three sides of a triangle is called the Circum- 
centre of the triangle. This is a point which is equidistant from the vertices 
of the triangle. This is generally denoted by O. 

The circumcentre of a triangle ABC’ with vertices (x1, y1), (v2, y2) and 
(x3, y3) is given by 


zyjsin2A+29sin2B+ar3sin2C y;sin2A + yosin2B + y3sin2C 
sin2A + sin2B + sin2C ; sin2A + sin2B + sin2C ; 


where A, B and C have their usual meaning. 
Alternatively, 


If P(x, y) be the circumcentre of the triangle ABC, then by its property, 
we have PA = PB = PC, which gives two equations in x and y. Solving 
these we get circumcentre. 


iv) Ex-centre of a triangle: The point of intersection I, of the external 
bisectors of the angles B and C of the AABC (vide Figure 0.5) is called 
the Ex-centre of the excribed circle opposite to an angle A. 

Similarly, the bisectors of the external angles C and A and that of A and 
B give the other two ex-centers Jz and [3 respectively of the triangle ABC. 

The coordinates of the three Ex-centers [,, [2 and J3 are given by 


fess (8 + bag + cex3 —ay; + bye + “i 
1= ’ 


-—atb+c 7 -at+tb+e 
— (ar, — bra + cr3 ay — by2 + cys 
IZ= ) ’ 
a—b+c a—b+c 
_ (ax, + bra —cx3 ay, + bys — cys 
and Iz = ; : 
at+b-—c a+b-—c 


(v) Orthocentre of a triangle: The point of concurrency of the alti- 
tudes of a triangle is called the orthocentre of the triangle. The orthocentre 
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A 


Figure 0.5 


of the triangle ABC, denoted by H, is given by 


H- ztanA+aotanB+as3tanC y, tan A+ yotan B+ y3tanC 
a tan A+tanB+tanC ; tanA+tanB+tanC ; 


where A, B and C have their usual meaning. 


7. Relation between the centroid G, orthocentre H, incentre J and 
circumcentre O of a triangle ABC 


i) The points O,G,H are collinear and G divides the line OH in the 
ratio 1:2,ie., OG:GH =1:2. 


ii) In an isosceles triangle ABC, all the four points O,G,H and I are 
collinear and in an equilateral triangle, all these four points coincide. 


8. Locus and its equation 


Definition 0.3.1 The curve described by a variable point P obeying some 
geometrical conditions is called its locus. 


As for example, let the particle moves so that its distance form the origin 
is constant. Then we get \/x? + y? = constant or x +y? = k? = a constant. 
So the point moves so as to form a circle of radius k. 


Thus a geometrical condition defining a locus leads to an equation in- 
volving the coordinates of any point on it. 
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0.3.2 Straight Lines 
1. Various forms of equations of straight lines 


i) Point-slope form: The equation of a straight line which passes through 
the point (21, y,) and makes an angle of 6 with the positive direction of the 
x-axis is 

y—yi = m(zx— 24), 
where m = tan@ is called the slope or gradient of the line. 

ii) Slope-intercept form: The equation of the line whose slope is m and 

which cuts off an intercept c on the y-axis is 


y=me+ec. 


iii) Two point form: The equation of the line passing through two given 
points (%1,y1) and (x9, ya) is 


ai yi 1 
y2— Yi 
y-N= £—2) or, | 2 yo 1/=0. 
LQ — LY 
x3 y3 1 


iv) Intercept form: The equation of the straight line which cuts off in- 
tercepts a and 6 units on the coordinate axes is 
¥ 
b 
v) Normal form: The equation of the straight line of which length of 
perpendicular from the origin is p and this normal makes and angle a with 
the positive direction of the x-axis is 


ae ee 
a 


xcosa+ ysina = p. 


vi) Parametric form: The equation of a line passing through (1, y1) and 
making an angle @ with the positive direction of the x-axis is 
TT YM _ 


cosé——ssin@ =P ksay): 


At any point on this line is given by (71 +r cos 6, y; +r sin 6). Here r denotes 
the distance of any point (x,y) from (21, y1). For positive values of r, it will 
lie on the positive side of (x1, y,) and for negative values of r, it is on the 
left side of (21, y1). 


vii) General form: The equation of the form Ax + By + C = 0 (first 
degree equation in two variables x and y) will be considered as General 
form of the equation of a straight line. 
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2. Angle between two straight lines 


Angle between two straight lines having slopes m, and mz is given by 


1 | ™m1~ me 
6=tan! 


l+mymg2 


Important Notes: 


i) If the lines are parallel then m, = mz and conversely. 

ii) The two lines are perpendicular iff mymz = —1. 

iii) A line parallel to ax + by +c=0 is given by ax + by+c =0. 

iv) A line perpendicular to ax + by +c = 0 is given by ba —ay+c =0. 

v) A line parallel to ax + by +c =0 and passing through (#1, y1) is given by 
a(z — 21) + (y— yi) = 0. 

vt) A line perpendicular to ax + by +c = 0 and passing through (21, y1) is 
given by b(x — #1) — a(y — y1) = 0. 


3. Length of perpendicular form a point to a line 


The length of perpendicular from the point (21,41) to a given straight line 
ax; + by; +c 


Vere 


ax + by +c = 0 is given by 


4. Distance between two parallel lines 


The distance between two parallel lines az + by+c; = 0 and ax+by+co = 0 
Ci — C2 
Vaz + b? 


Alternatively, 


is given by 


We can find the coordinates of a point on any one of the two given lines 
and then find the perpendicular distances from this point to the other line. 


5. A line equally inclined with two lines 


If two given lines with slopes m , and mz be equally inclined to a line with 


slope m, then 
m,—m m— mg 


l+mm, 1+mm 
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6. Equations of two equally inclined straight lines with a line and 
which passes through a given point 


The equations of two straight lines which passes though the point (21, y1) 
and make an angle a with the line y = ma + c are given by 


y — yi = tan(0 — a)(x — 21) } 
y—yi =tan(@+a)(x—21) J° 


7. Equations of bisectors 


Equations of the bisectors of the angles between the two given lines a,x + 
byy + cy = 0 and agxr + boy + co = 0 are 


acthytea  ,art+tbhy+eo 


Vai + bj V5 + 05 


Important Notes: 


i) If aya + bybg > 0, then negative sign gives the acute angle bisector and 
positive sign gives the obtuse angle bisector. 
ii) If aya2 + bib < 0, then negative sign gives the obtuse angle bisector and 
positive sign gives the acute angle bisector. 


8. Concurrent lines 


Three lines are said to be Concurrent, if they meet in a point. To show it 
we proceed as follows: 


First Method: First we find the point of intersection of the first two 
equations (by solving these) and then we show that it satisfies the third also. 


Second Method: The three given lines Ly : ajz + bry +c, = 0; Lg: aga + 


at by CL 
boy +c =0 and Lz : agx+b3y+c3 = 0 are concurrent if | a2 b2 cg | =0. 
a3 b3 ¢3 


Third Method: The lines Ly = 0,L2 = 0 and L3 = 0 will be concur- 
rent if there exists three constants 41, Ag and A3, not all zero at a time such 
that AyL4 + AeLe + Ag L3 = 0. 
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9. Family of straight lines 


Any line passing through the point of intersection of the lines £1, = 0 and 
Lz = 0 is given by L, + ALg = 0 where \ € R, the set of reals. 
These lines form a family of straight lines from the point of intersection. 


0.3.3 The Circle 
1. Equations of Circles 
i) (x — a)? + (y — 8)? = a?; Centre at (a, 8); Radius = a. 
ii) x? + y? = a?; Centre at (0,0); Radius = a. 
iii) General equation: x? + y? + 2gx + 2fy +c =0; Centre at (—g, —f); 


Radius =\/g? + f? —c. 


iv) (v—21)(ax—22)+(y—y1)(y—y2) = 0 is the equation of a circle, whose 
one diameter is the line segment joining the points (x1, y) and (22, y2). 


v) Parametric equations of a circle: The parametric coordinates of any 
point on the circle (x — a)? + (y— 8)? = a? are (a + acos6, 8 +asin6). So 
it is the parametric equation of the circle. In particular (acos0,asin@) is 


the parametric equation of x? + y? = a?. 


2. Tangents and Normals 


i) Equation of tangent to the circle x?+y? = a? at (x1, y1) is raityyi = 


a’, 


ii) Equation of tangent to the circle 27+ y?+2gr+2fy+c=0 at (x1, y1) 
is rz, +yyi t+ g(a@t+ai)t+ f(iyty1)+e=0. 
x 
iii) Equation of normal to the circle x? + y? = a? at (#1, y1) is — = ey 
v1 Y1 
iv) Equation of normal to the circle x? +y?+2gxr+2fy+c =0 at (x1, y1) 
MEAN on 
tit+g wtf 
v) Condition of tangency: Condition that the line y = mz +c may 
touch the circle x? + y? = a? is c = taV1+m? ,(m 4 0) and so y = 
ma +avV1 +m? is always a tangent to the circle x? + y? = a? for all values 
of m. 


is 
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vi) Point of contact: If y = ma+c is a tangent to the circle x?+y? = a?, 


. ‘ am a 
then the point of contact will be ( Vireae Te =) : 
vii) Pair of tangents: The equation of the pair of tangents drawn form 
(21,41) to the circle 2? + y? = a? is SS, = T? where S = x? 4+ y* — a’, 5, = 
x? + y? —a@? and T= 22, + yy — a’. 


viii) Length of tangent: Length of the tangent form an external point 
(21,1) to the circle x? + y? + 2g7 + 2fy+c=O0is 


2} +2 + 29x + 2fys te= VS}. 


3. Length of chord of circle intercepted by a line 


The lenght of the chord of the circle x? + y? = a? intercepted by the line 


ae 2/2E +m?) —¢? 
= 1 : 
y=mz-+cis (aaa 


4. Equation of chord of circle in terms of its middle point 


The equation of the chord of the circle S = 0 in terms of the coordinates of 
its middle point (i.e., bisected) (x1, y1) is given by T = S; where 

Sa=a27? +4? + 2oe +2 fy +c, 

T= 2x, + yy + g(e+21) + fly+y) +e, 

S, =aj+y} + 2901+ 2fy te. 


5. Orthogonal Circles 


Two circles «7+ y?+2q¢+2fiyto =0 and 2? +y?4+2gox+2foy+co =0 
cut orthogonally if 2g,g2 + 2f1 fo =a +c. 


6. Radical Axis 


The radical axis of two circles is the locus of the point which moves such 
that the lengths of the tangents drawn form it to the two circles are equal. If 
Sy Harty? +2qe+2fiyto =O0and So = 274+ y?4+ 2x4 2foytco = 0, 
then the equation of their radical axis is 


Si — Sg =0, i-e., 2(g1 — g2) + 2(fi — fo) + (aa — cg) = 0 


which is clearly a straight line. 
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0.3.4 The Parabola 


1. Equation of parabola in different forms 
i) Standard forms: y? = 4az,x7 = 4ay,y? = —4ax,2? = —4ay all of 
whose vertices are (0,0). 


ii) Equation of the parabola with axis parallel to the x-axis is of the form 
x= ay? +byt+e. 


iii) Equation of the parabola with axis parallel to the y-axis is of the 
form y = az? + br +c. 


iv) Equation of the parabola whose focus is (a, () and directrix is ax + 


by + c = 0 is given by 


2 (ax + by +c)? 


(x — a)? + (y — B) a2 + b2 


This will be of the form (ax — By)? + 2gx + 2fy+c=0. 


This is known as the general equation of a parabola. It should be seen 
that second degree terms in the general equation of a parabola forms a perfect 
square. 


v) (y— 8)? = 4a(x — a) is the equation of a parabola whose vertex is at 
the point (a, (3). 


vi) Parametric form of y? = 4ax is x = at?, y = 2at. 


vii) Parametric form of (y — 8)? = 4a(x — a) is x = a+ at”, y = B + 2at. 


2. Important terms regarding the parabola y? = 4azx; tangents, 
normals, chord of contact and length of chord etc. 


i) Latus rectum = 4a. 
ii) Vertex is (0,0). 

iii) Focus is (a, 0). 

iv) Axis is y = 0. 


v) Directrix is r = —aie.,, r+a=0. 


vi) Coordinates of the end points of the latus rectum are (a, +2a). 
vii) Equation of the tangent at vertex (0,0) is x = 0. 


viii) Equation of the tangent at any point (21, y1) on the parabola is 
yy. = 2a(x + 21). 


Preliminaries 15 


ix) Equation of the normal at the point (21, y1) is (y — y1) = jae — £1). 


x) Equation of the chord in terms of the coordinates of its mid point is 
(y — yi)y1 = 2a(a — x1) [or use T = Sy]. 


xi) Equation of the chord intercepted by the straight lines y = mx + c is 
4 
Vala —mece)(1+m?). 


xii) Condition that y = mx +c may touch the parabola y? = 4ax is 


c= (m # 0) i-e., the line y = ma + * is always a tangent to the parabola 
m m 


a 2a 
for all values of m (except zero), the point of contact being (<<. 2). 
m?’ m 
oak ; : : 2a 
xiii) Equation of the diameter is y = —. 
m 
Definition 0.3.2 Diameter of a parabola: The locus of the middle points 


of any system of parallel chords of a parabola is a straight line parallel to its 
axis which is known as the diameter of the parabola. 


0.3.5 The Ellipse 


1. Equation of ellipse in different forms 


ey? 
i) Standard form: — += =1. 
i) Standard form 2 + re 
b2 
ii) Latus rectum: 2a(1— e”) = 2—. 
a 


iii) Centre: (0,0). 


iv) Vertices: (ae, 0). 


5 6 =F 
v) Eccentricity: 6? = a?(1— e?) or e* = i 
a 
a 
vi) Equation of the directrixes: x = +-. 
e 
vii) Equations of the latus rectums are x = ae. 


a 
viii) Coordinates of the feet of directrixes are (45, 0). 
€ 


b2 
ix) Ends of the latus rectum are ( ae, ) 
a 


x) Focal distances of P(x, y1) : SP = a—ex1, S’P : a+exr,,SP+S'P = 
2a, where S$ and S’ are the two foci of the ellipse. 
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2. Tangent, Normal, Chord of contact and Length of chord etc. 


£2 
i) Tangent at (x1, y1): =a + a aie 
L-2 - 
ii) Normal at (#1, y1): > Lo! mL 
az oF 


iii) Equation of the chord in terms of the coordinates of its mid point is 


(x £1) + (y Wp = 0 [or use T = $j]. 


vi) Length of the chord intercepted by the line y = mx +c on the ellipse 
x y? _ 2abV1 + m2Va2m2 + b?2 — c? 
pre ts Gi ER : 
v) Condition of tangency: The line y = ma +c is a tangent to the ellipse 
if c = +Va?2m?2 + b? so the lines y=mot Va2m? + b? always touch the 
2 2 2 2 
ellipse 2 + P =lat (2 Jatt 7m ae a 7 =) . 


vi) Auxiliary circle: x? + y? = a?. 


vii) Parametric representation: x = acos6,y = bsin#, @ is the parame- 


ter. 
b2 
viii) Diameter: y = moe 
azm 


ix) Director circle: x? + y? = a? + 6?. 


0.3.6 The Hyperbola 
1. Equation of hyperbola in different forms 


2 2 
eee ie 
i) Standard form: 2 RT 1. 
b2 
ii) Latus rectum: 2a(e” — 1) = 2—. 
a 


iii) Centre: (0,0). 


iv) Vertices: (tae, 0). 


2 22 
a“ +b 
v) Eccentricity: 6? = a2(e? — 1) or c= a 


a 


vi) Equation of the directrixes: = +-. 
e 


vii) Equations of the latus rectums are x = ae. 
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dy 207 
viii) Length of latus rectum = —. 
a 


ix) Coordinates of the feet of directrixes are (42, 0). 
€ 


b2 
x) Ends of the latus rectum are ( ae, ie 
a 


xi) Focal radii: SP = ex —a and S’P:a+ez, ».S'P—SP=2a= 
transverse axis, where S' and S’ are the two foci of the hyperbola. 


xii) Parametric representation: x = asec ¢, y = btan@, ¢ is the param- 
eter. 


xiii) For rectangular hyperbola or equilateral hyperbola: a = b,e = 


W/O: equation : 2? — y* = a?. 


2. Tangent, Normal, Chord of contact and Length of chord etc. 


; Tl, YY 
Tangent at (#1,y1): —- — > = 1. 
i) Tangent at (21, y1) a2 be 
L—-2 — 
ii) Normal at (71, y1): 5 ta# = 
a2 pe 


iii) Equation of the chord in terms of the coordinates of its mid point is 


Ty 


(x — 21) (y Wp = 0 [or use T = S}]. 


az 


vi) Length of the chord intercepted by the line y = ma +c on the hyper- 


ge yf _ 2abV/1 + m2Ve2 — a2m?2 + b? 
bola = = 1 is 4 
a b2 a*m2 — b 


v) Condition of tangency: The line y = ma -+c is a tangent to the 
hyperbola if c = +Va?m? — b? so the lines y = max + Va?m? — b? always 
2 2 
& 
touch the hyperbola — — 2 = 1, the point of contact being 
a 


(2 a*m " b ) 
Ja2m2 — b2? ° Va2m2 — b2/ 


b 
vi) Equations of the asymptotes: y = +—2. 
2 


vii) Equation of the Diameter: y = —— 
a2m 


viii) Director circle: x7 + y? = a? — 0°. 
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0.3.7 Common Properties of all Conics 


1; 


The length of any tangent from an external point (x1, yi) to the conic 


S=0is VS. 


. The equation of the chord of the conic S$ = 0 in terms of the coordinates 


of the middle point (21, y1) is given by T = $4. 


. The equation of the chord of contact of the tangents drawn form an 


external point to a conic is given by T = 0. 


. The equation of the pair of tangents drawn form an external point 


(21, y1) to a conic is given by SS, = T?. 


Note 0.3.6 All the notations used above have their usual meaning. 


0.3.8 Properties of Tangents and Normals on Conics 


A. On Parabola 


1. 


The tangents at the extremities of a focal chord of a parabola intersect 
at right angles on the directrix. 


. Locus of foot of perpendicular from focus upon any tangent is tangent 


at vertex. 


. The tangent at any point of a parabola bisects the angle between the 


focal distance of the point and the perpendicular on the directrix from 
the focus. 


. Length of tangent between the point of contact and the point where 


it meets the directrix, subtends a right angle at the focus. 


. Normal other than the axis of the parabola never passes through the 


focus. 


B. On Ellipse 


I: 


e 
. The normal at any point P on the ellipse — + 
a 


The locus of feet of perpendicular from the foci upon any tangent is 


an auxiliary circle x? + y? = a’. 


. Normal other than the major axis never passes through the focus. 


2 2 


z = | bisects the angle 


SPS’ where § and S’ are the foci of the ellipse. 


Preliminaries 19 


C. On Hyperbola 
1. Normal other than transverse axis, never passes through the focus. 


2. The portion of the tangent between the point of contact and the di- 
rectrix subtends a right angle at the corresponding focus. 


3. The locus of feet of perpendiculars from the foci upon any tangent is 


its auxiliary circle x? + y? = a?. 


2 2 
x 
a a = 1 bisects the 


angle SP.S’ where S and S’ are the foci of the hyperbola. 


4. The normal at any point P on the hyperbola 


0.3.9 Conjugate Diameters 


Definition 0.3.3 Two diameters are said to be conjugate when each bisects 
all chords parallel to the other. 


If y = mx and y = mgx be two conjugate diameters of an ellipse then 
2 


b 
MyM, = 8 and if these be two conjugate diameters of a hyperbola then 


b2 


az" 


MyM. = 


Properties of Conjugate Diameters 


1. The eccentric angle of the extremities of a pair of conjugate diameters 
differ by a right angle. 


2 2 
2. If CP and CD are two conjugate semi-diameters of the ellipse ae + y 
a 


02 
=]. then CP? + GD? =a? +0". 


3. If CP and C'D are two conjugate semi-diameters of the hyperbola 
2 2 
~, — 4 =1, then CP? — CD? = a? - b?. 
a b2 


4. The area of the parallelogram with CP and CD as adjacent sides = ab 
for both ellipse and hyperbola. 
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Chapter 1 


Transformation of 
Rectangular Cartesian 
Coordinates 


1.1 Introduction 


In analytical geometry the position of a point is determined with the help of a 
coordinate system, for which we require an arbitrarily chosen origin and two 
straight lines intersecting at the origin. This follows that the coordinates 
of a point are different for different sets of axes. That is the coordinates 
of a point are relative. This may happen when the origin is shifted to a 
point keeping the directions of the axes unchanged or when the axes are 
rotated through an angle keeping the origin unaltered. The former is called 
translation and the later is called rotation. The coordinates of any point 
may also be affected by a combination of these two, called a rigid motion 
or orthogonal transformation. 

In this chapter, we shall establish formulas corresponding to the above 
transformations. 


1.2. Coordinate Transformation Formulas 


1.2.1 Translation (or transformation by translation of axes) 


If the origin be shifted to any other point without changing the directions 
of coordinate axes, the result is known as translation. 
Let (x, y) be the coordinates of P with respect to a rectangular axes OX 
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and OY and (z’, y’) be its coordinates with respect to a new set of axes O/X' 
and O'Y’' which are parallel to the original axes O’ X’ and O'Y’ respectively. 

Let (a,b) be the coordinates of the new origin O’ with respect to the old 
axes OX and OY. PM is perpendicular to OX. It meets O/X' at N. O'L 
is perpendicular to OX. Therefore, from the Figure 1.1, 


OM =a, PM =y, ON =2', NP=y, OL =a, O'L=b. 
x£=-OM=OL+LM=O'N+OL=2x'+a 
and y= PM=PN+NM=PN+O'L=y' +b. 


Hence the required translation 
formulas are given by 


r=a'+a a os =2-<4 

y=y'tb y =y—b. 
Thus the origin will be transferred 
to the point (a,b), the axes remain- 
ing parallel to the original axes, if = @----- ‘~ 


we substitute 2’ +a for x and y/ +b 
for y and inversely, in the equation 


P(x, YO" Y’) 


of a locus referred to new system Ona L M xX 
of axes (x’,y’) will be replaced by , 
(a —a,y — b), when the equation is Figure 1.1 


referred to old pair of axes. 


1.2.2 Rotation (or transformation by rotation of axes) 


When both the axes are turned in the same sense through the same an- 
gle without shifting the origin, then the result thus obtained is known as 
rotation. 


Formula for Rotation: 


First Method: Let the coordinate axes be turned through an angle a. 
Let (x,y) and (2’,y’) be the Cartesian coordinates of any point P with 
respect to old and the new coordinate systems respectively (vide. Figure 
1.2). Also let us consider that (r,@) and (r, 6’) be their coordinates in polar 
coordinates. Then we have 


/ / : / : / 
x=rcosé, 7 =rcos#", y=rsind, y =rsind 


and @=6'+a ie. 6-6 =a. 


Transformation of Coordinates 


So we get 


x=rcoséd =rcos(’ +a) 


y=rsind =rsin(O’ + a) 
So the required formulae are 


x=x2' cosa—y'sina 
y=2'sina+y/' cosa. 


Again since the new coordinate 
system is obtained by a rota- 
tion of the old coordinate sys- 
tem through an angle a, the 
old system will be obtained by 
a rotation of the new system 
through an angle —a. 


Therefore, interchanging the 
old and new coordinates in the 
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=rcos@’ cosa —rsin@’ sina 
= 2' cosa — y' sina 


rsin 6’ cosa +rcos 6’ sina 
y cosa +2'sina. 


Figure 1.2 


above formulae and replacing a by —a we get 


Figure 1.3 


x’ = xcos(—a) — ysin(—a) 
=xcosa+ysina 

y = xsin(—a) + ycos(—a) 
=-xsina+ycosa. 


Hence the new coordinates (2’, y/) of 
P are expressed in terms of its old 
coordinates (2, y) as follows: 


/ 


x’ =xcosat ysina 
y =—xsina+ ycosa. 


Second Method: Here the posi- 
tion of origin remains unchanged. Let 
the axes be rotated through an angle 
a. From the Figure 1.3, we get 


x=OM =0Q-MQ=OQ-LN =z2' cosa—y' sina 
y= PM=PN+NM=PN+LQ=y' cosa+z’ sina. 


24 Analytical Geometry of Two Dimensions 


So we get the rotational formula as 
x =2' cosa— y' sina x =xcosat+ysina 
y=x'sina+y’' cosa y' = —asina+ ycosa. 


[by interchanging (2, y) > (2’,y’) and by replacing a by (—a) as before.] 


1.2.3. Rigid Motion or Orthogonal Transformation 


This is the combination of translation and rotation both. Let us first con- 
sider that the origin O is shifted to the point O’(a,b) and let the coordinates 
(x, y) be changed to (X,Y) by translation. So we get by translation formulae 


xr=X+a 
y=YH+o. 


Next we rotate the axes through an angle a by which let (X,Y) be changed 
into (2’,y’). That is we get 


X =2' cosa —y' sina 
Y =2'sina+y/’ cosa 
and so finally we get 


x=w2z' cosa—y'sina+a x’ = (a — a) cosa + (y— b)sina 
y=2'sina+y'cosa+b y =—(x —a)sina+(y— 0) cosa 


which is the rigid motion or orthogonal transformation formulae. 
1.3. Use of Matrix Notation 


1.3.1 Translation 


The translation formulae are 
r=a'+a és zg =x-a 
y=y +b 7 y=y—b. 
In matrix notation, these can be written as 
e\ Hf LY fae (2 
y) \O 1) \y’ b 
ena a). FL OY fay. fa 
y} \O l/s \y by 


1 0O)\/. : ee 
As « i) is an orthogonal matrix, so translation is an orthogonal trans- 


formation. 
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1.3.2 Rotation 


The rotational formulae are 
x=z' cosa—y' sina x’ =xcosat ysina 
; or ; 
y=xv'sina+y’' cosa y =—zsina + ycosa 


which can be written in matrix notation as 


z\ (cosa —sina)\ (2' an z’\ (cosa sina\ (x 
y)  \sina cosa y! y'} \-sina cosa) \y)’ 


cosa —sina cosa sina 
‘ and ; 

sina cosa —sina cosa 
matrices. So the transformation of rotation of the axes is an orthogonal 


Clearly the matrices ‘ ) are orthogonal 


transformation. 


Note 1.3.1 These formulae can be remembered by the scheme: 


/ / 


x y 
x | cosa | —sina 


y | sna | cosa 


Note 1.3.2 The rotation of axes may be taken as 


a eee | 
a ce wae } where 


p 4q 
y = qa’ + py! — 


1.3.3. Rigid Motion 


The rigid motion formulae are 


x=z2'cosa—y sina+a 
y=2'sina+y' cosatb 


which can be written as 
g cosa sina) /2’ a 
Oe ae) 
y —sina cosa) \y b 
This is the orthogonal transformation formula in matrix form. 


Note 1.3.3 The rigid motion formulae may also be taken as 


— ao ae 
ae ae - where 


2 2) 
=p'+q =1. 
y = qa’ + py’ +b fe 


Pq 
=GeP 


Note 1.3.4 The inverse formulae are given by 


x’ = (x —a)cosa+t (y— b)sina = p(a — a) + q(y— b) } 
y = —(x —a)sina+ (y — 6) cosa = —q(x — a) + p(y — 0). 
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1.4 Definition of Orthogonal Transformation 

The transformation in a plane, determined by 

peal o)G)*G) 
y az bo} \y c2 


is called orthogonal if the matrix 6 
2 


biy + c1 
boy + C2 


xv = ar 
y = aor 


a is orthogonal. 
by 


Examples of orthogonal transformation of axes are Translation, Rotation 
and their combination (called the rigid motion). 


1.5 General Orthogonal Transformation 


Let OX, OY be the old and 
O'X', O'Y' be the new set of Y 
axes. Also let the equation of 
the new axes O'X' and O'Y’ re- 
ferred to old set OX and OY 
are respectively given as 


le+my+n=0 
and mx—ly+n’'=0. 


If the coordinates of any point 
P referred to the first system be 
(x, y) and referred to the second 
system be (2’,y’), then O/N = 
PL=a2' and PN=y. 


lx+my+n=0 


xX 


Figure 1.4 


Now PL and PN are the lengths of perpendiculars from P on O'X' and 
O'Y', i.e., on the lines lz + my +n =0 and mz — ly +n’ =0. So we get 


These are called the general orthogonal transformation. 


Solving for x and y, we get 


ip ee ma! +ly’ Intmn! 
(eee eee 
_ —lax’!+my’ mn—ln! 
amen ET BRN EOE 
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1.6 Invariants 


Under orthogonal transformation, some expressions remains unchanged which 
are known as invariants. These are 


1. The degree of the equation. 

2. The distance between two points. 
3. Area of a triangle. 

4. The nature of the curve. 


1.7 Purpose of Transformation of Axes 


It is already known that there are three types of standard conics, namely 
parabola, ellipse, and hyperbola whose equations in rectangular Cartesian 
coordinates x, y are equations of the second degree in x and y. It is to be 
noted that, although every general equation of first degree in x and y always 
represents a straight line, every general equation of second degree in x and 
y does not always represent a conic, for it may represent a circle or a pair 
of straight lines or it may not represent any geometric object at all. 

For the purpose of study of a second degree curve, we have to choose 
suitable coordinate system by applying translation or rotation or both in 
which the equation will reduce to the simplest form, known as normal form 
or canonical form. So the purpose of transformation of axes is to determine 
the type of a conic represented by a second degree equation, for by such 
transformation, the nature of the curve remains invariant. Since the stan- 
dard equation of a conic does not contain the term xy, so to identify a curve 
we require to remove the term containing xy which can be done by applying 
rotational formula only i.e., by turning the axes through a suitable angle. 

Also, the purpose of translation is to remove the terms containing x or y 
or both. These will be discussed in the next chapter, viz., general equation 
of second degree and classification of conics. 


1.8 To Investigate whether there is any Fixed Point 
under Translation, Rotation or Rigid Motion 


1.8.1 Fixed Point under Translation 


We consider the formulae for translation given by 


g=2'+a 
vty flab) A (0.0), 
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Let (a, 3) be a fixed point. Then it will satisfy the above equation, i.e., 


which is not possible, so there is no fixed point under translation. 


1.8.2 Fixed Point under Rotation 
The rotational formulae are 


x= x'cosé—y' sind 


y =x’ sind + y' cos 0 Lovo. 


Let (a, 8) be a fixed point. Then it will satisfy the above equation, i.e., 


a= acos@— 8sin@ } (cos 6 — la — Bsin# = 0 } (1.1) 


6B =asin6 + Bcosd asin + (cos@—1)6 =0 
The coefficient determinant 


cos9—1 —siné 


sin 0 enh at | = (cos 6 — 1)? + sin? 6 = 2(1—cos0) #0as 040. 


So the homogeneous system of equations (1.1) has unique solution and the 
solution is a= 0 and 6 =0. 
Hence (0,0) is the only fixed point under rotation. 


1.8.3 Fixed Point under Rigid Motion 


Let us consider the rigid motion given by 


x=z2'cosé—y' sind +a 
y=2'sinO+y'cosd+b 


oro. 


Let (a, 3) be a fixed point. Then it will satisfy the above equations, i.e., 


a=acos@— Bsind +a = (1—cos@)a+ Bsind =a (1.2) 
6 =asin@+ Bcos@+ b —asin@ + (1—cos0@)6 =b 


This is a non homogeneous system of equations and its coefficient determi- 
nant = 


1—cosé sin 0 


eee ee |= (1 = e086)? + sin? = 2(1 ~ cos6) #0 a8 040. 
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So, there is always one fixed point under rigid motion which is given by 
solving the system of equations (1.2) as 


a B 1 


a sin @ ~ | 1—cosé a 1—cosé sin 0 
b 1—cosé | | —sind 6b | —sin@ 1—cosé 
“6 a = B a 1 
a(1—cos@)—bsin@ 6(1—cos@)+asin@ 2(1—cos@) 
a(1 — cos @) — bsin@ _ b(1—cos@) + asin# 
7 2(1 — cos 6) a 2(1 — cos 6) 


1.9 Invariants of Translation, Rotation and Rigid 
Motions 


Theorem 1.9.1 The distance between two points remains invariant under 
orthogonal transformation. 


Proof: Let the orthogonal transformation formulae be 


(1.3) 


x=x2'cosa—y' sinata 
y=2'sina+y'cosat+b 


Let, by transformation (1.3) the coordinates of two points P(a1,y1) and 
Q(x2, y2) becomes (x,y) and (x4, ys) respectively. Then we get 


L1 =r cosa— yj sina+a, 
y1 = 7 sina +t y; cosa +b; 
Lg = ©, cosa — ys sina+a, 
yo = r,sina t+ ys cosa +b. 


From these we get, on subtracting, 
LQ — X21 = (x — x) cosa — (yh — y}) sina } 
y2— yi = (x2 — v1) sina + (yb — y) cosa. 
(a2 — 21)" + (yo — 91)? = [(ag — a) cosa — (y — y}) sina]? 
+[(xy — a) sina + (y — yj) cos al? 
= (#5 — x,)?(cos? a + sin? a) + (yb — y)?(cos? a + sin? a) 
= (23 — 24)" + (yp — vi). 
Therefore \/(x2 — 11)? + (y2 — y1)? = V/(#g — 24)? + (yb — y})?. 


So the distance between two points remains invariant. 
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Theorem 1.9.2 The area of a triangle remains invariant under orthogonal 
transformation. 


Proof: Let the orthogonal transformation formulae be 


x=x2'cosa—y'sina+a 
2 ah as i ae (1.4) 
y=axsina+y cosa+tb 


Let the coordinates of the vertices A(21, y1), B(x2, y2) and C(x3, y3) becomes 
(x4, u4), (74, yg) and (2, ys) respectively. So by formula (1.4) we get 


£1 = £ cosa—y, sina+a, 
yi = 7 sina + y, cosa + b; 
£2 = ©) cosa — y, sina+a, 
yo = rsina + ys cosa + b; 
£3 = £4 cosa— yssina+a, 
y3 = vz sina + y$ cosa + b. 


1 Zi LQ 2&3 
Now the area of AABC = 5| 41 ¥2 Ys 
1 1 it 
1 zr cosa—yisinat+a x£,cosa—yssina+a x;cosa—y,sina+a 
= rsina+y,cosat+b xrzsina+y;cosatb xgsina+y3;cosa+tb 
1 1 1 
1 yea Os cosa —sina a 
=5 Y, Y¥> ys |X] sina cosa b (taking column-row product.) 
1 1 1 0 0 1 
ile ah a 
= Yi Yo Ys | = area obtained by new system. 
1 1 1 


Hence the area remains invariant. 


Theorem 1.9.3 The coefficients of x7, xy, y? and A obtained from the 
ah g 

expression ax? +2hay+by?+2qr+2fyte, where A=|h b f | remains 
g9 f ec 

invariant under translation. 

Proof: Let us consider the translation formula 


c=2r'+a } 
y=y' +B. 
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Then the given expression ax? + 2hay + by? + 2gx + 2fy + ¢ becomes 


a(x’ + a)? + 2h(2! + a)(y! + B) + dB(y! + B)? + 29(a' + a) 
+2f(y' +B) +e 
= aa’? + 2ha'y' + by? + 2(aa+h6B + g)a' + 2(ha + bG + f)y’ 
+(aa? + 2haB + b6? + 2ga+2fB +c) 
= ada? 4+ 2h'a'y! + dy? + 29'c' +2f'y' +e (say) 
where a’ = a, ' = 5b, h’ =h, pF =aat+hPr+g, f’ =hat+be+f and 
c = aa? + 2haG + bB? + 2ga + 2f 8 + ¢ which shows that 


coefficient of x’? = coefficient of x?, 
coefficient of y’* = coefficient of y? and 
coefficient of x'y’ = coefficient of ry. 


qa’ h! g! 
Again A'=| fh bo ft 
g! id c 
a h aa+h@6+g 
= h b ha+b8+f 
aathB+g hat+bB+f aa? +2ha8+b6? +2a+2fB+e 
a h g 
= h b f [C5 > C3 — (aC, + BC2)]. 
aat+thB+g hat+b8+f ga+fht+e 
ah gq 
=|h 0b Ah = 7X. [R3 > R3— (aR, + BR2)| 
Gf 


Hence A is also an invariant. 


Theorem 1.9.4 If the expression ax? + 2hay + by? +2gx +2fy+c becomes 
axl? + Qha'y! + by’? + 2gx’ + 2fy! +e under rotation then 


(i) a +0 =a+b (ii) d=c (iii) a +0 +c =at+bt+e 
(iv) al’ —h? =ab—h? and(v) A'=A. 


Proof: Let the axes be rotated through an angle a. Then we have the 
rotational formulae 


x =2' cosa—y' sina 
y=2'sina+y’' cosa. 
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Using these rotational formulae the given expression ax? + 2hay + by? + 
2gx + 2fy +c becomes 
a(x’ cosa — y' sina)? + 2h(a’ cosa — y' sina) (2’ sina + y' cos @) 
+0(a’ sina + y! cosa)? + 29(2' cosa — y' sina) 
+2f(2' sina + y' cosa) +e 
= (acos*a+2hcosasina + bsin? a)x” + 2(—acosasina 
+hcos? a — hsin? a + beosasina)z’y’ + (asin? a — 2hsinacosa 
+bcos? a)y + 2(gcosa + f sina)a’ + 2(—gsina+ f cosa)y’ +¢ 
ee ey) ‘aly! sf by? ip Qg' a an ofly! shed (say) 


where, we get by equating the coefficients 
a’ = acos?a+ 2hcosasina + bsin? a 
b! = asin? a — 2hsinacosa + bcos” a 
h’ = —acosasina + hcos? a — hsin? a+ bcosasina 
g =gcosat+fsina, f’=-—gsina+fcosa, c =c. 
So we get 
(i) a’ +0! =a(cos*a+sin? a) + b(cos? a + sin? a) = a+b. 
(ii) c’ =c is already proved. 
(iii) Since c’ =c, it is obvious from (i) that a’ + b'+c =a+b+te. 


To prove (iv) and (v), let us take 


aj =acosa+hsina ag=-—asina+hcosa 
b; =hcosat+bsina by =—hsina+ bcosa 
a’ =a,cosa+b;sina 0b’ =—agsina+b.cosa 
and h’ =—a,sina+b; sina = a,cosa+ besina. 
a’ hl’ 


Now (iv) a’/b!—h? = 


hb’ vo 
a, cosa+bjsina —a;,sina+ b; cosa 
a2 cosa+ bosina —agsina+ b2cosa 


ay by 
ay be 


ay by 
ay be 


cosa sina 
—sina@ cosa 
acosa+hsina heosa+ bsina 
—asina+hcosa —hsina+bcosa 


ah ah 
h 0b h b 


[= ab — n 


cosa sina 
—sina cosa 
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h! g! a! J a’ h! 
en / / / —_ _/ _ ffl / 
(v) A i th is f =9 b’ Ff | f h’ fe +e h! pb’ 
g ff ¢ 
(expanding through third row or third column) 
| agcosa+bgsina  gcosa+ fsina 
- —agsina+becosa —gsina+ f cosa 
_f! ajcosa+bjsina gcosa+fsina ; ah 
—a,sina+b,;sina —gsina+ fcosa h 6b 
re ae (sal a 
fee cana | fh alto a al 
| ag be cosa sina 
ae g 6f —sina cosa 
=F ay bv; cosa sina ah 
g Uf —sin@ cosa h 6b 
;| a2 bg ,| ay by a 4 
= = +e 
Peg: ee ide b 
h 
= slmf—m9)- sata) +e] 5 | 
ES ! ! ! ! ah 
— gibi f' — beg’) — flaf — agg) +c h 0b 
by b ay a ah 


_ hcosa+bsina —hsina+ bcosa 
gcosa+fsina —gsina+ f cosa 


_,| acosa+hsina —asina + hcosa a 
gcosa+fsina —gsina+ fcosa h 
2 hb | cose sin @ 
are a —sina cosa 
_f ah | cose sin @ ah 
g f —sina@ cosa h 6b 
ah g 
h 0b ah ah 
= | =F f+eff pf=[ ab t[=a 
9g f g f a 
POS Te 


Hence the results. 


oa 
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1.10 Work Out Examples 


Example 1.10.1 (i) Find the form of the equation ser ; =1 when the 
a 
origin is shifted to the point (a,b). 
(it) What will be the form of the equation x cosa + ysina = p when the 
axes are rotated through an angle a? 


Solution: (i) Here the translation formulae are x = x’+a and y = y'+b and 


/ / b / / 
OEE Pe a he a 
b ab 


(ii) The rotational formulae are x = x’ cosa—y/ sina and y = a’ sina+ 
y' cosa and the transformed equation becomes 


so the transformed equation becomes 


(x’ cosa — y’ sina) cosa + (2’ sina + y' cosa) sina = p 


or, x'(cos? a + sin? a) = p> 2! = p. 


Example 1.10.2 (i) Find the angle by which the axes should be turned so 
that the equation ax? + 2hxy + by? = 0 becomes another equation in which 
the term xy is absent. 

(ii) Show that the angle through which the axes are to be turned so that 
the equation x? + 2\/3xy — y? = 2 may be reduced to the form x’? — y/2 = 1 
is 30°. 

(iti) Find the rotation so that the equation 3x? + 10xy + 3y? = 0 will 
want the product term zy’. 


Solution: (i) Let the axes be rotated through an angle 0. Then the rota- 
tional formulae are 

x = x'cosé—y' sind 

y=x' sind + y' cos. 


So the given equation is transformed to 
a(az’ cos @ — y' sin 0)? + 2h(2' cos 6 — y' sin 8) (z' sin 6 + y/ cos 6) 
+)(a' sind + y' cos 6)? = 0 
=> (acos?6 + hsin 20 + bsin? 6)2'* + (—asin 20 + 2h cos 20 
+bsin 20)a’y’ + (asin? 6 + hsin 20 + bcos” 6)y” = 0. 
Now, we find @, so that the coefficient of xy’ vanishes, i.e., 


2h ol 2h 
(b — a) sin 20 + 2h cos 20 = 0 > tan 20 = ran as d= 5 tan 


a 


a- 
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Note 1.10.1 In particular, when a = b, 0 = 7 


(ii) Let the original axes be rotated through an angle 0, i.e., we have the 
rotational formulae 


x= x2'cosé —y' sind 
y =2'siné + y' cosé. 
Then the given equation becomes 
(2’ cos @ — y’ sin 0)? + 2V3(2’ cos @ — y’ sin @)(z"' sin 6 + y/ cos @) 
—(a' sin@ + y' cos 6)? = 0 
=> (cos20 + V3sin 20)” + 2(V3 cos 26 — sin 20) a"y/ 
—(cos 20 + V3sin26)y? = 0. 


If this equation is reduced to the form 2’? — y’* = 1, then the coefficient of 
x'y’ must vanishes, i.e., 


V3cos 20 — sin20 = 0 > tan20 = V3 = tan60° > 20 = 60° .. 6 = 30° 
and in that case the transformed equation becomes 


(cos 60° + V3sin 60°)x’? — (cos 60° + V3 sin 60°)y” = 2 
LRN, sop Lt oe te 
=2 = x -yr=l. 


An alternative method: 
Refer to Example 1.10.2 (i) above, here a = 1,h = V3 and b = —1 


1 2V3 1 
-6=—tan! V3 _ 


; a 5 tant 3, Le., tan 20 = /3> 6=60°. 


Now substituting this value in the given equation we get x’ — y/2 = 1 (as 


above). Hence the required angle of rotation is 30°. 
(iii) The given equation is 3x7 + 10ry + 3y? = 0. Here the coefficients 
T 
of a? and y? are equal and so the required angle of rotation is i and so the 


formulae for rotation in this case are 
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and the transformed equation is 
a’ —y! 2 a —y! a +y! a +y! 2 
Ce) ee 
V2 v2 v2 V2 
3 
or, 5 {(2" _ y')? as (a’ ie y')?} aN 5(a!? _ y'”) —( 
= 3(a”? ua y'”) of 5(a”” _ y'”) —-Qjs 8y!2 _ Qy!? —-9js Ay? — y’” =). 


which is of the form ax? + by? = 0. 


Example 1.10.3 Two coordinate systems have a common origin O, the 
transformation from one system to another being accomplished by a rotation 
through a certain angle. The coordinates of the point P(4,—3) are given with 
reference to the first system. Find the coordinate transformation formulas 
if the positive direction of the new x-axis is determined by the segment OP. 


(4,-3) 


Solution: The point P(4,—3) is referred to the old system (OX, OY) and 
the point lies on the new z-axis, i.e., on OX’. So if the angle of rotation 


—3 BS: 4 
ate age which gives sin@ = 5 and cos @ = 5 and 


hence the transformation formulae for rotation are obtained as 


be 0, we get tand = 


4 3 
x=x'cosé—y'sin§ = ge + mul 


3 4 
y = z'siné + y' cosé = =p et au 
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Example 1.10.4 The origin is shifted to the point (—1,2) and the axes are 


5 
then rotated through an angle tan! 79° If the coordinates of a point in the 
new system be (13, —13), find the coordinates of the point in the old system. 


Solution: Let (x,y) and (2’, y’) be the coordinates of a point in the old and 
the new systems respectively. Then the rigid motion formulae are 


x=x2'cosa—y'sinat+a 
y='sina+y'cosatb. 


5 5 12 
Here a = —1,b = 2 and tana = Dp sina = 7g? 08 = Ta" Putting these 


values in the above formulae we get 


car -ya- x = 13x 4% — (-13) x #-1=16 
yar +y +2 y=13x 3+ (-13) x #+2=-5. 


Hence the coordinates in the old system are (16, —5). 


Example 1.10.5 (i) Show that there is only one point whose coordinates 
do not alter due to a rigid motion. 
(ii) Show that there is only one point whose coordinates remains the same 


4 
by changing the axes of coordinates by the rigid motion x’ = 52 — BY +2 


3 4 
and y' = 52 + BY — 2 and show that the coordinates of the point are (4,2). 


Solution: (i) See article 1.8.3. 


(ii) Let (a, 6) be the point. Since the point remains same after rigid 
motion, i.e., (a, 3) is a fixed point. So it will satisfy the given equation and 
we have 

a= fa-284+25a0+38-10=0 
B= 30+ 48-25 3a—8-10=0. 


1 3 
3-1 
Therefore the point is unique. Hence proved the first part. 
Now by solving the above system of equations we get a = 4,0 = 2. 
Hence the required coordinates of the point are (4, 2). 


Example 1.10.6 P(9,—1) and Q(—3,4) are two points. If the origin is 
shifted to P and the coordinate axes are rotated so that the positive direction 
of the new x-axis agrees with the direction of the segment PQ, find the 
coordinate transformation formulae. 


The coefficient determinant = =-1-9=-10£0. 
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Solution: The coordinate transformation formulae can be taken as 


x=2'cosa—y'sina+a } (1.5) 


y=2'sina+y'cosat+b 


By the condition of the problem, new origin is P(9, —1), i.e., we get a = 9, 


b = —1. So equation (1.5) takes the form 


ee eer oe 
x= 2 cosa eee (1.6) 


y=2'sina+y'cosa—1 


Let (r,s) be the coordinates of the point Q(—3,4) in the new coordinate 
system. Then clearly s = 0, but r #4 0 and the corresponding to the point 
(—3,4) we get the new coordinates (2’, y’) = (r,0). So from equation (1.6) 
we get 


—3=rcosa+9 => rcosa=-—12 cosa@ sina 
and 4=rsina—1 => rsina=5 } = 5 
Paes sin a _ COS 1 
5 —12 13 
; 9) —12 5 
Therefore sina = 13 and cos@ = aa and we get the required formulae 
as under 


5 


a= —a' — Fy 49 
y= Qe — By -1. 
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An Alternative Method: 
Gradient of the line joining P(9,—1) and Q(—3, 4) is 


: 4+1 5 : 5 d —12 

na = ——— = —, ..sina= — an =. 

ana = ~s 9 = qq? * Sina = 7g and cosa B 
ere w= —q30' — q3y/ +9 

So the required formulae for rigid motion are Ba ee 


Example 1.10.7 When the azes are turned through an angle if the expres- 
sion (i) ax + by becomes a'x' + b'y! referred to new axes; then show that 
a? 40% =a? +0? 

and if (ii) ax+by and ca +dy are changed into a’z'+b'y' and c'a'+d'y’, 
then show that a'd' — b'c! = ad — be. 


Solution: Applying the rotational formulae 


x= x2’ cosa—y' sina 
y=a2'sina+y’' cosa 


we get (i) aw +by = a(x’ cosa—y’' sina) +)(2' sina + y' cosa) 
= (acosa+bsina)z’ + (—asina+ bcosa)y’ 
= a’z' +0'y! 
which imply a’ = acosa + bsina and b! = —asina+bcosa. Therefore we 
get 
a? +07 = (acosa+bsina)? + (—asina + bcosa)? 
= a*(cos*a+sin? a) + b?(cos* a + sin? a) 
a +87 
(ii) Again cr +dy = c(2’ cosa—y' sina) +d(a’ sina +y/ cosa) 
= (ecosa+dsina)az’ + (—csina + dcosa)y’ 
cz! a d'y! 
which imply ¢c = ccosa + dsina and d’ = —csina + dcosa. Thus 
ish. anes acosa+bsina —asina+bcosa 
ad—-bc =|] , ,|= : ; 
d ccosa+dsina —csina+dcosa 
a b cosa sina a b 
— . = = ad — be. 
c d —sina cosa c d 
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An Alternative Method: 


(i) Let A=[a b],X= | ; | . Then ax + by = AX. Let us consider 


: ¢ i _ | cosé sind 
the rotation given by X = SX° where S = ee eee | ; 
C / 
Now, AMBASK= [aoe ee ae 
—sin@ cosé y 


= (acos@ + bsin@)a’ + (—asin@ + bcos 6)y' = a’a’ + b'y’ 
=> a’ =acosé+bsiné,b’ = —asiné + bcosé 
a? + 0? = (acos@ + bsin @)? + (—asin 6 + bcos 6)? 
=a’ +0? [as before]. 


(ii) Applying the same method we can get c’ = ccos6 + dsin@ and d! = 
—csin@ + dcos@ and hence a’d' — b'c! = ad — be. [as before] 


Example 1.10.8 Prove that the transformation of rectangular axes which 
2 2 2 2 


converts ~- + ~ into ax’? + 2ha'y! + by’? will convert reais 


zs into 
—r q-A 


ax!? + 2ha'y! + by’? — (ab — h?)(a’? + y’”) 
1 — (a— b)d + (ab — h2)d? ; 


Solution: Here the transformation is from one set of rectangular axes to 
another set of rectangular axes, the origin remaining same, therefore x? + 
y? = x+y”, for each of them are square of the distance of the same point 
from the origin. 

Again by the theorem of invariants |[ref. Theorem 1.9.4], we have 


1 1 1 
-~4+-~@+4+band — =ab—h?. Hence 
P 4 Pq 


2 2 r 
my _g@tpP-rA@t+y) Ft —me ty) 
p-rX q-A pa-XAptag+ 1-d(4+4)4+% 


ax’? + 2ha'y! + by’? — (ab — h?)(2” + y’”) 


1— (a— b)A + (ab — h?)d? 


Example 1.10.9 Show that the transformed equation of the curve (4a+3y+ 
1)(3a —4y +2) = 75 when the axes are 4x + 3y+1=0 and 3x —4y+2=0 
is x'y' =3 where (x',y’) be the new coordinates. 
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Solution: (x,y) and (z’,y’) are the coordinates in the old and new system. 
Then x’ = perpendicular distance of the point (x,y) from the new y-axis 
3x — 4y + 2 = 0 [see § 1.5], 


sx—4y+2  34—4y+2 


= / 
3 (Cap 5 3a —4y+2= 5x 


: / 
Le, 0 = 


and y’ = perpendicular distance of the point (x,y) from the new axis 4x + 
3y +1=0 [see § 1.5], 


4 3 1 4 3 1 
ie, y/ = EU i => de + 3y +1 = 5y/’. 


VE + 3? 5 


Therefore the given equation becomes 52’/5y’ = 75 or, 2’y/ = 3. 


Example 1.10.10 Transform the equation (a? +b?) (a? +y?)+2(ac+bd)a4 
2(bc—ad)y +(c? +d?) = (a?+b?)r? to a new azes of x and y whose equations 
are the mutually perpendicular lines ax + by +c = 0 and ba —-ay+d=0 
respectively. 


Solution: The transformation by § 1.5 are 


, bx -ayt+d , ax+by+c 
x = ——————_ and x = —————_.. 
eee Va + b2 


The given equation can be written as 


arn? + a2y? + ba? + by? + 2acx + 2bdx + 2bcy — 2ady 4 
C4 = (a4 B)r 
=> (a?2* 4 by? +c? + 2abry + 2acx + 2ey) + (a?y? + b?x? + d? 
2abry — 2ady + 2bdx) = (a? + b?)r? 
=> (ax + by +c)? + (br — ay +d)? = (a? + b?)r?. 


Hence on substitution the values of x’, y’, the equation becomes 
(a? + b?)x"” + (a? +d’ )y? = (a? + B?)r?. 


Suppressing the dashes, the equation becomes x? + y? = r?. 


Example 1.10.11 By orthogonal transformation without change of origin 
if the equation ax? + 2hay + by? = c is changed into one in which there is 
no term involving xy, show that the transformed equation is (a+b+.)a? + 


(a+b—)y? = 2c where X= ./(a — b)? + 4h?2. 
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Solution: Since the origin remains unchanged we apply only rotational 
formulae 


x = 2’ cosé — y’' sin@ 
y = x' sind + x’ cosé 


where the angle of rotation is 0, which is obtained as 


1 
d= 5 tan! a [See Example 1.10.2 before] 
a 


2h 9 
= 26=tan~'—— or tan26= see 
a—b a—b 
Ah? (a — b)? + 4h? 
sec* 20 + tan’ 20 ap Can 


“. (a—b)? + 4h? = (a — b)? sec? 26 
ie., (a—b)sec20 = V/(a—b)? + 4h? =X. 


Now we propose to apply the method of invariants. 
Let the transformed equation be a’x’? + b'y’? = c, then we have a! +b! = 
a+b and a’b! = ab—h?. 


a = r/(a' +0)? — 4a’! = (a +b)? — 4ab + 4h? 
= /(a—b)?+4h? = 
gf = 24044 and yore 


Hence suppressing the dashes, the transformed equation is 


(at+b+r)x? + (at+b—A)y? = 2c. 


Example 1.10.12 Find the rigid motion for which the point (4,2) remains 
(4, 2). [a converse problem of Example 1.10.5 (%)/ 


Solution: Let (x,y) and (2’,y’) be the coordinates in the old and new 
system. Let the origin be shifted to the point (a, 3) and 6 be the angle of 
rotation. Then we get the transformation as 


x= x'cosé—y'sind+a 
y=2'sind + y'cosé + 8. 


For unalteration of coordinates, we have 


x= xcosé—ysind+a 
y =xsind+ycosé+ B. 
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Now for the point (4,2), « = 4, y = 2, so the above transformation becomes 
4=4cos@—2sind+a 
2= 4sin@+2cosd+ 6 
Now, (4— a)? + (2— 8)” = (4cos6 — 2sin 6)? 
+(4sin 6 + 2cos 6)? = 4? + 2? 
2 2 2 De 2 ghey a2 
or, a’ —8a+4°+4+ 6* —484+2*=4°+2 
or, a(a—8)+A(B—4)=0 
or, a(a—8) = —B(8— 4). 
For rigid motion, a £ 0,8 4 0. By trial a= 6,8 = 6 or a= 2,6 = —2. 
Case 1: When a = 6,6 = 6, 


4=4cos@— 2sin0+6 = 2cos0+1=sin#@ 


= (2cos@ +1)? = 1— cos? 4 
4 
or, 5cos?@+4cos@=0 or, cos6(5cosé +4) =0 or, cos = 0,—F. 


If cos@ = 0, sin @ = 1, these values do not satisfy 2 = 6+ 4sin 6 + 2cos0@. 
To satisfy 4 = 6+ 4cos@ — 2sin@ and 2 = 64 4sin@ + 2cos@ we get 
4 3 
cos @ = —= and sin = —=. So the rigid motion is 
a= —fa' + 3y'+6 
y = —32' — dy’ +6. 
Case 2: When a = 2,8 = —2, 


4=4cos0 — 2sin9 + 2 => 2cos@ —1=sind 
= (2cosé—1)? = 1 -cos?6 
or, 5cos?@—4cos@ = 0 or, cos 6(5cos6 — 4) = 0. 
If cos @ = 0, sin @ = 1, these values satisfy 2 = 4sin@ + 2.cos6@ — 2. 


4 3 
Also cos@ = 5 and sin@ = 5 satisfy 4 = 2+ 4cos@ — 2sin@ and 2 = 
—2+4sin@+2cos@. Thus the rigid motions are 


a ee ee 
= dy! — 2 and 3,/ ) 4, 
Y= Y= su ye, 
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Example 1.10.13 Find the old coordinates of the new origin if the point 
(2,3) lies on the new x-axis and the point (1,2) lies on the new y-axis and 
the corresponding axes of the old and new coordinate systems have the same 
directions. 


Solution: This problem is a translation only as the two systems have the 
same directions. Since the point P(1,2) lies on the new y-axis O'Y’, we get 


O’(1,-3) Q (2,-3) 


from the figure OM = 1. Again the point Q(2,—3) lies on the new z-axis 
O'X’. Figure shows that NQ = MO! = —3. 

From these we see that coordinates of new origin O' = (OM, MO’) = 
(1, -3). 


Example 1.10.14 Find the acute angle through which the ares must be 
turned so that the equation ax + by +c =0 may be reduced to the form a! = 
constant and determine the value of this constant. 


Solution: Let the axes be turned through an angle 0, then 


x = 2’ cosé — y' sin@ 
y =2'siné + y' cos. 


So the given equation becomes 


a(x’ cos@ — y’ sin) + b(z’ siné + y' cos) +c =0 
or, (acos@ + bsin@)a’ + (—asin@ + bcos@)y' +e=0. 
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This is of the form x’ = constant, if —asin@ + bcosé =0=> tan@ = 7 


in 0 7 1 
= ae ., sin @ = ————., cos = —— 


a ae Vere OTe 


Therefore the transformed equation is 


: b.b met 
( a | )a'+e=0 or V a2 + b2a’ = —c Peng = a 
a 


Verte? Vare+e 74 


: —c 
Hence the required value of the constant is EEG 
Example 1.10.15 Find the coordinates of the point where the origin is to 
be shifted so that the equation 3x? + 8xy + 3y? — 2a + 2y — 2 = 0 can be 
reduced to one which is free from linear terms. 


Solution: Let the origin be shifted to the point (a, 3), ie., we have the 
translation formulae x = v7’ +a,y = y’ + 8. Then the transformed equation 
becomes 
3(2' + a)? + 8(2' +a)(y' + B) + 3(y' + 8)? — 2(2’ +a) 
+2y +)-2=0 
or, 32 + 82'y' + 3y? + 2(3a + 46 — 1)a’ + 2(4a + 38 + 1)y/ 
+3a? + 8a6 + 36? — 2a +28-—2=0. 


This equation will be from first degree terms iff 


38a+46—-1=0 
4a+36+1=0. 


On solving we get a = —-1,8 = 1. 
Hence the origin is to be shifted to the point (—1, 1). 


Example 1.10.16 By the rotation of axes after transferring the origin to 
the point (2,3) an equation 3x7 +2ary+3y? —18x2—22y+50 = 0 is transformed 
to 4x? + 2y? = 1. Find the inclination of the later axes to the former. 


Solution: Transferring the origin to (2,3) without changing the directions 
of the axes, we have 
3(x' + 2)? + 2(a’ + 2)(y’ +3) + 3(y! + 3)? — 18(2' + 2) 
—22(y'+ 3) +50 =0 
or, 3a? + 2Qa'y! + 3y? + 2(6+3 —9)a’ + 2(2+ 9 —11)y/ 
+12 + 12+ 27 — 36 — 66+ 50 = 0 


=> 39’? + 22'y! + 3y —1=0. 
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Suppressing the dashes the new equation is 


3x7 + Qay + 3y7-1=0 (1.7) 
Let the axes now be turned through an angle 6. Since the resulting equation 
2 
does not contain the product term ry, so tan20 = 3-37 word= = 


So the transformation gives 


z = 2! cos F y'sin F = a(x" y') 
yan sin + y cost = (a! ty"). 


3 
(a y')? (a! y')? (a! y' (a! | y') to 
or, 3(a”” a y?) + (a? 7 y?) Sie Ag!? + Qy/? a: 


Suppressing the dashes again, as above, we get 4x? + 2y? = 1. Hence the 


inclination of the later axes to the former is 7 


Example 1.10.17 Find the coordinate transformation formulae if the point 
(3,4) lies on the new x-axis and the point (1,—6) lies on the new y-axis 
and the corresponding axes of old and new coordinate systems have the same 
directions. 


Solution: Proceeding as in Example 1.10.13, the coordinates of the new 
origin are obtained as (1, —4) and therefore the transformation formulae are 
c=a2'+1 
y=y—4 


\ as it is a simple translation. 


Example 1.10.18 Find out the transformation under which the circle x? + 
y? — 22 —4=0 is transformed to one with centre at (0,1). 


Solution: The equation of the given circle is written as 
(2-1)? +y=5 (1.8) 
The equation of the circle whose centre is (0,1) will be of the form 
a? + (y— 1) = constant. 


Writing, by interchanging the values of x and y in the form x-1=Y, y= 
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. X =2' cosé — y' sin# 
X — 1 and then applying the rotational formulae ey eee, 
equation (1.8) gives 
Ye eet Ss 
or, (a’ sin@ + y/ cos 6)? + (a’ cosé — y'sin@ — 1)? =5 
or, v7 +y — 22’ cosé + 2y’ sind —4=0. 


The centre of the circle is (cos 6, — sin @) = (0,1). Hence 


cos 0 = 0 and inf =-1>0= >. 


Therefore the coordinate transformation formulae are 


3 3 
x=Y+1=a2'sind +y/cosd+1=2' sin +y' cos +1 


2 
=-27/+1 
3 3 
y =X —1=2'cosé —y' sind —1=2' cos > y’ sin > 1 
=y'—1. 


Remark: To check the answer put x = —2’ + 1,y = y’ — 1 in the given 
equation you will be satisfied. 
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1.11 Exercises 


Section A: Objective Type Questions 


1. Find the form of the equation 3x + 4y = 5 due to change of origin to 
the point (3, —2) only. 
2. Find the equation of the line y = \/3x when the axes are rotated 


through an angle . 


3. Is the following transformation 2! = —r +a, y/ = —y+ ba rigid 
motion? 

4. To what point the origin is to be transferred to get rid of the first 
degree terms from the equation 82? + 10xy + 3y? + 26a + 16y + 21 = 0? 

5. By shifting the origin to the point (a, 3) without changing the direc- 
tion of axes, each of the equation x —y+3 = 0 and 2x —y+1 = 0 is reduced 
to the form az’ + by’ = 0. Find a and £. 

6. Find the transformed form of the equation x? — y? = 4 when the axes 
are rotated through an angle of 45° keeping the origin fixed. 

7. Transform the equation 3(122 — 5y + 39)? + 2(5a — 12y — 26)? = 169 
taking the lines 12” — 5y + 39 = 0 and 5a — 12y — 26 = 0 as the new axes 
of x and y respectively. 

8. The coordinates of the axes are rotated through an angle of 7 If the 


transformed coordinates of a point are (2/3, —6), find the original coordi- 
nates. 

9. Find the coordinate transformation formulae if the origin be shifted 
to the point (—1,2) without changing the direction of the axes. 

10. The origin is shifted to the point (1,—2) without changing the 
directions of the axes. Find the coordinates in the old coordinate system if 
its coordinates with respect to the new coordinate system are given as (2,4). 

11. If keeping the origin fixed, the axes are rotated through an angle of 
30°, then show that the new coordinates of the point whose old coordinates 
were (2,4) are (/3 + 2, 2/3 — 1). 

12. If the origin be shifted to the point (1,2) without the rotation of 
the axes what do the following equations becomes? 

(i) Qa2 + y? — 4x + 4y = 0, (ii) y? — 42 +4y+8=0. 

13. At what point should the origin be shifted if the coordinates of a 
point (4,5) become (—3, 9)? 

14. Given the equation 4x? + 2\/3xy + 2y? = 1. Through what an- 
gle should the axes be rotated so that the term xy is removed form the 
transformed equation? 
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15. The point (2,3) is transformed to (3,2) under a reflection about a 
line. Find the equation of the line. 

[Hints: The required line is perpendicular to the line joining the points 
and it passes through the mid-point of the line joining the given points. The 
equation is x = y.| 

16. Find the equations of the rigid motion that transforms x? + 2a + 
y? — 10y + 25 = 0 to a circle about the new origin as centre. 

x =z’ cosé—y'sin@ —1 
y=2'sinfO+y'cos0+5. \ 

17. Transform the point (1,2) to the point (3,—2) by the repeated 
application of two transformations of which one is a translation and the 
other is a reflection. 

[Hints: The line of reflection is y = 2(x — 2).] 

18. Show that x? + y? remains invariant under rotation of the xy-plane. 

19. Transform the point (3,4) to the point (0,5) by a rotation. 


0 = 3cos0+4sin@ Rani 
5=-—3sin0+4cosé {- 


Hints : The centre is (—1,5), so 


[Hints: If 6 be the angle of rotation then 


3 4 
these equations we get sin@ = 5? cos 0 = —s 
20. Is the transformation x’ = —x —a, y' = —y+b arigid motion. 
21. For what values of a, the transformation 2’ = —7 +2, y’ = ay+3 


is a translation. 
22. Is the transformation x’ = x, y/ = y a rigid motion? 
[Hints: No, it is the identity transformation.] 


23. Transform the equation y? — 2y = x with respect to parallel axes 
through (—1, 1). 

24. Determine the angle through which the axes must be rotated so that 
the equation 2x + y +6 =0 may reduce to the form x = c. 


Section B: Broad Answer Type Questions 


1. Three points P(2,4),Q(—1,7) and R(—2,-—4) are given. Find their 
new coordinates when the axes are rotated through an angle of —45°. 

2. The origin is shifted to the point (3,—1) and the coordinate axes are 
rotated through an angle a = tan! Zr Find the coordinates of the point 
(5, —2) in the new coordinate system. 

3. (i) Shift the origin to a suitable point so that the equation y? + 4y + 
8a — 2 = 0 will not contain a term in y and the constant term. 
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(ii) Find the equation to which the equation x? + 7ry — 2y? + 17x — 
26y — 60 = 0 is transformed if the origin is shifted to the point (2,—3), the 
axes remaining parallel to the original axes. 

(iii) What does the equation 227+ 4ary—5y? +202 —22y—14 = 0 become 
when referred to the rectangular axes through the point (—2,—3), the new 
axes being inclined at an angle of 45° with the old axes? 

4. (i) Find the angle through which the axes must be turned, so that 
the equation lx + my + n = 0(1 4 0) may reduce to the form ax + b = 0. 

(ii) If (v,y) and (2’,y’) be the coordinates of the same point referred 
to two sets of rectangular axes with same origin and if x = kv’ + ly’; y = 
k'y' + l'y’, then prove that kl’ — k’l = 1. 

5. (i) Transform the equation (az + by + c)(br — ay + d) = a? +B? to 
new axes of x and y whose equations are ax + by+c = 0 and ba—ay+d=0 
respectively. 

(ii) Transform the equation 11x27 — 4ary + 14y? — 58x — 44y + 126 = 0 to 
the new axes of x and y whose equations are x—2y+1 = 0 and 27+y—8 =0 
respectively. 

6. (i) Show that the transformed equation of the curve (4%+3y+1)(3a— 
4y + 2) = 75 when the axes are 4x + 3y +1 = 0 and 3x — 4y + 2 = 0 is 
xy! = 3, where (z’,y’) are the new coordinates. 

(ii) If the perpendicular straight lines az + by +c = 0 and ba — ay + 
c’ = 0 be taken as the axes of x and y respectively, then show that the 
equation (ax + by + c)? — 2(br — ay + ¢)? = 1 will be transformed into 

2 2 
UES a? + 6? 

7. (i) Transform the equation 17x? + 18xy— 7y? — 16x —32y—18 = 0 to 

one in which there is no term involving x,y and xy, both sets of axes being 


rectangular. 
(ii) If the origin is shifted to the point (0,1) and the axes be rotated 


through an angle : then find the transformed form of the equation 5x? — 
Qry + 5y? — 10y— 7 =0. 
b 
8. (i) If the origin is shifted to the point (0) without rotation 
ae 


then prove that the equation (a — b)(x? + y?) — 2abr = 0 becomes (a — 
b)?(x? ++ y”) = a7b?. 

(ii) Find out the transformation under which the circle x?+y?—2%—4 = 0 
is transformed to one with centre at (0,1). 

[Hints: See Worked Out Example 1.10.18] 


9. (i) Give the definition of a rigid motion in a plane. Show that 
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my it 
x2 y2 1 | is an invariant in respect of three points (2x;, y;), (¢ = 1, 2,3) 
z3 y3 1 


under rigid motion in the plane. 

Give a geometrical significance of the invariant. 

(ii) If by an orthogonal transformation of coordinate axes the coordi- 
nates of two points P(,y1) and Q(x2,y2) become (x/,y,) and (x, y) 
respectively, then prove that (2, — 4)? + (y —y$)? = (a1 —- 22)? + (yr — y2)?. 

Give its geometrical interpretation. 

10. (i) If the origin is shifted to P(7,3) and the coordinate axes are 
rotated so that the positive direction of the new z-axis coincides with that 
of vector PQ,Q being the point (10,7), find the formulae for coordinate 
transformation. 

[Hints: See Worked Out Example 1.10.6.| 

(ii) Determine a rigid motion to transform the circle x? + y? +2y—8 = 0 
into one with centre (0,0). 

/ iL ae 
[Hints: x7 +(y+1)? = 9 where ; = boise Bee > er 
Worked Out Example 1.10.18.| 

11. (i) If the quadratic expression ax? + 2hay + by? + 29x +2fy +c is 
changed to a’a’?+2h'x'y' +b'y!?+29'a' +2 f’y’ +e only by the transformation 
of rotation of coordinate axes, then prove the following invariants: 

(aj =e (b) a’ +b =a+b 

(c) a’b! _ h’2 =ab— h2 (d) 2 +g’? = f° ao oe 

(e) a’b'ce + 2f'g'h' — a’ fl? — Ug! — ch? = abc + 2fgh — af? — bg? — ch? 

(f) bc si ca! as ab! — f° = a? _ h’2 =be+catab f? va h2 

(g) ofa a fia = 2fgh—af? — bg? (h) atb+cd —a+tb-te. 

(ii) When the axes are turned through angle, the expression ax + by 
becomes AX + BY referred to new axes, show that a? + b? = A? + B?. 

(iii) If, by a rotation of rectangular axes about the origin, the expression 
ax? +2hxy+by? changes to Ax?+2Hay+ By’, then prove that a+b = A+B 
and ab — h? = AB — H?. 

12. Show that the radius of a circle remains unchanged due to a rigid 


\ Also See 


body motion. 

13. (i) If by a rotation of axes about the origin, (ax + by) and (cx + dy) 
be changed to (a’x’ + b'y’) and (c'x’ + d'y’) respectively, then show that 
ad — be =a'd' —U'c. 

(ii) If the expressions ax?+2hxry+by? and Ax?+2Haxy+ By? are changed 
into a’a!?+2h'2'y!+0'y? and A'c’?+2H'z'y’+B'y” respectively by a rotation 
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of coordinate axes then show that the two expressions aA + bB + 2hH and 
aA+bB — 2hH are invariants of rotation. 

14. If the expressions az + by +c and Ax + By+C are changed into 
a'z' +b'y' +c and A’zr’ + B’y'+C’ respectively by a rigid motion, show that 
aA+bB = 0 if and only if a’A’ + b/B’ = 0 and that when aA + bB F 0, 
a’B'— A’! _aB-—Ab 
aA’ +UB aA+bB 

15. Ifa point (a, 3) be changed into (a’, 3’) and the expression ax+by+c 
be changed to a’x’ + b’y’ + c by a rigid motion, show that 


ada’ + UB’ +e aa+bB+e 
(ef? Ble wae ee 


16. (i) If by a rotation of axes, without change of origin, the equation 
ax? + 2hay + by? becomes a! x’? + 2h'z'y! + b'y””, prove that 


(ab)? ant =(a = by an. 


(ii) By orthogonal transformation, without change of origin, if the equation 
ax? + 2hary+ by? = c be changed into one in which there is no term involving 
xy, show that the transformed equation is 


(at+b+Aj)a? + (a+b—d)y? = 2c, where \ = \/(a— b)? + 4h?. 


17. (i) Show that there is one and only one point whose coordinates do not 
alter due to a rigid motion. 
(ii) Find the fixed point of the rigid motion 


a= 2a! — fy -1 


18. Show by rotating the axes through an angle : the expression ax + by + 


c = 0 can be transformed to the form x = constant, if a = b and to the form 
y = constant, if a = —b. 

19. Find the angle of rotation about the origin which will transform the 
equation /3(x? — y?) — 2xy = 8 into 2’y’ = 2. 
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ANSWERS 


Section A: 1. 32’ + 4y/ = 4; 2. y’ =0; 3. Yes, for the given equation 
=-2+a=27'cost—y'sinn+a 

-y +b=cx'sinn+y' cost +b 
motion, the angle of rotation being 7 and the new origin is (a,b). More 
specific, it is a translation; 4. (—1,—-1); 5. a= 2,6 =5; 6. a’y' = —2; 7. 
Qa’? + 3y/2 = 169; 8. (4/3,0); 9. eg =2'-—1y=y' +2; 10. (3,2); 12. (i) 
Qa!* + y!? = 6; (ii) y? = 47/; 18.. (7,-4); 14.0 = 4, Be 15. y = ay 16. 

x =2' cosé —y' sind —1 

y=2'siné+y'cos8+5 
Exercise 3 of this section; 21. a = +1; 22. No.; 23. y? = 2; 24. a 


can be written as and so it is a rigid 


20. Yes, proceed for justification similarly as 


Section B: 1. P(—V2,3V2), Q(—4V2, 3V2), R(/2, —3V2); 2. (1, —2); 
3. (i) ($,-2); (ii) 2? + 7x'y! — 2y? = 4; (iii) 2 — 14a'y! — Ty” = 2; 4. 
tan7'(4); 5. (i) a’y! = 1; (ii) 2a”? +3y? = 1; 7. (i) If the equation is trans- 
formed to rectangular axes through the point (1,—1) inclined at an angle 
5 tan} 3 to the original axes, the equation becomes en = 1s (ii) Qa!? 4+ 
3y’? = 6; 8. (ii) Axes will be rotated through an angle 2 on aR a oe +ly= 

Eyl 

y’ — 1 [See Worked out Example 1.10.18]; 10. (i) = ig sy | \ 
x = x' cosé —y' sind 


“s ) 1 2 h 
(ii) 2° + (y + 1) 9, where =-1+-2'sin@ +y/ cos8, 


| 0 can take any 
value; 17. (ii) (5,—3). 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Chapter 2 


General Equation of Second 
Degree: Classification of 
Conics 


2.1 Introduction 


The general equation of second degree in x and y is of the form 
ax? + 2hay + by? + 29x +2fy+c=0 (2.1) 


has really five independent arbitrary constants, because it can be divided 
by any one of these constants. So five conditions are necessary to obtain 
the five constants uniquely. Curves satisfying this equation are curves of the 
second degree, called a second-order curve usually known as conics. Hence 
one conic can always be found to pass through five points, and, in general, 
only one such conic can be found. We shall see later in this chapter that in 
case of a parabola, ab = h?, in case of a rectangular hyperbola a+b = 0 etc. 
So there are only four constants in these cases. Moreover, an exceptional 
case occurs when as many as four points are collinear. This chapter is mainly 
devoted to find the nature of the locus of a point where coordinates satisfy 
equation (2.1). 
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2.2 Some Definitions 


2.2.1 Centre of a second order curve 


A point C is called centre of the second order curve (2.1), if for any point 
P on the curve, there exists a point P’ on the curve as well as well on the 
line CP, such that |CP’| = |CP|. This means that a curve is symmetrical 
about its centre. 

Accordingly the curve (2.1) has 
a single centre or it has infinitely 
many centres or even it has no cen- i 
tres and we classify (2.1) into two 
categories, viz., (a) a central curve 
and (b) a non central curve defined 
as under. 

P’ 

(a) Central Curve Figure 2.1 


A curve is said to be central, if it 
has only one centre. 


(b) Non Central Curve 


A curve which is not central is called non-central. Therefore, non-central 
curve has either no centre or infinitely many centers. 


Example 2.2.1 Give an example of a central conic. 
Solution: Let us consider the curve 


3x? — day + 2y? + 4a — 2y -7=0 (2.2) 


1 
Shifting the origin to the point O’ (-1, -5), i.e., taking the translation 


e=2'—ly=y! — 5 we get 


3(a! — 1)? — (a! — 1) (v 5) 2 (y ) (a! —1) 
2 


=> 38? — da'y! + Qy? 4+ 2(-3 +14 2)2’ 
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1 
=> 37/2 —Ag'y! + 2y 85 = 0 


=> 62 — 82'y! + 4y —17=0 (2.3) 


Now, let P(a1, y,) be a point on the curve and P’ be the point (—21, —y;) 


lying on the line O'P, then |O’P| = \/x? + y? and |O’P’| = \/x? + y?. So 


|O’P’| = |O’P|. Further P’ is a point on (2.3) because its coordinates satisfy 
the equation (2.3). Thus O’ is a point such that when P is a point on (2.3), 
another point P’(¢ P) lying on O’P and satisfying |O’P’| = |O’P| is also 
a point on (2.3). Hence O’ is a centre of the curve (2.3). In other words, 


1 
(-1, -;) is the centre of the curve (2.2). 


2.3. Determination of Centre of a Second Order 
Curve 


The following theorem will provide the determination of centre of a second 
order curve. 


Theorem 2.3.1 A point (a, 3) is a centre of the curve represented by ax? + 
Qhay + by? + 2gx +2fyt+c=0, if and only if it satisfies the two equations 
ax+hy+g=0 andhx+by+ f =0. 


Proof: Condition Necessary: 


Let us first suppose that the coordinates (a, () is a centre of the given 
second order curve. Shifting the origin to this point, i.e., applying the 
translation x = 7’ +a,y = y' + B we get 


a(x’ +0)? + 2h(2! +0) (y+ 8) +b(y! + B)? + 2g(e' +0) 
+2f (y'+8)+c=0 
= ax” +2ha'y' + by? + 2(aa + hB + g)x' + 2(ha + bB + f)y! 
+aa* + 2haB + bB? + 2ga+2fB+ce=0 


which can again be written as 


=> ax’? + Qha'y' + by’? + 2(aa +h + g)a' + 2(ha + bB + f)y’ 
+(aa+h6+g)a+ (ha+b8+ f)B+ (gat fB+c)=0 (2.4) 


In new coordinates (0,0) is a centre. So (2.4) has a centre (0, 0), i-e., equation 
(2.4) will be symmetric about (0,0). So, if (x,y) is a point on (2.4), 
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—a',,—y') is also a point on (2.4) i.e., we get 
DY 


ax? + Qha'yy + by? + 2(aa + hB + g)x, + 2(ha+bB+ f)yt 
+(aa+hB8 + g)a+(ha+664+ f)8+(gat+ fB+c) =0 (2.5) 
and aa? + 2hayh + by? — 2(aa + hB + g)x', — 2(ha + bB + fy 
+(aa+hB8 + g)a+ (ha+b66+4+ f)8+(gat+ fB+c) =0 (2.6) 


Subtracting (2.6) from (2.5) we get 


4(aa + hB + g)x', + 4(ha + bB + g)y, = 0 
=> (aathB +g)ai + (ha + bB + g)y, = 0. 


Since this is true for any point (2, y/,) on the curve, so we get 


aa+hB+g=O0and ha+b8+g=0. 


Thus (a, 2) satisfies the equations ax + hy + g = 0 and ha + by+ f =0. 
Condition Sufficient: 
Let (a, 2) satisfy the equations ax + hy+g = 0 and ha+by+ f = 0. 
Therefore, aa+hG+g = 0 and ha+b3+g = 0. Thus equation (2.4) becomes 
ax’? + Qha'y’ + by’ + gat+ fB+c=0 (2.7) 


So if (a4, y{) lies on (2.7) then (—2‘},—y/) also lies on (2.7). Hence (0,0) 
is a centre of (2.7). Thus (a, ) is a centre of the given conic (2.4). This 
completes the proof. 


Corollary 2.3.1 If the origin be the centre of a conic represented by the 
general second degree curve 


ax” + 2hay + by” + 2gx+2fy+c=0 (2.8) 
then the coefficients of the first degree terms in the equation are all zero. 


Proof: Let the centre of the conic be at the origin O, then every chord 
through O is bisected at O. So if POQ be a chord and the coordinates of 
P be (x1, y1) and those of Q will be (—21, —y1). So both the points lie on 
(2.8). Hence, we have 


ax? + 2hayy, + by? + 2921 + 2fyr.+c=0 (2.9) 
(2.10) 


and ax? + 2ha.y, + by? — 29x1 —2fy +e 
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Subtracting we get 4gx,+4fy, =0 => gai + fy, = 0 and this is true for 
all values of 2; and y;, provided the point (21,41) lies on (2.8). Therefore 
g =0 and f = 0 and the equation (2.8) reduces to 


ax? + 2hry + by? +c=0 


which completes the proof. 


Note 2.3.1 The general equation of second degree in x,y, given by 


ax? + 2hay + by? + 292 +2fyt+c=0 


can be written as 
(ax +hy+g)xt+ (ha + by t+ f)y+ (gx + fy+o =0. 


Such writing will often be found to be useful. 


Centre of the curve: It follows from the above theorem that the curve 
represented by 


ax? + 2hay + by? + 2gr +2fy+c=0 


is a central second order curve if the system of equations ax + hy +g = 0 
and hz + by + f =0 has unique solution. 

If now ab—h? # 0, this system of equations is consistent and determinate, 
that is, it has a unique solution. In that case, the coordinates of the centre 


hf —bg gh-af 
can be found as (= 2? abahe )” 


Note 2.3.2 If ab — h? = 0, then the centre is at infinity and the conic, in 
fact, is a parabola. On the other hand, if ab — h? 4 0, then the centre is at 
finite distance and the conic is either an ellipse or a hyperbola. 


Note 2.3.3 For a conic having infinitely many centers, ab — h? = 0, hf — 
bg = 0 and gh—af =0. 


h 
b 


ah g 
Note 2.3.4 We write A=|h b f | andé=ab—h? = : Again 
OF oe 26 


using the notations of capital letters for co-factors of A, the coordinates of 


F 
) ,C #0 where C has the same expres- 


the centre can be written as | =, = 
(5 "oO 


sion as 6, used earlier. 
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Note 2.3.5 For a central conic, A #0 and 640. The conic, in this case, 
is either an ellipse or a hyperbola. 


Note 2.3.6 When ab—h? = 0 and (hf — bg,gh — af) 4 (0,0), then the 
system has no solution => there exists no centre = the curve is non central. 
In the geometrical point of view the given equations 


ax +hy+g=0 
ha +by+ f =0 


represent straight lines and so will have unique solution, infinitely many 
solutions or no solutions according as the lines are intersecting, coincident 
or parallel i.e., according as 


Central conics are (i) Ellipse, (ii) Hyperbola and (tii) Pair of intersecting 
straight lines. 

Non-central conics are (i) Parabola, (ii) Pair of parallel straight lines 
and (iii) Pair of coincident straight lines. 


2.4 Solution of Simultaneous Equations Using Ma- 
trix Notation 


Let the equations be 


(2.11) 


ax+hy+g=0 
ha+by+ f =0 


The coefficient matrix is ( ‘i : ) and the augmented matrix is ( ; : ; ) 


Now we discuss the following cases: 


Case 1: Let ab — h? 40. Then rank of the coefficient matrix = rank 
of the augmented matrix = number of unknowns = 2. So the system (2.11) 
hf—bg  _ hf —g 
ab—h2’? 9 ab—h2 

In this case, the curve represented by the general second order equation 
ax? + 2hxy + by? + 29x + 2fy +c = 0 is a central curve and its centre is 


eee hf —bg hf — bg 
aia A a Vy AEE OO 


has a unique solution, namely 7 = 
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Case 2: Let ab —h? = 0, hf — bg = 0 and gh—af = 0. Thus rank 
of the coefficient matrix = rank of the augmented matrix = 1 < number of 
unknowns = 2. Here the system (2.11) has infinitely many solutions > the 
second degree curve has infinitely many solutions, which implies the curve 
is non-central. 


Case 3: Let ab—h? = 0, hf — bg 40 and gh — af #40. Then the rank 
of the coefficient matrix = 1 and the rank of the augmented matrix = 2. So 
the simultaneous system of equations (2.11) has no solutions. Therefore the 
given curve is non-central. 


2.5 Canonical Form of an Equation of a Second 
Degree Curve 


The general equation of a second degree can be reduced to the standard 
equation of a conic by choosing suitable coordinate system with the appli- 
cation of translation or rotation or both. The standard equation is called 
its canonical equation. The form of the canonical equation is known as its 
canonical form or sometimes called its normal form. 

To get the canonical form from the general equation of second degree, 
the following transformations are required. 


(i) to remove the term in xy from the equation, by rotating the axes suit- 
ably. 


(ii) to remove the terms containing x, y or both by translation of axes, i.e., 
by choosing new origin and 


(iii) to remove the constant term also, if possible, by transformation of 
coordinates. 


The following are the canonical forms of the conics: 


1. The canonical form of the equation of a parabola is y? = 4az, x-axis 
is its axis, (0,0), the vertex, (a, 0) is the focus and the length of latus rectum 
is 4a. 

ay? 
2. The canonical form of the equation of an ellipse is — + po 1. Its 
a 
centre is the origin (0,0), x-axis is the major axis, y-axis is the minor axis, 
+a,0) are the vertices, (+ae,0) are the foci, the length of latus rectum is 
2 
— and the eccentricity e is given by b? = a?(1 — e?) where 0 < e <1. 
a 


Nom 
m 
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2 y? 


3. The canonical form of the equation of an hyperbola is — — ae L. 
a 


where transverse and conjugate axes are along the x-axis and y-axis respec- 
tively, the centre is the origin (0,0), the vertices are (ta,0), (+ae,0) are 
2b? 
the foci, the length of latus rectum is —— and the eccentricity e is given by 
a 
b? = a*(e? — 1) where e > 1. 
Now we shall prove the following important theorem. 


Theorem 2.5.1 Every equation of second degree in x and y represents a 
conic. 


Proof: Let us consider the general equation of second degree in x and y 
given by 


ax” + 2hay + by” + 2gx+2fy+c=0 (2.12) 


where a,b, h are not all zero at a time. 

First of all, we shall remove the term containing xy from the equation 
(2.12). For this, let the axes of the coordinate system be rotated through an 
angle 0, in anticlockwise sense, keeping the directions of the axes unaltered, 
i.e., we apply the rotational formulae 


x = z' cos0 — y'sind 
y =z’ sind + y' cos@. 


where (2’, y’) are the new coordinates. Then equation (2.12) becomes 


a(2’ cos 6 — y' sin 8)? + 2h(2' cos 6 — y' sin 6) (z' sin 6 + y/ cos 6) 
+b(a’ sin 6 + y/ cos 0)? + 2g(a’ cos 6 — y’ sin @) 
+2f(2' siné + y’cos#) +c =0 
=> (acos? 6+ hsin 20 + bsin? 6)a2’* + {2h cos 20 — (a — b) sin 20}a'y/ 
+(asin? 6 — hsin 26 + bcos” @)y’? + 2(g cos 6 + f sin 6)z’ 
+2(f cos@ — gsin@)y’ +c =0 (2.13) 


Now we choose 6 such that the coefficient of the term x’y’ vanishes, i.e., 


2h 
a—b 


1 2h 
Or, 6 = 3 tan! (=) (2.14) 


2hcos 26 —(a—b)sin26=0 => tan20= 
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63 
Now since an angle can be found whose tangent is equal to any real 
number whatsoever, the value of 0 satisfying (2.14) the values of sin@ and 
cos @ are found and substituting these values of sin@ and cos @ in (2.13), it 
reduces to the following form 


Az"? + By? +2Gzr' +2Fy'+C=0 


(2.15) 


where by the theorem of invariants, we have 


A+Bz=a+band D= AB=ab—h? (-. here H =0) and 
A = abce+2f gh — af? — bg? 


ch* = ABC — AF? — BG? (5 H=0) 
Now we have the following cases: 


In that case equation (2.15) can be written as 
Ca es 72 EP Ge > Ee 
2, ’ 12, ees . 
A(a 4 G) +B (y y ) 


Case 1: Let ab —h? £0, then AB 40 = then neither A nor B is zero. 


Bil A ae 
Cy F\? G2 F? 
Core Bia’ = | 
+ a(v+ 5) + (v¥+5) 


A+B C = k(say). 


, 5) without changing the 
directions of the axes, the equation becomes 
AX? + BY*=K 


Let us now shift the origin to the point ( 


2 F2 
where K =k = oi 


(2.16) 
- G52 {BG? + AF? — ABC} =o) 
= | =——. r 
A'B AB Ae 
again following sub cases arise: 
Subcase 1: Let K 4 0ie., A #0 and AB > 0, the equation (2.16) 
takes the form 
Xe a ¥2 
ie ae. 2 
A B 
K K 
writing a? = ve b? = BR we have the following three forms: 
a? 
(8) ae es 1, where A and B are both positive which is an ellipse. 
a 
ay? 
0) ata 


—1, where A and B are both negative which is a conic 


without a real trace, sometimes called an imaginary ellipse. 
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(c) 27 + y? = a? when A = B, which is a circle. 


Subcase 2: Let K #0 and AB < 0, the equation (2.16) takes the form 


2 2 K K 
(a) > - 2 = 1, where a? = 7 and 6? = 2B and B which is a hyperbola, 
or, 
ay? 
b) — + + = 1, which is again a hyperbola. 
a>” “be 


Subcase 3: Let K = 0, so that A = 0 and D = AB > 0, then (2.16) 
takes the form AX? + BY? = 0 or of the form . + a = 0 where a? = 4 
and 6? = e which is a null ellipse having only one real point (0,0). Also we 
can say that it represents a pair of imaginary straight lines. 


Subcase 4: Let kK = 0, so that A = 0 and D = AB < 0, then (2.16) 


a oy? 2 1 9 1 : 
takes the form aan Ce 0 where a* = a and b* = B which represents a 


pair of straight lines. 


Case 2: Let one of A or B be zero. Let us suppose that A = 0, so that 
D=AB=0. Then equation (2.15) takes the form 


By? + 2Gz' +2Fy'+C =0 


Fy? F?—B F2_B 
on, B(x +5) = —2G2' 4 = a 2G (- a) (2.17) 


F?-BC F 
2BG ° B 
the directions of the axes, the equation reduces to BY? = —2G.X which is 
a parabola with the straight line Y = 0 as its axis, i.e., the axis is parallel 
to v’-axis. 
Next if G is also zero, then equation (2.15) becomes 


ry = oe F VF?—BC 


fo pees 
B ahs 


Now shifting the origin to the point ( iF without changing 


By? +2Fy'+C =0or, B (v + 


which represents a pair of straight lines. Thus we see that in all cases 
the general equation of second degree represents a conic, either proper or 
degenerate. 


We also mention here the following definition: 
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Definition 2.5.1 The general second degree equation represented by the 
equation (2.12) will be a degenerate or non-degenerate conic according as 


A = abe+ 2f gh — af? — bg? — ch? =0 or £0. 


The non-degenerate conics are mainly divided into three classes: (a) 
elliptic if D > 0, (b) parabolic if D = 0 and (c) hyperbolic if D < 0, where 
D = AB = ab—h? =6. Circle is a special case of the ellipse when the major 
and minor axes are equal. 


Note 2.5.1 When h? = ab, the terms of the second degree in equation (2.12) 
form a perfect square. 


Note 2.5.2 When A = 0 and B = 0, then a = 0,b = 0,h = 0 and the 
equation (2.12) represents a line. 


Note 2.5.3 If A=0,G=0, but B40 then equation (2.15) reduces to 


r= F?_ BC 


By? +2Fy’+C=05([y'4 
Usa Zee ae (u B Rp 


Here the equation represents a pair of parallel lines, a pair of coincident line 
or no geometric locus according as F? — BC >,=, < 0. 


Note 2.5.4 If A#0,B =0,F =0 then equation (2.15) reduces to 


“\'- G? — AC 


12 ! = ! 
Ax* + 2Gzr'+C=0 or, (« a me 


Here, also the equation (2.12) represents a pair of parallel lines, a pair of 
coincident lines or no geometric locus according as G? — AC >,=, < 0. 


2.6 Reduction of an Equation of a Conic to Canon- 
ical Form 


A general equation of second degree in x and y represented by 
ax” + 2hay + by” + 2gx+2fy+c=0 (2.18) 


is always a conic. 


We consider two different cases: 
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Case 1: Let the conic be a central conic, i.e., 6 = ab—h? £0. 


If (a, 8) be the centre of the conic (2.18), we shift the origin to this point, 
i.e., we apply the translation x = x2’ +a,y = y’ + 8 without rotating the 
axes. Then equation (2.18) becomes 

ax’ + 2ha'y! + by”? + 2(aa+h6 + g)2' + 2(ha + B+ f)y’ 
aa? + 2haB + bB? + 2ga+2fB+c=0 
or, aa’? + 2ha’y’ + by + 2(aa + hB + g)a’ + 2(ha + b8 + f)y! 

(aat+hB+ g)at (hat B+ f)B+(ga+ fB+c)=0 (2.19) 


The equation is now referred to the new system (x’,y’) and its centre is at 


(a, 8) 


aa+hbB+g=0 
ha+b8+f =0 \ ey) 
E tes 
Solving these we get a = i — - — - 
The equation (2.19) then becomes 
ax” + 2ha'y! + by? + ga+ fe+c=0. 
hf — bg gh —af 
Now gat fore=g (2a) 4 (Saw +¢ 
a Sie yeaa te Sa 
= pape labe + fgh —af* — bg" —c¢ ae = (say) 
and hence the equation (2.19), i.e., reduced equation of (2.18) is 
ax!* + Qha'y’ + by” +d=0 (2.21) 
Now applying rotation of the coordinate axes through an angle 
1 2 
@=— tan" ie, 
2 a—b 
let the equation (2.21) becomes 
AX? 4+ BY? +4=0 (2,22) 


where by the rule of invariant, we have 


A+Bz=a+band AB=ab—h? 40S A40,BF£0. 


From these we can find A and B and thereafter equation (2.22) will give the 
final transformed equation, which is in its canonical form or normal form 
or standard form. 
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Note 2.6.1 We observe that the coefficients of the second degree terms in 
the reduced equation (2.21) are the same as in the original equation (2.18), 
the linear terms are removed and the constant term c has been changed to 


A 
d= 5? where 


ah g 
A = abc+2fgh—af*—bg*—ch? =| h b f | andé=ab—h? = 
GOP 


Note 2.6.2 The axes of the conic are along X =0 and Y =0 


i.e., along (a —a)cosé + (y— 8)sind =0 
and along (x — a) sin@ — (y — 8) cosé = 0 
1 2h 
pee a 
where 6 5 tan ane 


Case 2: Let the given conic be a non-central, i.e., 6 = ab—h? = 0. 
(Here the conic will be called a parabolic type.) 


As ab — h? = 0, the second degree terms in (2.18) together reduce to a 
perfect square. Let us write (2.18) as 
(la + my)? + 29x + 2fy+c=0 
or (la+my+n)? =—2gx —2fy—c+2lnx + 2mny +n? 
= 2(In — g)x + 2(mn — f)y + (n? —c) (2.23) 


Now we have the following subcases: 


Subcase 1: Let 2 = f =n, then equation (2.23) becomes 
m 


l 
(la + my +n)? =n? —c¢ (2.24) 


If we consider lx + my +n = 0 as the 2’-axis and any line perpendicular to 


it as the y/-axis then 
i lx+my+n 


ie V2 + m? 


and x’ depends on the choice of y’/-axis. So the equation (2.24) becomes 


(1? +: m?)y? =n? —c. 


It represents a pair of parallel straight lines, coincident straight lines or will 
have no real trace according as n? >,= or <c. 
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Figure 2.2 
Subcase 2: Let ; # f Let us choose n such that the lines 
m 
le+my+n=0 (2.25) 
and 2(In —g)x+2(mn-— f)y+n?—c=0 (2.26) 


are at right angles. For this we choose n such that 


( ~) ( ae 1 => Pn—-lg =-—m?n+mf 
m mn — f 
lg+mf 


or, (1? +m?)n=lg+mf whence n= Pam?’ 


If we choose now equation (2.25) as x/-axis and (2.26) as the y’-axis, then 


a = lin g)z + 2(mn — f)y +n? Cs pu 


2,/(In — g)2 + (mn — f)? VI? +m? 


where the new coordinates of P(a,y) on the conic be (z’, y’). So the equation 
(2.23) becomes 


(1? + m?)y"? = 2/(In — g)? + (mn — f)2a2" ie, y’? = 4ka (2:27) 


Vv (in — g)? + (mn — f/? 
2(12 + m?) 
Equation (2.27) is the canonical form of the given conic (2.18) which 
represents a parabola of latus rectum 4|k| and the axis along the line x’ = 0, 
i.e., along the new axis la +my+n=0. 


where k = 


General Equation of Second Degree 69 


2.7 Rank and Classification of Second Order Curves 


The rank of a second order curve 


ax? + 2hary + by? + 2gr +2fy+c=0 


a h 
is the rank of the matrix | h 6 . The rank of the matrix may be 3, 
9g f 


oi) 


2or 1. 
When rank = 3, the curve is non-singular or non-degenerate. 
When rank = 2, the curve is singular. 
When rank = 1, the curve is degenerate. 


A circle, a parabola, an ellipse and a hyperbola are non-singular. 

A point ellipse, a pair of intersecting or parallel lines are singular. 

A pair of coincident straight lines are degenerate. 

A complete classification of second order curve according to the different 
possible values of 6 and A, the corresponding canonical forms and there 
corresponding names are given in a tabular form in Table 2.1. 


2.8 Conic through Common Points 


There are two cases: 


(a) Conic through the common points of two conics 


If S = 0 and S’ = 0 be two conics, then the equation of a conic through 
their common points of intersection is given by S + \S’ = 0, where is an 
arbitrary constant. It is determined by the given condition. 


(b) Conic through the common points of a conic and two lines 


If S = 0 is the conic and the lines are Ly; = 0 and Lz = 0, then the equation 
of the required conic is S + AL, Lz = 0, being an arbitrary constant. It is 
determined by the given condition. 
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Table 2.1: Matrix classification of a second order curve 
A 


) Canonical Name Rank | Class 

form 
d6>0 |A<0 = + ve =1 Ellipse 3 Non-singular 
6>0 |A<0 ja?+y=1 Circle 3 Non-singular 
d6>0 JA>0 = + ye =-—1 |No geometric locus |3 Non-singular 


(Imaginary Ellipse) 
5>0 |A=0 | Ax? + By? =0 |A pair of imaginary |2 Singular 
lines or point ellipse 


6<0 |AS0 |S-2=1 Hyperbola 3 Non-singular 
6<0 |A<0O = - a =-—1 |Hyperbola 3 Non-singular 
6<0 |A=0 |y?—k2? = Pair of intersecting | 2 Singular 
lines 
6=0 |A¥F0 Jy? = 4az,x? = | Parabola 3 Non-singular 
Aby 


6=0 |A=0 |y? = k*,2? = | Pair of parallel lines |2 Singular 


6=0 |A=0 Jy? =0,27=0 |Pair of coincident |1 Singular 
lines 


2.9 Conditions for Pair of Straight Lines and proper 
Conics 


A. Necessary and sufficient conditions for a general equation of 
second degree to represent a pair of straight lines 


Let the general equation of second degree be 


ax? + 2hey + by? + 2g +2fy+c=0 (2.28) 


Let us first suppose that the equation (2.28) represents a pair of straight 
lines. Also let the lines be ja + myy+n, =0 and lox + may + ng = 0, ie., 
we get 


ax” + 2hay + by? + 2gr + 2fy+e= (ha + my +71)(lox + moy + ng). 
Equating the coefficients of x”, xy, y?, x,y and the constant terms we get 


Ly lo =a mymMmys = b nyng =C 
lymg t+ lomy = 2h Iyng+leny = 2g ming+ men = 2f. 
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ly lo O lg m2 neg 
Now we consider the determinants | 1m, m2 OJ] and] il, my, nj 
ny ng 0 0 0 O 


Since the value of each of these determinants is zero, the value of their 
product is also zero, i.e., we have 


lL lz O ly m2 ne 
my me 0 |x ly Mm nyl= (0) 
ny ng O 0 0 O 
21 lo lyme + lem, linea + lon, 
> mylg + malt 2m Mo Ming +mMen, | = 0 
nylgtnely nyme2+nemy, 2nj ng 
2a 2h 2g ah g 
=> 2h 2b 2f|=0 => h b f |=0 (2.29) 
2g 2f 2c g f ¢ 
Again A(h? = ab) = (lym + lym)? = Aly lomyme = (lima lym,)?. 
So h?—ab>0 (2.30) 


Next we suppose that the equation (2.28) is such that (2.29) and (2.30) hold. 
We consider the system of equations 


ax+hy+g=0 
he + by+ f =0 
gx+ fy+c=0. 


In virtue of (2.29), it follows that the above system has a solution. Let 
(x1, y1) be such a solution. Thus we get 


ax; +hy +g =0 
ha, + by, + f =0 (2:31) 
gti + fy. +c=0 


Now we apply the translation 2 = 2'+21,y = y’+y1, thus the given equation 
(2.28) is translated into 
a(x! + 21)" + 2h(a" + a1)(y! +91) + Oly! +1)? + 2G(a" + 21) 
+2f(y' +91) +e=0 
=> aa’? + 2ha'y! + by? + 2(ary + hy + g)a' + 2(hay + by + fry! 
+ (ax, + hy + g)ti + (hai + gyi + fly + (gti + fy +e) =0 


=> aa’? +2ha'y' + by’? =0 [by equations (2.31)]. 


y” y! 
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Since (2.30) holds, the equation (2.32) represents a pair of real straight lines. 
Thus we get the required necessary and sufficient conditions for (2.28) to be 
a pair of straight lines are that 


g 
f =O and h? —ab>Oie., A=Oand 6 <0. 
Cc 


Note 2.9.1 The equation (2.28) represents a pair of parallel or coincident 
straight lines if and only if A = 0 and h? — ab = 0. 


Note 2.9.2 If the two lines represented by (2.28) pass through the origin 
then ny = 0 and ng = 0 and consequently g = 0, f = 0 and c = 0 and the 
equation (2.28) reduces to ax? + 2hay + by” = 0. 


Thus we see that the equation of a pair of straight lines passing through 
the origin is homogeneous containing only the second degree terms in x« and 
y. However, it should be noted that any homogeneous equation of second 
degree in x andy does not represent a pair of straight lines through the origin 
and we may state the following: 


Corollary 2.9.1 The homogeneous equation of second degree in x and y, 
given by ax? + 2hay + by? = 0 represents a pair of straight lines through the 
origin if and only if h? — ab> 0. 


The truth of the statement follows by taking f=g=h=0. 


Point of Intersection 


Let us suppose that (2.28) represents a pair of intersecting straight lines 
having equations 


hatmytn,=0 
lox + may + ng = 0. 
x - y 1 


Solving we get — . 
ming—meny nile—nely lme—-lemi 


JV(lims + lgm,)? — Alylomyms = V 4h? — 4ab 


2V h?2 —ab>0 


Now [ym — lem, 


myin2 —mMenN1 nile — nol, 
= f= SY SS 
lyme = lom4 lime = lom4 
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Also Abg _ Ahf 2m mMo(Iyn2 + lon) _ (lym + lgm1)(myn2 + m2n1) 


2 2 
= MyMalyng+MmMglon, — ynims _ longmj 


myng2(lymg2 — lym) — meni (lim2 — mlz) 
= (lima — lom2)(mine = mgnt). 
(min = many) (lyme = lgm1) - 4(bg =. hf) _ hf = bg 
(lym = Ilgm,)? A(h? = ab) ab = h2 ; 
gh —af 
ab — h2° 
Thus the point of intersection of the pair of lines (2.28) is given by 


hf —bg gh—af 
ab — h2’ ab—h? ] © 


So we get c= 


Similarly we shall get y = 


Note 2.9.3 We note that the point of intersection is same as the centre of 
a conic if (2.28) represents a central conic. 


B. Conditions for general equation of second degree to be a proper 
conic 


Let the given equation be 


ax” + 2hay + by? +2gx+2fy+c=0 (2.33) 


: : : M P (x,y) 
Let the equation of the directrix DM be la+ 
my+n = 0. Let S(a, 8) be the focus of the conic 
and P(x,y) be any point of the conic. Also 
let e be the eccentricity of the conic. Then by 
definition of a conic we have S(a,f) 


SP? =e? PM? L 
kx+my+n=0 
= (x—a)’+(y- 8)? 
. (eamuen)' _ g(la+my+n)? 
V2 +m? ee 

=> {I (1—e?)+m?}2? — Qme?ry + {PF + m?(1 — e?)}y? 
—2{ (1? + m?)a + Ine*}a — 2{(1? + m?)6 + mne”}y 
+(1? +m?)(a? + 67) —n?e? =0 (2.34) 


Figure 2.3 
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Equation (2.34) will be identical to equation (2.33) if the coefficient of like 
powers of x, y and the constant terms are equal. Comparing equations (2.33) 
and (2.34) we get 


a=P1—e)4+m7*> h=—Ime*s b= FP +r (1— &*): 
g=—{(P? +m?)\a+ Ine}; f = —{(? +m?)8 + mne?}; 
e= (I? +m’*)(a? + 67) — n?e?. 
Now 6 =ab—h? = {?(1—e?) 4+ m?}{P? + m?(1 — e?)} — me" 
=(P +n’ FO = e’). 


For a parabola e= 1, .°. 6 = 0, i.e., ab — h? =0, ie., h? = ad. 
For an ellipse e < 1, ...6 > 0, ie., ab—h? > 0, ie., h? < ab. 
For a hyperbola e > 1, .. 6 < 0, ie., ab—h? <0, ie., h? > ab. 


2.10 Worked Out Examples 


Example 2.10.1 For each of the following curves, determine whether it 
has a single centre, has no centre or has infinitely many centers and hence 
classify the equations according to the presence of centre/centers. 


(i) 5a? — Gary + Qy” + 242 — 26y +10 =0. 

(ii) 2? — Qey + y? + 2a — 4y +3 =0. 

(itt) Qa? + dry + 2y? —2 —y+1=0. 

(iv) (a — 2y)? + 3(a — 2y) + k =0,k = constant. 


Solution: (i) Here a = 5,b = 2,c = 10,h = —3,g = 12, f = —13 and so 
6 =ab—h? =5 x 2—(-3)? =1 40. Hence the conic is a central conic and 
hf —bg gh-af 
ab — h2? ab— h? 
— —13)-2x«12 12 —3)- —1 
= 3 x (—18) x x (—3) — 5 x (—18) = (15, 29). 
1 1 
(ii) Here a 1,5 1¢ 3,h —-llg =1,f = -2 and so 6 = 
ab — h? = 0. Hence the curve is non central. Now hf — bg = 1 4 0 and 
gh—af = -—1#0. So the curve has no centre. 


the centre is given by ( 


1 1 
(ill) Here a= 2,b= eS 1 b= 2.9 — 5: f = —5 and so 6 = ab—h? = 


0. Hence the curve is non central. Now hf — bg = 0 and gh—af = 0. So 
the curve has infinitely many centers. 
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(iv) The given equation can be written as x? —4ry+4y?+3a—6y+k = 0, 


3 
from which we get, a=1,b=4,c=k,h 2,9 at 3. Therefore 


5 = ab —h? = 0. Hence the curve is non central. Now hf — bg = 0 and 
gh —af =0 imply that the curve has infinitely many centers. 


Note 2.10.1 In Example 2.10.1 (iv), it should be noticed that the exis- 
tence or non existence of centre does not depend upon k. 


Example 2.10.2 Find the values of a and f for which the curve ax? — 


2xry + Wy? — 142 + 2fy — 15 = 0 represents a conic having (i) no centre 
and (ii) infinitely many centers. 


Solution: For the given curve we have a = a,b = 25,c = —15,h = —10,g = 
—7, f = f and so 6 = ab— h? = 25a — 100. Also hf — bg = —10f +175 and 
gh—af = 70-af. 

(i) For a conic having no centre, we get ab—h? = 0,hf—bg 4 0, gh—af # 


35 
0. Therefore 25a -100=0=>a=4and—-10f+17540SfF 3" Hence 


a=4ond f¢ 


(ii) For a conic with infinitely many centers we get ab—h? = 0,hf —bg = 
35 
0,gh-—af =O>a=4and f= >. 
Example 2.10.3 Determine the nature of the locus represented by each of 
the following equations: 


(i) a*+y?+ 10x — 12y4+ 16 =0. 
(i) 2% + 6xry + 9y* — 5x2 —15y+6=0. 
x 
x 


24 dey + 4y? + 4¢ + y—15=0. 
2 _ Ixy + 2y” — 4c — 6y +3 =0. 


Solution: (i) Herea = 1,b=1,h =0,g =5,f = —6,c = 16,..a = b and 
h = 0 and g? + f? —c = 5% + (—6)? — 16 = 45 > 0. Hence the locus is a 
circle. 


5 15 
(i) Here o. = 1,0 = 9,6 = 6, = 359 eo arn 
5 
ah g o. = =p a: 
De hb fh Sy) Bs -Pl=-| 6 18 —-15 
g fc {5 B- @ -5 -15 12 
2 
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2 6 —5 


1 
==| 0 0 O |=Oandé=ab-—h?=9-9=0. 
—5 -15 12 
Hence the locus is a parallel straight lines. 
1 
(iii) Here a = 1,b=4,c=—15,h=2,g=2,f=>5. 
ah g ae ve stl 22k 2 
Bah fi) =| 2 Ag Sie Se 
Cc 1 4 1 —-—80 
g9 f 2 1 15 
he ds 12 
1 1 49 
=4|° 9 —7 = 4 6 7)(1-8)= 779 
4 1 —30 


and 6 = ab— h? =1 x 4— 2? =0. Hence the locus is a parabola. 


(iv) Herea =1,b=2,c=3,h=-l1,g=-2,f = -3 


bt eae 29 
A=|-1 2 -3)=1(6-9)+1(-3-6)—2(34 4) =—-26 £0. 
oe ee 


and 6 = ab— h? = 1.2— (-1)? =1>0. 
Therefore the locus is an ellipse. 


Example 2.10.4 Reduce the equation 11x?—4ay+14y?—582—44y+71 = 0 
to its canonical form. Name the conic, find the eccentricity of the conic. 


Solution: From the equation we have a = 11,b = 14,c = 71,h = —2,g = 
Sy ee 


11-2) —29 
A=} -2 14 —22 | = —-9000 40. 
—29 -—22 71 


So the equation does not represent a pair of straight lines. 
6=ab—h? =11 x 14— (—2)? = 154—4= 150 >0. 


Since A < 0 and 6 > 0, so the equation represents an ellipse. If (a, 3) be 
the centre of the conic then we have 
_ (hf—bg gh—af 
(a1, 8) (4. ab — h2 
-( OO 1a 20)" 92) TL 2) 


= (3,2). 
150 150 a) 
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Shifting the origin to this point (3,2), the given equation reduces to 


(—9000) 


=0=1lr?-4 14y? =60 (2.35 
a r zy + 14y (2.35) 


lla? — day + 14y? + 
Now, keeping the origin fixed, let the coordinate axes be rotated about the 
origin through an angle @ in anticlockwise sense, so that the term involving 
xy is removed. 
Here @ will be obtained as 


1 Oe Oe OED). By. A 
ae Oe Oe 
and equation (2.35) reduces to 
AX* + BY? =60 (2.36) 


where A+B = a+b = 11+14 = 25 and AB = ab—h? = 11x 14—(—2)? = 150. 


- A-B=+/(A+ B)? — 4AB = +25? — 4 x 150 = +25 = 45, 


ie., A+ B= 25 and A— B = +5 which gives A = 15,B = 10 or A = 
10: B =.15. 
We take A = 10, B = 15 and the equation (2.36) becomes 


Re 2 
10X? + 15Y? = 60 or, eg 


This is the canonical form of the given equation which represents an ellipse. 
Its eccentricity is given by 


4 2 
Per dse) 16, f=6(— 27) a 


Note 2.10.2 The equation of the axes are 


(x — 3) cos@ + (y — 2) sin? = 0 

(2=3)ane — = 2) cond 20. [§ 2.6 case 1 Note 2.6.2| 
Note 2.10.3 When A > 0, B > 0, it is customary to take the smaller 
values of A. In case A and B are of opposite signs, the +ve value is taken 
for A. 
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Example 2.10.5 Show that the equation 4x? — 4xy + y? + 2a — 26y+9 =0 
represents a parabola. Find its latus-rectum. 


Solution: Here a = 4,b=1,c=9,h = —-2,g =1,f = —18. 
A = abc+2fgh— af? — bg? — ch? 
AOE O13) (0) aa 13) a 220) Se G95 0 
and: 0° = G07 =a (— 2)? = 0: 


So the given equation represents a non-central conic, i.e., a parabola. 
Now the given equation can be written as 
(Qa — y)? + 22 — 26y+9=0 
or, (2e—y+A)? = —2n + 26y —9+ dA? + 4x — Dy 
= 2(2\—1)e+2(13-—A)y+ (2-9) (2.37) 


where A is any constant. 


Now we choose X such that the two lines 2x — y+ A = 0 and 2(2A—1)+ 
2(13 — A)y + (A? — 9) = 0 be perpendicular to each other. For this we have 


—(2A-1 
ooh =-1 => A=3 [Product of the gradients = -1] 
For this value of A, equation (2.37) becomes 
(22 — y+ 3)? = 10(x + 2y) (2.38) 


If we now take the two perpendicular lines 2x—y+3 = 0 and 7+2y = 0 as the 
new axes of x and y respectively, then we get the following transformation 
formulas: 


X = perpendicular distance of the point (x,y) form the new y-axis 
u+2y u+2y 
J/12 + 22 V5 y 
and Y = perpendicular distance of the point (x,y) form the new z-axis 
Qe — 3 Qu — 3 
= oe a => I —y+3= V5Y. 
2* + (—1)? v5 
With these transformations, equation (2.38) becomes 
10 
(V5Y)? = 10(# + 2y) = VBX or, Y? = aid = Y? =2/5X. 


This is the canonical form of equation of parabola. The axis of it is along 
the line Y = 0, i-e., along 2x — y+ 3 = 0, the equation of the tangent at the 
vertex is X = 0, ie., c+ 2y = 0 and its length of latus rectum = 2/5. 
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Note 2.10.4 The canonical form will be of the form Y* = XX or X? = pY 
according as the coefficient of ry <0 or > 0. 


Example 2.10.6 Reduce the equation 4x? + 4xy + y? — 4x — 2y+a=0 to 
the canonical form and determine the conic represented by it for different 
values of a. 


Solution: The given equation is 


Ag? + dry + y? — 4 — 2y+a=0 (2.39) 


Here a =4, b=1, c=a, h=2, g=-2, f=-1. 


abc + 2f gh — af? — bg? — ch? 
Aa (OV ary A = ae? 
4a+8-—4-4-4a=0. 


> 
| 


So the equation represents a pair of straight lines. 

Also 6 = ab — h? = 4.1 — (2)? = 0, ie, 6 = 0 and A = 0. Hence 
the equation represents either a pair of parallel straight lines or a pair of 
coincidence straight lines. 

Now the equation is written as 


(Qe +y)? —2(27 +y)+a=0 
ae ee 


US — L\ 48 
or, 


= X [See Note 2.10.4 and observe that in this case 


or, 


Let us ae 


a 
coefficient of ry > 0.] 
So the given equation reduces to 


a—1l 


xX? 
any: 


=0 (2.40) 


which is the canonical form of the given equation. 


Clearly, if a < 1, the given equation represents two parallel straight lines. 
if a = 1, the equation (2.40) reduces to X? = 0 and then equa- 

tion (2.39) represents two coincident straight lines. 
and if a > 1, the given equation represents two imaginary straight 


lines. 
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Example 2.10.7 Discuss the nature of the conic given by: 
6a? — Say — 6y? + 14¢ + 5y +4=0. 
Solution: The given equation is 


6x? — Say — Gy? + 14a + 5y+4=0 (2.41) 


5 5 
Here a = 6, b= —6, c=4, Ss g=7, Pas: 


A = abe+2fgh— af? — bg? — ch? 


So the equation represents a pair of straight lines. 


2 4 
0 but 6 4 0. Hence the lines are intersecting lines. So equation (2.41) rep- 
resents a pair of intersecting lines. 


2 
25 169 
Also 5 = ab — h? = 6.(—6) ( 5) = —36 =- #0,i0e,A= 


More Discussion: 


Let us try to find out the individual straight lines represented by equation 
(2.41). For this we proceed as follows: 


We have 6x? — 5xy — 6y” = 6x? — Oxy + dary — by” 
= 34(2x — 3y) + 2y(2x — 3y) = (2x — 3y) (3x 4+ 2y). 


Now let the individual lines represented by the equation (2.41) be 2a — 3y + 
A = 0 and 3a + 2y + w = 0 and then we have 


6x? — Say — Gy? + 142 + 5y + 4 = (22 — 3y + A)(3a 4 2y 4+ p). 


Equating the like powers of x, y and constant terms we get 


2n+3\=14 (2.42) 
—3y +2’ =5 (2.43) 
and Ay=4 (2.44) 


Solving (2.42) and (2.43) we get AX = 4, ps = 1 which also satisfy the equation 
(2.44). So we get 


62? — dry — Gy” + 14x + By +4 = (2x — 3y +4) (3a + 2y +1). 
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Therefore L.H.S. of the equation (2.41) has been factorized into two linear 
factors given by 27—3y+4 and 37+2y+1. So the individual lines represented 
by (2.41) are 


2% —3y+4=0 
and 32+2y4+1=0. 


Clearly, the lines are intersecting and their point of intersection is given by 
es Se ee 11 10 
4+9’°4+9 13713) ° 

Example 2.10.8 Reduce the equation given in Example 2.10.7 into its 

canonical form and state the type of the conic. 


Solution: The given equation is 
6x? — Say — 6y* + 14e + 5y+4=0 (2.45) 


169 
As in Example 2.10.7, we see that A = 0 and 6= Sor #0. So it 


represents a central conic (i.e., a pair of intersecting straight lines) and the 
centre of the conic is the point of intersection of the lines which is given by 


c= onal) (See i Ey 


ab—h2’ ab—h2 169 7 T69 


= 2 +42 —-P-9\  /-254+168 -70-60\ / 11 10 
- 6g 18} 169” 169 fF 18713)" 
Shifting the origin to this point, i.e., applying the translations 
c=a'- 
and y=y'+H3 
‘ E 12 1, f 12 A 
the given equation (2.45) becomes 62° — 52’y'—6y’"+d = 0 and d = pow 0. 
Therefore the reduced equation (2.45) is 


6a’? — 5a'y! — 6y'* = 0 (2.46) 


Now let the axes be rotated through an angle 0, keeping the origin fixed 
so that the term involving 2’y’ is removed. In such case 6 is obtained as 


2h —5 5 


20 = = = 
Eh. 6x6) 
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and the equation (2.46) reduces to AX? + BY? = 0 where 


A+B=a+b=6-6=0 
5 \? 25 169 
and AB =ab—h? = —36 ( ) = —36 = ; 


12 4 4 
169 
So we get A+ B=0 and AB=——- 
169 169 13 13 


13 13 
We take positive value of A, ie., A= —, and B= oy § Note 2.10.3] 


and therefore we get the canonical form of the given equation as 


—~y?=0 X?=y" X=4+Y 


which represents a pair of intersecting straight lines. 


Example 2.10.9 Show that the conic ax? + 2hay + by? + 2gxcos?a + 
2fysin?a+c=0 where a is a parameter, always passes through two fixed 
points, provided g? f? > c(af? + 2fgh + bg’). 


Solution: Let us write the given equation as 
ax” + 2hay + by? + 2gx cos? a + 2fysin?a+c=0 
or, ax” + 2hay + by? + 2gr +c+2(fy — gx) sin? a = 0. 


The conics of different values of the parameter a will pass through two 
fixed points provided the straight line fy — gx = 0 cuts the conic ax? + 
Qhay + by? + 2gx +c = 0 in two distinct points, i.e., the quadratic equation 


2 
ar? + dhe fe +b (2a) + 2gr%+c=0 


has two real and distinct values of x. Therefore the discriminant of the 
equation (af? +2fgh+bg”)a? + 2g f?x +cf* = 0 will be greater than 0, i.e., 


4g° f* — 4cf? (af? + 2fgh + bg”) > 0 
or, g*f? > caf? + 2fgh + bg’). 


Example 2.10.10 Reduce the equation 6x? + 24xy —y? —60x —20y+80 = 0 
to its canonical form and classify the conic represented by it. Find the 
equation of its axes. 


General Equation of Second Degree 83 


Solution: Here a = 6, b= —1, c= 80, h=12, g = —30, f = —-10. 


A =abce+2fgh— af? — bg? — ch? 
= 6.(1) 80: 2:10). (= 30).12- =6.( 10)" 
(—1).(—30)? — 80.12? 
= —480 + 7200 — 600 + 900 — 11520 
= 8100 — 12600 = —4500 4 0 
and: .6.-=6b=0? = 61) = (12)? ]=— 150 + 0: 


Since 6 < 0 and A < 0, so the equation represents a hyperbola and it is a 
central conic. Its centre is given by 


c= onal) (2 10), 30) C8) ~3-10)) 
ab — h?? ab—h? —150 —150 


_ (=120= 30 -360+60) _ 4 5) 
—150 —150 


So we apply translation x = 2’ + 1, y=y'+2, the given equation then 


A =—4500 
reduces to 6a’? + 242x’y' — y’* +d =0 where d = ap ae 


= 30. We get 


6a’? + 242'y’ — y'* + 30 =0 (2.47) 


To remove the term containing 2’y’ we apply rotation of coordinates axes 


1 2h 1 24 
through an angle @ = , tan! 5 tan! 7 and the equation (2.47) 
a —— 


then becomes 


AX? + BY? +30 =0 (2.48) 


where by the invariants of rotation, A+B=a+b=6-1=5 B=5-A 
and AB = ab— h? = —150. So we get 


A(§ — A) =—150 or, A?7—5A— 150 =0 
or, (A+10)(A—15)=0 => A=-1l0or,15 ». B=15or, —10 


We take A = 15, B = —10 and then equation (2.48) becomes 15X?—10Y?+ 


Paes fe 
30 =0 or, 5 + a= 1. Clearly, it represents a hyperbola. 
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Equation of its axes: 
24 2tand 24 
or, a 
7 1— tan? 6 7 
or, 24—24tan?6— 14tand =0 or, 12tan?6+7tané —12=0 
or, 12tan?6+16tand — 9tand — 12 =0 
or, 4tan6(3tan@ + 4) — 3(3tan@+4) =0 


tan 20 = 


3 
or, (3tanéd+4)(4tand—-3)=0 > tanO = 7, _ 


Cle 


3 ) 4 
Taking tan? = z we get sin? = 5 and cos @ = 5 and we have 


x’ = X cosé —Y sin@ X =2'cosé+y'sin# 
y' = Xsind+ Y cosd Y = —a'sin@ + y' cos 6. 


Alsoz =a2'+1landy=y'+2 


4 3 1 
X= 1)4 2)= =(4 —1 
p(t —1) + e(y— 2) = - (4a + 3y — 10) 
3 4 1 
and Y= 5 (x 1) + e(y 2) = = 3a + 4y — 5). 


So the equation of the axes are given by Y = 0 and X = 0 
ie, —3a+4y—5=0 and 4r%+3y-10=0 
or, 3¢—4y+5=0 and 474+ 3y—10=0. 
Check: 
1(4e+3y—10)? 1(-3¢+4y—5)? | 
2 25 3 25 
=> 6274 ry — y? — 60x — 20y + 80 = 0. 
Example 2.10.11 Reduce the equation 7x? — 2xy+7y? + 22x —10y+7=0 


to the normal form. Hence find the axes, direction and coordinates of the 
foct. 


1 


Solution: The given equation is 


7x? — Qxy + Ty” + 22x —10y+7=0 (2.49) 
a=7, b=7,c=7, h=-1, g=11, f=-5 
A = abce+2fgh— af? — bg? — ch? 
= A (5) ei eb PS ee a ea 
343 + 110 — 175 — 847 — 7 = 453 — 1029 = —576 £0. 
aS 17 SAI )F HAs ZN. 


and 6 
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Clearly, it is a central conic. Here A < 0 and 6 > 0, so it represents an 
ellipse. Its centre is given by 


(i sh : 3 7 Ge = 711 ice i) 


7 (ge. Se ee 
7 48°48) ee me 


3 1 
Changing the origin to the point (-3. 5). without altering the direction 


of the axes, the equation (2.49) reduces to 7x’? — 22'y! + Ty’? +d = 0, where 


A —576 
d j 4B 12. So we get 
7x? — Qa’ + 7y* —12 =0 (2.50) 


Now we rotate the axes through an angle 0, such that the term 2’y/’ is 
removed. It gives 


2h 
tan 20 = ——_=o, ive., 20= = ie, 0= 
a—b 2 


T 
4 
and the equation (2.50) transformed into 


AX? + BY? —-12=0 


where by the rule of invariant we get 


A+B=a+b=7+7=14 and AB = ab—h? = 48 
“, A(14— A) = 48 or, A? - 1444+ 48 =0 
or A?—8A—6A+48=0 
or, A(A-—8)—6(A-8)=0 ie., (A—8)(A-—6) =0 
ie, A=S8or,A=6 and B=6or, B=8. 


We take A= 6, B=8[. for A>0 B> 0, we take smallest value of A]. 


Hence the final transformed equation, i.e., the canonical form or normal 
form of the given equation is 


Sa 
6X? + 8y? = 12 or, 2 ee 
2: 


1 (2.51) 
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3 
The length of semi major axis and semi minor axes are /2 and ie respec- 


tively. The eccentricity is given by 


Coordinate Axes: 


The axes are given by X = 0 and Y = 0 and we have 


X =27'cosé+y’ sind v=2+3 
ae : and : ; 
Y =—2a' sind + y’ cosé yi =y-5 
3 1 1 
which gives x=(«+3) cos 7 | (u 5) sin = Galetut) 


3 1 1 
and i= («+5)sin5 +(y 5 e05 5 = a x+y — 2). 
Hence the axes of the ellipse are given by x +y+1=0 and —r+y—2=0 
orx—y+2=0. 


Equations of the Directrixes: 


The equation of the directrixes are given by X = so where a = length 
e€ 


Hy 
of semi-major axis = 2 and e = 5° 


So the equations of the directrixes are X = +2\/2 


1 
ie, —(a@+y+1) =42V2 or, e+ y+1=+4. 


V2 


Coordinates of foci: 


Coordinates of foci are given by (X = tae, Y =0). 


1 1 
Now X=+0e > —~(r4+y+1) =+V2.= or, c+y+1=+1 


V2 2 


1 
and Y=0 > -—=(y-—2-2)=0or,¢-—y+2=0. 


V2 


Solving we get x = —1, —2 and y=1, 0. 


Hence the foci of the given conic are (—1,1) and (—2,0). 


Example 2.10.12 If for the conic ax? + 2hay + by? + 2gz + 2fy+c=0, 
h 
the characteristic roots of ( bh ) are equal, then show that the conic is 


a circle or a point circle or an imaginary circle. 
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Solution: The characteristic equation of the matrix ( ; ‘ ) is 


a—XxX h 
h b—2X 


[=o SS (a by eb hi? = 0, 


If the roots of this equation are equal, then its discriminant = 0 


ie., (a+b)? = 4(ab—h2) or, (a+b)? — 4ab+ 4h? =0 
or, (a—b)*+ 4h? =0. 


Since a, h, b are real,a—b=Oandh=0. 
Hence the equation of the conic takes the form 


ax? + ay? +2gx +2fy+c=0 


2 2 Cc 
or, a? +y? Joy Dag ip =i \--a 70] 
a a a 
Cc 
or, wa? +y*%+2q'¢+2f'y+c¢ =0,where g’ oe f f CSS. 
a a a 


This clearly represents a circle or a point circle or an imaginary circle ac- 
cording as g’* + f —c>,=,< 0. 


Example 2.10.13 Find the equation of the conic passing through the points 
(0,0), (2,3), (0,3), (2,5) and (4,5) and determine its nature. 


Solution: Let the equation of the conic be 

ax? + 2hay + by? + 2gx +2fy+c=0 (2.52) 
Since it passes through (0,0) .°. c= 0. Hence (2.52) takes the form 

ax” + Qhay + by? + 2gx +2fy =0 (2.53) 
Also it passes through (2,3), (0,3), (2,5) and (4,5). Now for the point (0,3) 
we get 


%+6f=0 > b=—3f (2.54) 


For the point (2,3), we get 
4a+12h+9b+ 49+ 6f =0 


or, 4a+4g+12h=0 [ by (2.54)| 
or, a+g=-—3h (2.55) 
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For the point (2,5), we get 
4a + 20h + 25b + 4g + 10f =0 


or, 4(a+g)+20h4 25. ( 5) f+10f =0 [ by (2.54)} 


a, AOA =f +10f=0 [by (2.55)] 
or, 24h — 20f = 0) => h=?y (2.56) 
For the point (4,5), we get 
16a + 40h + 25b + 89 + 10f =0 
or, 8(a+g)+8a+ 40h 4 25.( 5) f+10f =0 [ by (2.54)] 


50 
or, 8.(—3h) + 40h + 8a — ae +10f =0 [by (2.55)] 
20 
Or, te as ane Aaa 


20 5 
or, WOh-b sa fF or, At 2a = of 


5 i) 5 
or, 2a=-f-—4h=-f-—4x—f [using (2.56)| 
3 3 6 
5 5 


10 
=3/- gl =—3f 
a=-2f and so g = —3h—a _ |using (2.55)] 
3) 5 9) 
= a er al: 


5 2 9) 3) 
Hence we geta=—Ff, ad h= éf, Gat and c = 0. So (2.52) 


becomes 


5 5 2 5 
—= fae? +2.-fay4 file ao f)xt+2fy=0 
6 6 3 
or, —52*+ 10ry — 4y?-—202+12y=0 [f 40] 
or, 5x2” — 10ry + 4y? + 20x — 12y =0 


which is the required equation of the conic. 


An Alternative Method: 


The equation of the line passing through (2,3) and (0,3) is y—3=0 
The equation of the line passing through (2,5) and (4,5) is y—5= 
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The equation of the line passing through the four points (2, 3), (0,3), (2, 5) 
and (4,5) is (y—3)(y—5) =0. 
The equation of the line passing through (0,3) and (4,5) is given by 


5-3 
= Zn0" )=5 or, 7 —2y+6=0 
and the equation of the line passing through (2,3) and (2,5) is 


.a=3 
2-2 
Therefore the equation of the pair of lines passing through the same four 
points (2,3), (0,3), (2,5) and (4,5) is 


3 


(c-2) => xr-2=0. 


(a — 2)(a — 2y+ 6) =0. 
Let the equation of the conic passing through these four points be 


(y — 3)(y — 5) + A(a — 2) (x — 2y +6) = 0. 


It passes through the point (0,0), then we get 


15-12A=0 = vee 


Therefore the required equation of the conic passing through the given five 
points is 


(y — 3)(y—5)4 
or, 4(y* — 8y +15) + 5(a? — 2ry + 6x — 2x + 4y — 12) =0 
or, 5a? 10zy 4 Ay? + 20x — 12y = 0 


x — 2)(4 —2y+6) =0 
2 


5 
a! 
+5 


which is the required conic. 


Second Part: Nature of the Conic 


For the conic obtained, we have a = 5, b= 4, c= 0, h = -—5, g = 
10, f =-6. 
A = abce+2fgh— af? — bg? — ch? 
0+ 2.(—6) x 10 x (—5) — 5 « (—6)? — 4.(10)? 
600 — 180 — 400 = 200 —- 180 = 20 £0 and > 0. 
ab—h* =5.4—(-5)? = 20-25 =-5A70and <0. 


and 6 


Since 6 # 0 it is a central conic and since A > 0 and 6 < 0, so it represents 
a hyperbola. 
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Example 2.10.14 Find the equation of the conic which passes through the 
point (—1,—1) and also through the intersections of the conic 25x? — 14ry + 
25y? + 64a — 64y — 228 = 0 with the lines r+3y—2=0 and3a+y—4=0. 
Find also the parabola passing through the same points of intersection. 


Solution: First Part: The equation of the conic will be of the form 


Qa? — day +25y? + 64a — 64y — 228+ A(z +3y—2)(3a+y—4) =0 (2.57) 
If it passes through the point (—1,—1), then 


25 — 144 25 — 64+ 64 — 228 + A(—-1 — 3-— 2)(-3 —- 1-4) =0 
or, 48’ = 192 ie, A= 4. 


So the required equation is 


3727 + 26xy + 37y” + 24x — 120y — 196 = 0. 


Second Part: The equation of the parabola will also be of the form (2.57), 
Le., 


(25+3A)x?+(10A—14)ay+(25+3A)?+(64—10A)2—(64+14)y+8A—228 = 0 


for which the second term must be a perfect square, the condition for which 
is its Discriminant = 0, Le., 
(10\ — 14)? — 4(25 + 3A)(25 + 3X) = 0 
(5X7)? = (25 435A)? =0 
or, (5A —7+ 25+ 3A)(5A — 7 — 25 — 3A) = 0 
( 


or, 


or, (8\+18)(24 — 32) =0 > (4\4+9)(A—16) =0 sh=-3 be ie. 


For \ = -5, equation (2.57) takes the form 


73a? — 146xy + 73y” + 346x — 130y — 984 = 0 


and for \ = 16, equation (2.57) takes the form 


732? + 146ry + 73y” — 96x — 288y — 100 = 0. 


These are the required equations of parabola. 


Example 2.10.15 Determine the number of parabolas passing through the 
intersections of the conics 3x? + 10ry + 3y? — 2x — 14y —13 = 0 and 25x? — 
l4ry + 25y? + 64x — 64y — 224 = 0. 
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Solution: Proceeding exactly in a similar manner as in the forgoing Ex- 
ample 2.10.14 (second part) we get, 

The equation of any conic passing through the intersection of the given 
conics as 


(3x? + 10xy + 3y? — 2a — 14y — 13) 
+\(25a* — l4ry + 25y” + 64a — 64y — 224) = 0 (2.58) 
where 4 is a variable parameter. 


(3 + 25A)a? + 2(5 — TrA)ay + (3 + 25A)y? + 2(32A — Da 
+2(—-32\ — 7)y—13—2244=0 (2.59) 


Here a =3+25A, h=5—7A and b=3+25.. 
The equation (2.58) represents a parabola if ab — h? =0 
or,- (3+ 254" — (5 = TA =0 
or, (8+ 25A+5— 7A)(3 4+ 25A—5+ 7A) =0 


4 1 
8+ 18A)(382A — 2) =0 -. A= --, =. 
or, (8+ 18A)(82A — 2) 5 ag 
Substituting these values of A we get two parabolas which will be obtained 
as 


73a? — 146xy + 73y? + 2742 — 130y — 779 = 0 (2.60) 
and 73x? + 146xy + 73y? + 32a — 288y — 432 = 0 (2.61) 


are the required equations. 


Example 2.10.16 Find the equation of the conic which passes through the 
point (—2,0), touches the y-axis at the origin and has its centre at the point 


(ie) 
Solution: Let the equation of the conic be 
ax” + 2hay + by” + 2gx + 2fy+c=0 (2.62) 


Since it passes through the origin (0,0) .. c= 0. 

The tangent at the origin is obtained by equating the terms of the lowest 
degree to zero, i.e., gu + fy = 0. 

It is identical to y-axis, i.c., c =0 => f =0. The centre lies on 


ax+hy+g = 0 
and ha + by = 0 
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These equations are satisfied by (1, 1) 


a+th+g=0 (2.63) 
and h+b=0. (2.64) 


Again the point (—2,0) lies on the conic 


“. 4a—4g=0 ». a—g=0 (2.65) 


h 
From (2.63), (2.64) and (2.65) we get a=g= a and b = —h. Also we 
have c= 0, f = 0. Substituting all these in (2.62) we get 


aa? + Qhay — hy? — ha =0 


or, 2° —4ry4+ 2y? +22 —0 (2.66) 


which is the required equation. 
Now the discriminant of equation (2.66) is 


A = abe + 2f gh — af? — bg? — ch? = -2.17 = -2 <0 


[here a= 1, b= 2, c=0, h= 2) gH=1. f= 
and ab — h? = 1.2—(-2)? =2-4=-2<0. 
Since 6 < 0 and A < 0 it represents a hyperbola. 


Example 2.10.17 Show that the conic (c? + d?)(x? + y) = (dx +cy — be)? 


2bc 
ae 


is a parabola of latus rectum 


Solution: The given conic is 
(c? + d*)(x? + y*) = (dx + cy — be)? 
or, Car tey? t+ Cart Cy? = Carr + ey + Pe 
+2cdxry — 2bedx — 2bc?y 


b 
or, Ca + d2y? — 2cdxy = —2bc («x + cy - =] 


or, (cx — dy)? = —2be (ax +cy— =] 


2 
2 _ be 
as (Seth a ag AIE ty 
c2 + d Ve +d Ve +d 
_ ex—dy _ dx+cy— % 


Let = —— — 2 
ae fer ee? 
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So the equation (2.67) takes the form 


2bc 


Ve ey 
Vce4+ d 


2bc 
(e=E 


which is a parabola and its latus rectum is given by 
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2.11 Exercises 


Section A: Objective Type Questions 


1. Show that the curve 4x? + 4xy + y? + 4a + 2y + 20 = 0 has infinitely 
many centers. 

2. Prove that x? — 2xy + 2y? — 4 — 6y + 3 = 0 represents an ellipse. 

3. If the equation 6x7 + kay — 3y? + 4x + 5y — 2 = 0 represents a pair 
of straight lines, then find the value of k. 

4. If the expression 7x? — 6xy — y? — 2 = 0 reduces to the form AX? + 
BY? —2=0, where A> 0, B <0, then find the values of A and B. 

5. Find the nature of the conic 32? + 7ry + 3y? — 16x + 20 = 0. 

6. Find the centre of the conic 3x? + 2xy + 3y? — 16x + 20 = 0. 

7. Show that the transformed equation of the conic 3x? + 2xry + 3y? — 
16x + 20 = 0 with respect to its centre, taken as the new origin is 3X? + 
2XY +3Y7=4. 

8. Show that the nature of the conic 6x? — 5xy — 6y? + 14a +5y+4=0 
is a pair of intersecting straight lines. 

9. Show that the centre of the conic 62? — 5ry — 6y? + 14a +5y+4=0 


11 10 

10. Find the transformed equation of the equation 6x? — 5ay — 6y? + 
14% + 5y + 4 = 0 with respect to its centre. 

11. Show that the nature of the conic 9x?+24ry+16y?—1262+82y—59 = 
0 is a parabola. 

12. Find the constant term of the canonical form of the equation of the 
conic «? — 2xy + 2y? — 42 — 6y +3 =0. 

13. Find the value of a so that the equation ax?+4xry+y?—6x—2y+2 = 0 
may represent a point ellipse. 

14. Show that the conic 27? — 6ry + 5y? + 12% —4y+9 = 0 has a unique 
centre. 

15. Show that the conic 4x? + 4ry + y? + 4a + 2y + 1 = 0 has infinitely 
many centers. 

16. Show that the conic x? — 2ry + y? + 2a — 4y +3 = 0 has no centers. 

17. Show that the conic 4x? + 4ry + y? — 4a — 2y +a =0 (a > 1) has 
no geometrical meaning. 

18. Show that the equation 27? + 3xy + y? = 0 represents a pair of 
straight lines. Find them. 

19. Find the value of a so that the equation ax? + ry — 12y? + 2x — 
3ly — 20 = 0 represents a pair of straight lines. 
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20. What type of conic does x? + 2y? = 3 represent? 

21. Find the coordinates of the focus of the parabola x? + y +1 = 0. 

22. Find the coordinates of the foci of the ellipse 4x? + 3y? = 24. 

23. Find the equation of the directrix and the coordinates of the focus 
of the parabola x? + 42 + y = 0. 

24. Find the equation of one of the directrix of the ellipse 42? +3y? = 24. 


Section B: Broad Answer Type Questions 


1. Determine whether each of the following conics has a single centre, 
no centers or infinitely many centers: 


(i) Tx" —Qry + Ty” — 16x + 16y — 8 = 0. 
(ii) 9x? + Gry + y? + 6x + 2y + 20 =0. 


(iit) 2? —Qry+y*% +22 —4y+3=0. 


2. Correct or justify the following statements: 


(i) (x —21)(z — #2) + (y—y1)(y — y2) = 0, where (21,41) and (22, y2) 
are two fixed points in two dimensional plane, is a circle. 

(it) (x —1)(a — 2) + (y — 3)(y — 4) = 0 is a circle. 

(iii) lla? — dary + 14y? — 58x — 44y + 71 = 0 is a pair of straight lines. 

(iv) Qa? — 24ay + 16y? — 18% — 101y + 19 = 0 represents a hyperbola. 


3. Find the values of b and f for which the equation x? + 6xy + by? + 
3x +2fy—4=0 represents (i) a central conic, (ii) a parabola, (iii) a curve 
with infinitely many centers. 

4. Reduce each of the following equations to its canonical form and 
determine the type of the conics represented by it. 


(i) 3a? — 8ry — 3y? + 102 — 13y+8=0. 

(i) o* + 4ay + 4y* 4+ 42+ y—15=0. 

(14) 2? — Qry + 2y? — 4 — 6y +3 =0. 

(iv) 6a? — 5ary — 6y? + 142 + 5y+4=0. 

(v) 4x? + 6ry + y? — 42 —2y+a=0. for different values of a. 


5. Find the equation of the conic which passes through the points 
(0,0), (0, 2), (—1, 0), (—2, 1) and (—1,3) and determine its nature. 

6. Find the equation of the conic which has its centre at the point 
(1, —3), passes through the point (0,2) and touches the z-axis at the origin. 
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7. Reduce the equation 4x? — 4ay + y? — 82 — 6y +5 = 0 to its canonical 
form and show that it represents a parabola. Find the latus rectum and the 
equation of the axis of the parabola. 

8. Reduce the equation 3x7 + 10ry + 3y? — 2x — 14y — 13 = 0 to its 
canonical form and determine the type of the conic represented by it. 

9. Find the equation of the hyperbola whose directrix is 2x + y = 1, 
focus (1,1) and eccentricity is V3. 

10. Reduce the equation x? + 4ry+4y? +32 + 4y—2 = 0 to its canonical 
form and determine the nature of the conic. 

11. Reduce the equation x? + 4ry + y? — 2a + 2y +6 = 0 to its canonical 
form. Name the conic and find its eccentricity. 

12. Reduce the equation 16x? — 24xy + 9y? — 104x — 172y + 44 = 0 to 
its canonical form and determine the nature of the conic. Find the equation 
of its axes, directrix and latus rectum. 

13. Show that the conic ax? +2hxy+ by? +2f cos? 6x + 2g sin? dy+c = 0 
where @ is a parameter, always passes through two fixed points provided 
gf? > claf? + 2fgh + bg’). 

14. Reduce the equation 3(#? + y?) + 2ry = 4\/2(a# + y) to its canonical 
form and determine the type of the conic represented by it. Name the conic, 
find the eccentricity of it and also find the equations of its axes. 


15. Find the equation of the conic which passes through the intersection 
of the conics x? — 2xy + 2y? — 4a — 6y + 3 = 0 and 32? + 10zy + 3y? — 2a — 
14y — 13 = 0 and also through the point (1,1). 

16. Find the equation of the conic which passes through the point (1, 1) 
and also through the intersection of the conic x? -+2ry+5y? —7x—8y+6 = 0 
with the straight lines 2x — y—-5 =0 and 8xa+y-11=0. 

17. Show that the equation (a?+6)(x?2+y?) = (az+by—ab)? represents 

2ab 
Var +b 

18. Find the equation of the conic passing through the point of in- 
tersection of the straight lines x — 3y — 4 = 0 and x+y = O and the 
point of intersection of the conics x? — 3ay + y? — 6x — 4y +5 = 0 and 
3x? + Try — 3y? — 142 — 2y + 23 = 0. 

19. Find the condition that the general equation of second degree in x 
and y given by ax? + 2hay + by? + 2gx + 2fy +c =0 may represents (i) a 
pair of straight lines, (ii) a hyperbola. 


a parabola of latus rectum 


20. Prove that in general two parabolas can be drawn to pass through 
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the intersection of the conics 


S = ax? + 2hay + by? + 29x +2fy+c=0 
and S’ =a’x? + 2h'ay + Uy? +2q'e+2f’yt+cd =0 


[Hints: The equation of any conic through the intersection of the given 
conics will be 


S+AS’ =0 (2.68) 
where is a constant. 


(at+a'A)a? + 2(h + h’d)ay + (b+ b'A)y? + 2(g + g'A)a 
+2(f + f’X)yt(e+¢A) =0 (2.69) 


It will represent a parabola, if 


(ata’'r)(b +0) — (h+h'r)? =0 
= (a'b' =f)? + (ab! +0'b = 2hh’)A + (ab — 7) =0 (2.70) 


This is a quadratic equation in A, showing that has two values, indicating 
that in general two parabolas can be drawn through the points of intersec- 
tions of these conic. 

21. Show that the conic represented by 


(a? + 1)a? + 2(a + b)zy + (6° +1)y? =c, e>0 


is an ellipse of area eae provided ab F 1. 
a — 


[Hints: The equation is (ax + y)? + (by +2)? =c. 


x = x' cos@ —y' sind 


Let us apply the rotation gain ay ieoe. 


} where 


2(a + b) 2 
tan 20 = oR = =i 


Then the equation becomes 
{(az' + y') cos 6 — (ay! — x’) sind}? 
+{(ba’ — y’) sin 6 + (by + 2’) cos 6}? = c 


(a? + 1)2”? + (0 + 1)y?} (1+) 


or, 


{ 
$5 + 10? + @ + yy} (1- =) 
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2 
t{(a+b)a"? —(a by he =c, where k= \/(a—b)?+4 


[considering the coefficient of x’y’ = 0 for above 6] 


Die 2 oy <0 = 0i% ee 2 
or, {30 + b° + 2) 4 7) (a b) + za b) pa 


(a? =) 


or, {k(a? +67 +2)+(a+b)(a—b)? + 4(a4+b)}x? 
+{k(a? + b? + 2) — (a+ b)(a — b)? + 4(a +b) }y’? = 2ke 
or, [(a* + b° + 2)\/(a— b)? +44 (a+ b){(a— 6)? + 4}]2” 
+[(a? + b? + 2)\/(a — 6)? +4 — (a + b){(a — b)? + 4}]y? = 2ke. 
We see that coefficient of 2’? is positive. So the coefficient of y’? will also be 
positive, i.e., 


a? +07 42> (a+b) /(a—b)2 +4 
or, (a? +6? +2)? > (a? + b? + 2ab)(a? — 2ab + b? + 4) 
or, (a? +6° +2)? — (a? +6? + 2ab)(a? — 2ab+ 6? + 4) > 0 


= (ab— 1)? > 0 which is true for ab 4 1. So the equation represents an 
ellipse. 


Area of the Ellipse: Area of the ellipse = 


T v2ke 
(a2 +02 +2) Va HP +4 + (a + d){(a—b)? +4} 
x v2ke 
(a2 +B +2) (a — 6? +4 — (a + d){(a — 6)? +4} 
2kre 
(P+ + 2)7{(a = bY + 4} = (a = dP f(a — 0)? + 4? 
2ker bse a= 
ky /(@2 + +2)? — (at bf(a— be +4 ee eee 
27C TC 
A(ab—1)2 ao 


22. Determine the number of parabolas passing through the points (—4, 0), 


( _ ;): (3 7) and (1,0) and find their equations. 
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ANSWERS 


Section A: 3. k = —3,—7; 4. A= 8,B = —2; 5. Ellipse; 6. (3,—1); 
10. 6x’? — 5a’y’ — Gy’? = 0; 12. 26; 13. 5; 18. x+y =0,27+ y = 0; 19. 
a = 6; 20. Ellipse; 21. (0,—3); 22. (0,£V2); 23. y = cf ,(—2, B); 24. 
4,/2. 


Section B: 1. (i) Single centre; (ii) Infinitely many centers; (iii) No 
centers; 2. (i) Correct; (ii) Incorrect, it is an ellipse; (iii) Incorrect, it 
is a hyperbola; (iv) Incorrect, it is a parabola; 3. (i) b as a aur Lig = 
ee ee aa ee. y? = 3 or 2? — y? > 5007 2 
hyperbola; (ii) 2’? = ay ory!” = 565") a parabola; (iii) we +4 ZS = lor 


ae git qe cave ye = aoe an ellipse; (iv) 2’? —y’* = 0, a pair of seaene lines; 


(v) go) ae A = ==*, when a = 1 => it represents two coincident lines, 
when a > 1 => it has no Cee object, when a < 1 => it represents a 
pair of parallel straight lines; 5. 3a? + 2ay + 2y? + 3a” — 4y = 0, Canonical 
form: LOF3V2 oy! | 10-3 V2 9/2 = 3, an ellipse; 6. 62’? + 4a'y! + a + 2y' = 0: 
7. Equation of the parabola is y’/? = —a Rt axis is 2x + y — = = 0; 8. 


w!? — Y= 1; 9, Ta? — 2y? + 120"y! Brick mass 10. y=; 


12 


ze 
a parabola; 11. 4 — = = 1, a hyperbola with e = re 12,97 =82", a 
parabola with axis 4a— 3y-+2 = = 0, the equation of the directrix is 83a+4y+9 = 
0, equation of the latus rectum 3x+4y—11 = 0; 18. The point of intersection 
of ax? + 2hay + by? + 29% +2fy+c=0 and gx = fy. Also see Worked Out 


Example 2.10.9; 14. 4- + ve = 1, an ellipse with e = a and equation 
of the axes are x+y = V2 and «— y = 0; 15. 5a”? + 86a'y!’ — 8y/2 + 
40x’ — 6y! — 117 = 0; 16. 342”? +. 552"y! + 139y’? — 2332! — 218y! + 223 = 0; 
18. 5a’? + 172'y’ — Ty’? — 222'+41 = 0; 19. (i) A = 0, 6 > 0, where 


ah g " 
A=|h b f|andé = ab—h? = el (ii) 6 < 0; 22. Two, 
Gf We 


x? +2Qxry+y? +3a—2y—4 = 0 and 1692? + 26xy + y? +272 — 146y— 196 = 0. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Chapter 3 


Polar Coordinates and 
Equations 


3.1 Polar Coordinates 


Polar coordinates express the position of a point P as (r,@), where r is the 
distance of the point, from the origin O, known as the pole and @ is the 
angle between the positive x-axis and the line OP (See Figure 3.1 (i)). 
This angle @ is called the vectorial angle, positive x-axis is called the polar 
axis or the initial line. The distance r = OP, which is the distance from the 
origin O (pole) to the point P in consideration, is called the radius vector. 


3.2 Discussion on Polar Coordinates 


O * Initial line or “Oo : 
(Pole) Polar axis Mate Polar axis 


(i) a ' 
P’(-r,0) (ii) 
Figure 3.1 
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(1) We extend the meaning of polar coordinates (r,@) to the case in 
which r is negative agreeing that the points (—r,@) and (r,@) lie in the same 
line through O and at the same distance |r| form O, but on the opposite 
sides of O (See Figure 3.1 (ii)). If r > 0 the point (r,0) lines in the same 
quadrant at 0. If r < 0, it lies in the quadrant on the opposite side of the 
pole. Thus (—r,0) is the same as (r,7 + 8). 


(5,30°) 


210° 570° 


(5,210°) (5,-150°) (5,570°) (-5,30°) 


Figure 3.2 


(2) In the Cartesian coordinate system, every point has only one repre- 
sentation, but in the polar coordinate system, each point has many represen- 
tation. For example, let us consider a point (5,210°). This point can also 
be written as (5, —150°), (5,570°), (—5,30°) as shown in the Figure 3.2. 


Note 3.2.1 It may seen unneces- 
sary to introduce the negative con- 
cept of the radius vector, since it is 
always possible to denote the point 
by using a positive radius vector, 
after making suitable change in 
the vectorial angle. That it is nec- 
essary will shown in the study of 
polar equation of conics, to be dis- 
cussed in this present chapter. 


Figure 3.3 


3.3. Relation between 
Polar and Cartesian Coordinates of a Point 


We consider the pole and the polar axis (or the initial line) of the polar 
system be the same as the origin and the positive direction of the x-axis 
of the Cartesian system respectively. Also, let us suppose that the polar 
coordinates of a point be (r,@) and its Cartesian coordinates be (x, y). Then 
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it is evident from the Figure 3.3 that 


2 2 1.2 
x =rcosé ‘Mize a ieee 
y=rsind. , Oe we 
x 


These formulae are used to convert from one system to the other. 


3.4 Distance between Two Points 


Let Pi(r1,01) and P2(r2, 62) be the given two points, O, the pole and OX 
is the initial line. 


P, (4) 


Pi (71,4) 


O Initial line 
(Pole) 
Figure 3.4 


From the triangle OP; Py we have 


P,P? = OP? + OP? — 20P,.OP; cos ZP,OP, 


r? +73 — 2ryre.cos(O2 — 61). 


., Distance P,P, = yr + re — 2ryr2 cos(@2 — 61). 


Alternatively, 


If (1, y1) and (x2, y2) be the Cartesian coordinates of the points P; and 
P, respectively, then we have 


PiPy = V(t2-21)? + (yo—- 1)? 
= /(r2 cos 62 — 71 cos 61)? + (rz sin 62 — 7; sin 61)? 


yr + 73 — 2rire cos(O2 — 01). 
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3.5 Area of a triangle 


Let A(r1, 61), B(r2, 62) and C(r3,63) be the vertices of the triangle ABC. 
Then we have from the Figure 3.5, 


AABC = AOAB+ AOAC — AOBC 


1 1 1 
= grir2 sin(02 = 61) + gilts sin(O, _ 63) a 37 2"8 sin(62 _ 03) 
1 
= ~glrire sin(@; — 62) + r3ri sin(@3 — 61) + rer3 sin(@2 — 03))]. 


Since area can not be negative we get, area of the AABC 


A(r,,6) 


Figure 3.5 


1 
= glrire sin(64 = 02) + T2er3 sin(O2 = 63) + T3ry sin(@3 = 6,)]. 


Note 3.5.1 Jf the three points be collinear, then the area of the triangle 
ABC vanishes, so we get 


ry 1r2 sin(6; _ 62) + TePr3 sin(@2 _ 63) + gry sin(63 _ 61) = 0 


which gives the condition for collinearity of the given points. 


3.6 Straight Lines 


3.6.1 Equation of a straight line in polar coordinates in gen- 
eral form 


The general equation of a straight line in Cartesian form is given by 


ax + by+c=0. 
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Converting this in polar form, i.e., by putting « = rcos@ and y = rsin@ we 
get 


A 
arcos?+ brsinOd+c=0 = —=acosé+ bsin@, where A = —c. 
r 
This is the equation of the straight line in polar coordinates in general form. 


Example 3.6.1 Show that the polar equation of a straight line parallel to 


A B 
the line — =acos6+ bsin@ can be written as — = acos@+ bsin@. 
r r 


Solution: Transferring in Cartesian coordinates the given equation of the 
line is written as A = ax + by. So its parallel line is given by B = ax + by 


B 

i.e., — =acos@+ bsin@ is the required equation. 
r 

Note 3.6.1 The perpendicular line to 


A 
—=acos@é+ bsiné is c= —bcosé+ asin. 
. 


3.6.2 Equation of a Line Passing through the Two Given 
Points 


1st Method: The general form of the equation of a line in polar coordinates 
is given by 


A 
— =acosé + bsind (3.1) 
: 

Let it passes through the given points (71,61) and (r2, 02). So we get 


A 
— =acos 6, + bsin 4; (3.2) 


vl ae 


= acos 62 + bsin 62 (3.3) 


106 Analytical Geometry of Two Dimensions 


Eliminating A,a and 6 from (3.1), (3.2) and (3.3) we get 


1 
cos@ sind — 
r 
. 1 
cos6,; sind; — |=0 
ry 
; 1 
cos@9 sinf2 — 
r2 


1 1 
= —(sin 02 cos 6; — cos 02 sin 6,) + —(sin 6 cos 2 — cos 6 sin 62) 
r rl 


1 
+—(sin 0; cos 6 — cos 6; sin 8) = 0 
re 


sin(@2 —6,) sin(@—62) — sin(O — 6;) 


=> 4. =0 
e inl (ey) 

= sin(@, — 62) = sin(@ — 02) Re sin(6; — 0) 
r Fy, 9 


which is the required equation of the line in polar coordinates. 


Note 3.6.2 To remember take the variable point (r,@) in the middle as 
follows: 


then follow the scheme: : Y 2 
ry r r 
bulk a) fee | heeee 
pr r1 r2 


with sines of the difference of the angles. 


2nd Method: The polar equation can also be established form the corre- 
sponding equation in Cartesian form. Let the straight line passes through 
the two given points (x1, y) and (x2, y2). Then its equation is given by 


GT-® Y-V 


TQ — X] Y2— Yl 


Transforming into polar coordinates when (21, y1) = (71,61) and (x2, y2) = 
(72,02) we get 


r cos @ — ry cos 6; rsin@ — r; sin 9; 


ro COS 09 — 71 cos6, ~=rasinO, — r1 sin, 
After simplification, this gives 


sin(; — 62) _ sin(@ — 62) = sin(6, — 0) 


‘i TI T2 
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3rd Method: By using properties of triangle. 


Let AB be the line passing through the two points (71,61) and (12, 42). 
Let P(r,@) be any point on the line AB. 


Figure 3.6 


Then form the Figure 3.6, we have 
AOAP = AOAB + AOBP 
> sir sin(@ — 01) = sine sin(62 — 61) + srr sin(O — 62) 
sin(@,; —62) _ sin(@— 62) _ sin(@, — 0) 


(dividing by =rrir). 


= 1 
r T1 T2 2 


This is the required equation. 


3.6.3. Polar equation of a line in normal form 


The equation of a line in terms 
of p, the perpendicular distance 


of the line form the pole and the PAO) 
angle a, made by the normal to r 
the line through the pole with NV 


the initial line is known as the 
normal form. 
Let P(r,@) be any point on VX 

the line and ON is the nor- X 
mal to the line through O, then 
AOPN is right angled. Figure 3.7 

= cos ZNOP. => =cos(0—a) => rcos(9—a)=p 
which is the required equation of the straight line in normal form. 
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Particular cases: 


(i) If the line is perpendicular to the initial line then a = 0 and the 
equation of the line becomes r cos @ = p. 
(ii) If the line is parallel to the initial line then a = . and the equation 


of the line becomes r sin 8 = p. 


(iii) The polar equations of parallel lines are of the forms r cos(@—a) = p 
and rcos(@—«) = p’ and the polar equations of two mutually perpendicular 
lines are of the form rcos(@ — a) = p and rsin(0 — a) = p. 


Example 3.6.2 Show that the equation of the line inclined at an angle 8 
with the polar axis and passes through the point (71,61) is given by 


rsin(3 — 0) =r, sin(8 — ;). 


Solution: 

Let the normal to the line be in- 
clined at an angle a with the polar 
axis and its distance form the pole 
is p, then its equation is 


rcos(@ — a) =p (3.4) 
If it passes through (r1, 91) then 


r, cos(6; — a) = p (3:9) 


From (3.4) and (3.5) we get Figure 3.8 
rcos(@ — a) = r; cos(@; — a). 
1 . 1 
Now B=2 +a,i0,a=-(-8). 
7 7 
So we get rcos [+ (5 = B)| = 11 COS (4: —B+ =) ; 
Therefore rsin(6 — 0) =r; sin(6 — 01). 


3.7 The Circle 


3.7.1 Polar equation of a circle 


Let C(p,a) be the centre of the circle with radius d in Figure 3.9. Let 
P(r,@) be any point on the circle, O being the pole and OX is the polar 
axis. From the AOPC, we have 
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O : Polar Axis 
Figure 3.9 


PC? = OP? + OC? — 2.0P.0C. cos ZPOC 
-. d =r7 4+ p* — 2prcos( — a) 
or, r?—2prcos(9 — a) + p? — d* = 0. 
The is the required polar equation of the circle in general form in polar 
coordinates. 
Particular cases: 
(i) Let the polar axis touches the circle then we get d = psina and the 
equation of the circle becomes 
r? — 2pr cos(6 — a) + p? — p*sin?a = 0 
= r* —2prcos(9 — a) + p* cos? a = 0. 


Polar Axis 
(1) (IL) 
Figure 3.10 
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(ii) Let the pole O is on the circumference of the circle (vide. Figure 
3.10 (II)), then p = d and the equation of the circle becomes 


r? — 2dr cos(0 —a) + d?-d? =0 = r= 2dcos(O— a). 


(iii) Let the pole is on the circumference of the circle and the polar axis 
passes through the centre, then a = 0 also and we get the equation of the 
circle as r = 2dcos 0. 


(iv) When the pole is at the centre of the circle, then p = 0 and the 
equation of the circle becomes r? = d? > r = d. 


Example 3.7.1 Show that the polar equation of the circle passing through 
the pole can be expressed in the form r = Acos6+ Bsin6, where A and B 
are constants. 


Solution: The equation of a circle passing through the pole is given by 


r = 2dcos(6@ — a) = 2dcos@ cosa + 2dsin@sina = Acosé + Bsin#d 


where A = 2dcosa and B = 2dsina. 


Example 3.7.2 Find the polar coordinates of the centre of the circle 
r=4cosé+3sin0. 
Solution: Let us put 4 = acosa, 3 = asina which gives a = V4? + 32 =5 


3 3 : : : 
and tana = mt ie, a=tan! Zr Now the equation of the circle is written 
as 

r = acos@cosa + asin@sina = acos(6 — a). 


5 3 5 
So its centre is given by (5, a) = (5.tan-4 3) and radius = 5° 


Example 3.7.3 Find the polar equation of the circle which passes through 
the pole and the two points where polar coordinates are (d,0) and (2a, ae 


Find also the radius of the circle. 


Solution: Let the equation of the circle be r = acos@+ bsin @. It passes 


through (d,0) ...d =a. Also it passes through (2a, =): 


7 mw ad V3 
2d = dcos 4 rosin, = 5b). 5 


3, A/8b = Ada — 8d Sh 5/3: 
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Hence the equation of the circle becomes 


1 
r = dcos6 + V3dsin6 = 2d G cos 6 + Pin) = 2dcos (6- =) ; 


Its radius is d and centre is (4, a 


3.8 Polar Equation of a Conic 


3.8.1 Definition of a conic 


The locus of a point which moves in a plane such that the ratio of its distance 
form a fixed point to its perpendicular distance 
from a fixed straight line (not passing through DE 
the given fixed point) is always constant is known 
a conic section or a conic. 

The fixed point is called the focus and the M 
fixed line is called the directrix of the conic. 

Also the constant ratio is called the eccentric- 
ity of the conic which is denoted by e and we have 5 


the followings: (focus) 


(i) If e = 1, the conic is a parabola. 


ii) If 0 < e < 1, the conic is an ellipse. Figure 3.11 
ii) Ife > 1, the conic is a hyperbola. 


( 
( 
(iv) If e = 0, the conic is a circle. 

(v) If e = ov, the conic is a pair of straight lines. 


SP 
In the adjacent Figure 3.11, we get pu 7° ie., SP =e.PM. 


Note 3.8.1 Though a circle [case (iv)] and a pair of straight lines [case (v)] 
also represent special cases of the conic sections, they are generally treated 
separately. Thus by the term conic section, we would mean only the three 
curves mentioned in cases (i), (ii) and (iii). 


3.8.2 Polar equation of a conic whose semi latus rectum is /| 
and focus is the pole 


Let P(r,@) be any point on the conic, A, the vertex, S, the focus, which 
is considered as pole, SX, the polar axis, MZ, the directrix and SL, the 
semi-latus rectum of length J. 
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S (Pole) 
(focus) 


Directrix Tangent at the vertex 


Figure 3.12 


SP 
From the Figure 3.12, we see that PM ~ e, the eccentricity of the 


conic (the definition of a conic). 
>r=e.PM =e(SN+SZ) =e(rcos6+ LM’) (3.6) 


Now, form the same definition of conic, we get 
SL SL 1 
——_= 2 EN Se 3.7 
Fae : 5 (3.7) 


Using (3.6) and (3.7) we get 
l l 
r=e (rose + *) =ercos0+!l => 1=ecosé+ 7 

€ 


l 
—=1-ecos8, 
r 


which is the required equation of the conic. 
Note 3.8.2 If the polar axis is taken form S to Z as shown in the Figure 
3.138, then 0 is replaced by x — 6 and then the equation of the conic becomes 


l 
—~ = 1-ecos(7 — 6) = 1+ ecos@. 
r 


So, in this case, the equation of the conic will be 


l 
—~=1+ecos@. 
r 
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Polar axis 


Figure 3.13 


Particular cases: 
l 
(i) Let the conic is a parabola, then its equation will be - = 1 — cos@ or 
r 


l 
— =1+cos@ according as the focus is on the right hand side or left hand 
r 


side of the directrix respectively, i.e., according as the polar axis is taken 
along ZS or SZ respectively, i.e., according as the polar axis is taken from 
directrix to focus or focus to directrix respectively. 


l 
(ii) Let the conic is an ellipse, then its equation will be — = 1 — ecos@ 
r 
l 
or — = 1+ ecos9, according as the left hand focus or the right hand focus 
t 
is the pole respectively. 
(iii) Let the conic be a hyperbola, then the equation of its right branch 


is given by — = 1 — ecos@ and the equation of its left branch will be given 
f 


I 
by —- =1+ecos@. However, if the equation of its right branch is given by 
‘i 
l : 
— = 1-ecos8, then the equation of the left branch with respect to the right 
= 
l 
branch is given by — = —(1+ecos9). 
di 


(iv) Let the initial line makes an angle y with the axis of the conic, 
then the equation of the conic will be obtained by changing @ into 6+ 7 


(taking both clockwise or anticlockwise sense of y) as — = 1 — ecos(@+ 7) 
r 


l 
or - = 1+ ecos(@+ 7) according as the positive direction of the polar axis 
ls 


is chosen. 
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3.9 Polar Equation of the Chord of a Given Conic 


Let the equation of the conic be 


: = 1-—ecos0 (3.8) 


Also let P and Q be the two extremities of the chord PQ of the conic with 
coordinates P(r1,a— 3) and Q(r2,a+(). The equation of the line PQ will 
be of the form 


: = acos@ + bsin@ (3.9) 


The coordinates of P and Q will satisfy both (3.8) and (3.9), ie., we get 


aB) 


Polar axis 


Figure 3.14 


t = 1 — ecos(a — 6) = acos(a — 2) + bsin(a — £) 
1 


or, (a+e)cos(a— 2) + bsin(a — 8) —1=0 for the point P 
and similarly for point Q, (a+ e) cos(a + 6) + bsin(a + 8) -1=0. 


By cross-multiplication, we get 


at+e _ b _ 
sin(a+ B)—sin(a— 8)  cos(a—8)—cos(a+f) — 
1 
sin(a + 3) cos(a — 6) — cos(a — B) sin(a + f) 
ate b 1 i 


2cos asin 2 = 2sin asin 3 = sin 26 = 2sin 6 cos B 


_ 2cosasin 8 


ate =——— =cosasec8 (.840=>sin6 40) 
2cos @ sin B 
a = cosasec 6 — e€ 
and b= eee ae sinasec (sin #0). 


~ 2cos Bsin B 
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So the equation of the chord is obtained as 


— = (cosasec (G — e)cosé + sinasec 2 sin 6 
r 


= sec {(cosacos@ + sinasin#) — ecosé 
= sec cos(a — 0) — ecosé. 
Thus the polar equation of the chord joining the points whose vectorial 


angles are given as a— 8 and a+ on the conic — = 1 — ecos@ is 
is 
l 
— = sec 3 cos(6 — a) — ecos 0. 
it 


l 

Corollary 3.9.1 The polar equation of the chord of the conic — = 1 — ecos@ 
r 

with 0, and @9 as the vectorial angles of its extremities is 


l 6, — 02 0, + 02 
— = sec cos | 96 — ——— ] — ecos@. 
r te 2 


01 + 0% 


5 and 


Proof: Let us put 6; = a+ 6 and 62 = a— 8. Then we get a = 


oe 


> and so the equation of the chord becomes 


. = sec ——— jal 5 2 Cos (6- ye) —ecosé. 


2 


l 
Note 3.9.1 Jf the equation of the given conic be - = 1+ ecos@, then the 


equation of the chord joining a— 8 anda+ 6 as the vectorial angles will be 
l 
— = sec 3 cos(6 — a) + ecos 8. 
r 


Also if the vectorial angles be 6, and 62, then the equation of the chord will 


be 
l 0, — 02 ( 0; + 02 
— = sec ——— cos [| 6 — 
2 2 


) + ecos8@. 


3.10 Polar Equation of the Tangent to a Given 
Conic 


l 
Polar equation of the chord of the conic — = 1 — ecos@ with a— 6 and a+ 


r 
as the vectorial angles of the extremities is given by 


: = sec 6 cos(@ — a) — ecos0 (3.10) 
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If we put 6 = 0, then the line corresponding to the chord becomes a tangent 
line to the conic at the point whose vectorial angle is a. The equation (3.10) 
then takes the form 


— = cos(0 — a) — ecosé 
r 
which is the required equation of the tangent. 


l 
Note 3.10.1 The polar equation of the tangent to the conic - = 1+ ecos@ 
r 


at the point ‘a’ will be obtained as 


l 
Fe cos(@ — a) + ecos 0. 


l 
Note 3.10.2 Jf - =1-—ecos@ be the equation of the right branch of a hy- 


< 
perbola, then the equation of the tangent at any point a on its left branch is 
gieun by 


a cos(6 — a) — ecos 8. 


l 
Note 3.10.3 If the equation of the conic be — = 1 — ecos(@ — 7), the equa- 
r 


tion of the tangent at a will be 


. = cos(9 — a) — ecos(# — 7). 


3.11 Polar Equation of the Normal to a Given 
Conic 


The polar equation of the tangent to the conic (3.8) at the point 6 = a is 
given by 
l 


—- = cos(@—«a) —ecosé = cosdcosa + sin@ sin a — ecos 6 
r 


= (cosa —e)cos@+sinasin@ (3.11) 
Equation of any line perpendicular to (3.11) is given by 


/ 
— = —sinacos 6 + (cosa — e) sind = sin(@ — a) — esin#. 
- 


It passes through (11, a), so we get 
I’ 


— =-esina (3.12) 
ry 
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Again the point (r1,q@) is a point on the conic 


l 
*— =1-ecosa (3.13) 
ry 


From (3.12) and (3.13) we get 


pe oy Ae, lsina 
l! = -er, sina = —e————_.. 
1 —ecosa 


So, the line perpendicular to (3.11) becomes 


lesina : : 
"at eeoRey © sin(@ — a) — esin# 


which is the required equation of the normal. 


l 

Note 3.11.1 Jf the equation of the conic be - = 1+ ecos0, then the equa- 
r 

tion of the normal at any point 0 =a on it will be 


lesina 
eee SE ne OS in 0. 
FL Rv GcRa) sin(@ — a) + esin 


3.12 Chord of Contact 


Definition 3.12.1 The Chord of contact is a chord joining the points of 
contact of tangents to a conic from a given point not lying on the conic. 


3.12.1 Equation of Chord of Contact 
Let a— 6 and a+ @ be the vectorial angles of the points of contact of the 


tangents to the conic (3.8) from the point (1, 6,). Then the equation of the 
chord of contact, i.e., the equation of the line PQ is given by 
: = sec B cos(@ — a) — ecos0 (3.14) 
The equation of the tangent at the point a — £ is given by 
= cos{@ — (a — 8)} — ecos@. 


l 
r 
Since it passes through (71,61) so we get 


es cos(; — a+ B) — ecos6; (3.15) 
ry 
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Qn 

4s 

aS 
a*B) 
gt ree 

Figure 3.15 

Similarly for the point Q(a + 3) we get 
je cos(@,; — a — B) — ecos6, (3.16) 


Ty 


From (3.15) and (3.16) we get 


cos(6; —-a+ 8) =cos(Q; -a-—8) +0,-a+6=4+(6;-a- 8). 


Since 0} -a+ 6 =6, —a— 6 => 6 =0 which is not admissible, so we take 
6,-a+6 =—-(0, -—a-— 8B) 6, =a. So from (3.15) 
l 


— = cos(O; — 6, + 6) — ecos6; = cos 8 — ecos 4, 
ry 


l 
*. cosB = —-+ecosé 
ry 


and hence form (3.14) we get 


(: + <cos8) (= + <cos61 ) 
cr Ai 


which is the required equation of the chord of contact. 


cos(6 — 0) 


l 
Note 3.12.1 Jf the equation of the conic be taken as - = 1+ ecos8, then 
r 


the equation of the chord of contact of the tangents to the conic form the 


point (71,01) is 
l l 
——ecos@ } | — —ecos6; } = cos(0 — 6;). 
r ry 
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Note 3.12.2 Equating (3.15) and (3.16) from above, if we consider the 
general values, 


cos(6; —a+ 8) =cos(0,; -a-—8) > 0,-a+6=2nr+ (6; -a-— 8). 
We get, 0, --a+8 = 2nn—(6,-a—8) > 20, = 2n7+2a > 6, =nt+a. 
* a=6,— nt. 

l 
.. form the equation (3.15), = +ecos@ = cos(nz + B) = (—1)" cos B. 
1 
Hence equation (8.14) becomes 
(- + ecos 6) (- — ecos a) = (—1)" cos(@ — 9; + nm) = cos(6 — 61) 
1 
which is same as before. 


Note 3.12.3 JfTP and TQ be the two tangents, then we have 01 —a@ = nt 
[Note 3.12.2 above]. 


6, -—(a- 8) =nr+8 
and a+P-0,=6—nn. 
{01 —(a@— B)}—{at B— Oy} = 2nxz. 
Thus ZPST = ZTSQ where S is the focus, unless the curve is a hyperbola 


and the tangents be drawn to different branches, in which case ZPST = 
ZTSQ' where Q is a point on QS produced. 


Note 3.12.4 We have another approach of Note 3.12.3 by considering the 
tangents at a and £. 
The tangents at a and £ are given by 


ia ea diGn tes) —ecosé and : = cos(@ — 8) — ecos8. 
r r 


Where these meet, we get cos(0 — a) = cos(6 — 3) 
O-a=H+(0- 8) >20=a+68, 


taking only the lower sign, for the upper sign is inadmissible. So we get 
1 


Hence if T be the point of intersection of the tangents at the two points 
P and Q of a conic, ST will bisect the angle ZPSQ (exterior angle ZPSQ 
in case of a hyperbola). 
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3.13 Asymptotes 


Definition 3.13.1 A straight line which meets a curve (conic) at two points 
at infinity but which does not be wholly at infinity is called an asymptote to 
this curve, or 

Alternatively, if P be a point on a branch of a curve extending to infinity 
and if a straight line at a finite distance from the origin exists towards which 
the tangent line to the curve at P approaches as a limit when P — oo, then 
the straight line is an asymptote of the curve. 


3.13.1 Equation of the asymptote 


These can be obtained from the equation of the tangent. The tangent at a 


a ache 
to a conic — = 1 — ecos@ is given by 
r 


oe cos(@ — a) — ecos@ (3.17) 
: 


The point a is a point at co on the conic, if 


1 
0 = 1l—ecosa> cosa = — 
€ 
i 1 3 WVe?—1 
sna = 1 5 = : 
e€ € 


So from (3.17) we get 


— = cos@cosa+sin@sina — ecosé 


veo! 


1 
cos @ 4 sin 6 — ecos@ 
€ 
1 Vez — 1 
= Je cos 9 + ———— sin6 
e€ e€ 
= (1-7) cos0 + Ve? — 1sind 


l 2 
or, ; — (1— e?) cos i = (e* —1)sin? 0. 


This is the required equation of the asymptote. 
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3.14 Polar Equation of the Directrices of an El- 
lipse 


l 
Let ZP and Z’P’ be the directrixes of the given ellipse — = 1 — ecos@ cor- 
r 
responding to the foci S and S’ respectively. Let Q be one extremity of a 
latus rectum. The perpendicular form Q on the directrix ZP intersect it at 
M. Also let the polar axis intersect the directrix ZP at Z. Let P(r,0) be 
any point on the directrix. Then from AS PZ, we get 


Figure 3.16 


SZ 
a = cos(a—6) = — cos? => A = —secO, ie. r= —|SZ|sec@ (3.18) 
|SQ| ve . |SQ| 
But |SZ| = |QM — |. from the definition of conic Se 
Isz|=lQM| = =| on =! 
= . where | is the semi-latus rectum. 

l 
Hence from (3.18) we get r = ——sec 0. (3.19) 

€ 


This is the polar equation of the directrix ZP. 


Let the polar axis intersect the other directrix Z’P’ at Z’. Let A, A’ be 
the vertices of the ellipse and let P’(r’, 6’) be a point on the directrix. Then 
we have from the right angled ASZ'P’, 


/ 


a = sec 6’ or, r’ = SZ' sec 0’ (3.20) 
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From the equation of the conic we have 


l 
wan 1—ecos7 and gam 1—ecos0. 


[. The coordinates of A and A’ are (S'A,7) and (S'A’,0) respectively. ] 


A= 3.21 
2 lt+e ( ) 
and SAP = (3.22) 
l-—e 
|SA’| / |SA’| l 
“lie | = = my 
Now AZ| e .. |AZ| 5 ao) [using (3.22)| 
SA l 
ao | = |AZ | wal 
So |A'Z’| =|AZ| e+) [using (3.21)] 
l 2 
+, (22! =|ZA'|+|4'2"| = — : 


si-2) dae) ei, 


Hence |$Z'| = |ZZ'|—|ZS| =|ZZ'| —|MQ| 
21 l 
= —“~__*- [using (3.23 
ay ~ = losing (8.23) 
7 11+e? 
~ el—e2" 


l1+é? 
Hence from (3.20) we get r’ = — i = - sec 6’. 
—e 


li+e? 
Hence the locus of P’(r’, 6’) is r= a aE 5 sec@ which is the required 
el-—e 
equation of this second directrix. 


l 
Note 3.14.1 In case of the conic - = 1+ ecos9, it can be shown that the 
r 


: ; l l1+e? 
equations of the directritzes are r = —sec@ and r = ~——_z sec O. 
—e 
i 
In case of parabola — =1-—cos8@, the equation of the directrix will be 
r 


r = —lsec@ and for the parabola — = 1+ cos@ its equation will be r = lsec 0. 
r 
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3.15 A Few Properties 


1. Let PSQ be a focal chord, then if the vectorial angle of P be 6, that of 
Q will be 7+ @ and then 


l l 


gp = 1— ecos# Go 7 et OS rot 
Fda eee 
rod cama) SP SQ i 


If, however, the curve be a hyperbola and P be on the nearer and Q be on 
the further branch, then the vectorial angle of P and Q are still 06 and 7 +40, 
but now the radius vector of Q is negative. 
l be = 9 
3p 1—ecos@ and — 507 1—ecos(x + 86) = 1+ ecos@. 
i l 1 1 2 


Hee. “Gp 6G °° SP SO. TF 


Thus the proposition may be stated as follows: 


The semi-latus rectum of any conic is a harmonic mean between the al- 
gebraic focal distances of the extremities of a focal chord. 


2. The length of the focal chord PSQ = 


1 1 2 
sP+sq=t( “F ) 


1—ecos6 1+ecos0) 1—e2cos?6 


3. The sum of the reciprocals of two perpendicular focal chords PSQ and 
Psy’ 


_ 1 — e? cos? 6 1 — e? sin? 6 _ 2 — 


a 21 TT anc aia constant. 
1 iE 1 — e? cos? 6 1 — e? sin? 6 Dm? 
. PS.SQ = P'S.SQ! [2 2 =e constant. 


l 

5. If the tangent at any point P of a conic — = 1 — ecos@ meets the directrix 
r 

at K, then the angle 7K SP is a right angle. 


Proof: Let the vectorial angle of P be a, then the equation of the tangent 
at P is 


. = cos(9 — a) — ecos 9. 
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l 
The equation of the directrix is - = —ecos@. They meet at the point Kk, 
r 
where cos(@ — a) = 0 
O-—a=(2n+ ee 


Hence ZAK SP = one right angle. 


3.16 Worked-Out Examples 


Example 3.16.1 Transform (i) the equation (x? + y”)* = ax? to its polar 
equation. 


0 : 
(ii) The polar equation yr cos gr Ja to a Cartesian equation. 


Solution: (i) Putting « = rcos@ and y = rsin6 we get 


2 


(r?)? = a(rcos0)* => r?=acos?@¢ => r=v/acos6, 


which is the required equation in polar form. 
(ii) The given equation is 


6 
roos’ 5 =a => 5(1+cos8) =a => r=2a—rcosé. 


2— 7? + y* we get 


Now putting x = rcos@ and y = rsin@, i.e., r 


Va?t+y? =2a-2 


or, a? +y? = (2a — 2)? = 4a? — daz + 2? [squaring both sides] 


= y* =—4a(x — a) which is the required equation. 


Example 3.16.2 Convert the following points from polar coordinates to the 


corresponding Cartesian coordinates (i) (2, =): (it) (0, =). 


Solution: (i) @ =) = (r,0) 


3 
Helse Dee eT 
x=rcoséd = COS @ = = 
y=rsind = asin =a Y= V5 


Hence the point is (1, V3) in the Cartesian system. 


(ii) Here x = 0. cos 5 =0,y=0. sin 5 =0. So (0, = is equivalent to 


(0,0) in Cartesian coordinate. 
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Example 3.16.3 Convert the following Cartesian coordinates to the corre- 
sponding polar coordinates using positive r and negative r, (i) (—1,1), (ii) 
(2, —3) : 


ant 
(Wea) A” 
i 
an 
c 


- 
a 


% 


en 


Solution: (i) For the second quadrant, point (x,y) = (—1,1), we have 


tan @ —1 d= —. 


Using positive r, we have r = \/a2 + y? = /(-1)? + 2? = v2. 


3 
So one set of polar coordinates is (r,@) = (v2 *). 
Using negative r, we have coordinates (-v2, -7). 


(ii) For the fourth quadrant, point (x,y) = (2,—3), we have 


—3 3 3 
tan@ = > a= tan ( >) = tan" 5 


Using positive r, we have r = Vx? + y2 = \/(—3)? + 2? = V13. So one set 
3 
of polar coordinates is (r,@) = (vis —tan! 3): 


3 
Using negative r, we have coordinates (-v 13,7 - tan! 5): 


Example 3.16.4 Find the maximum distance of any point on the curve 
a? + Qxy + 2y? =1 from the origin. 
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3 
(v 13,7 —tan™* =) 2 


3 3 
P (viz, —tan71 =) P (-vi3 1 —tan* =) 


Solution: Let the polar coordinates of any point on the curve be P(r, 6). 
Then its Cartesian coordinates are P(rcos6,rsin@). Since P is a point on 
the curve, so we get 


r? cos? 6 + 2r? sin? 6 + 2r? sin@ cos6 = 1 


ad: 1 _ 1 
> ras = 
cos? @+2sin26+sin26  sin?@+1+sin20 
a D 2 y) 
~ sin? 64+242sin2d 1—cos26+2+42sin20 
2 


3 — cos 20 + 2sin 20° 


To find the maximum value of r, i.e., r?, we consider the expression 
3 — cos 26 + 2sin 20. Let us put 2 = pcosa and 1 = psina, which imply 


1 
p=V124+2? = V5 and tana = 5 Now, 


2 sin 20 — cos 26 = pcosasin 26 — psinacos 20 = psin(26 — a). 
We have —1 < sin(20-—a) <1 
—V/5 < V5sin(20 — a) < V5 
~/5 +3 < psin(20 —a) +3 < V54+3 
3— V5 < 3—cos20 + 2sin20 <3+4+V5 

2 2 2 

< ze 

3— 7/57 3-cos2042sin20~ 34+ 75 
p 2 v2 


or, Tmax 


Pa “8 


{ 'uy 


S 


r 


Hence the required maximum distance is 


_ v2 
ae 
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Example 3.16.5 Find the polar equation of the straight line joining the 


7 
points whose polar coordinates are (1, | and (2,7). 


1 
Solution: Let the polar equation of the line be - = Acos@ + Bsin 6, where 
r 


A and B are constants. It passes through (1, 5) and (2,7), so we get 


twee oS Bene Ae Bad 
2 2 

1 . 1 
and ~=Acos7+Bsinn => A=-—-. 
2 2 

' . . l 1 ; 
Hence the required line is — ee cos @ + sin @. 

e 


Example 3.16.6 Find the polar equation of the circle when two ends of a 
diameter are given. 


PO) 
A 
(71,6) 
Biro 9) 
xX 
O (Pole) 2 : 
Initial Line 


Solution: Let AB be the diameter where the end points A and B have the 
coordinates (11,0) and (r2, 62) respectively. 

Let P(r,@) be any point on the circle with respect to the pole O and the 
initial line OX. 

Now from the figure we get 


AP? = OA? + OP? — 20A.0P cos ZPOA = ri + r? — 2rr; cos(6, — 9) 


BP? = OB? + OP? — 20B.OP cos ZPOB = r3, +r? — 2rr2 cos(6 — 62) 
and AB? = OA? +OB*—20A.0B cos ZAOB = r? +13 — 2rar1 cos(O1 — 42). 
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Since AB is a diameter, ZAPB is a right angle ., AB? = AP? + BP?, ie., 
r?+r3—2rir2 cos(6;—62) = r?+r?—2rir cos(61—0)+r3+r?—2rre cos(—62) 


= r? — [r1 cos(@ — 01) + rz cos(@ — 62)|r + rirz cos(O; — 92) = 0 


which is the required equation of the circle. 


Example 3.16.7 Show that the equation of the line through the pole and the 


C D 
point of intersection of the lines — = Acos@+ Bsin#@ and — = A’ cos + B’ 
r r 


sin 0 is NO ee 
(4- D ) cose + (B- D ) sine =o. 


Solution: The equation of the given lines when expressed in Cartesian axes 
are 


Ag+ By=—C =0 (3.24) 
and A'x+ B’y—D=0 (3:25) 
BiC-BD AD-CA' 
AB! — A'B’ AB’ — a). 
Hence the equation of the line passing through the pole (0,0) and this point 
of intersection is given by 


So their point of intersection is given by ( 


AD-CA' —0 
y—0= 43-43 —(«-0) = (AD-A'C)z + (BD - BIC)y =0 
AB’—A'’B 0 


A'C BIC 4 

=> (4- D ) reose + (B- D ) rsind =o 
A'C BIC\ . 

(4- D) c088-+ (B- D) sind =o. 


Example 3.16.8 Jf the three lines r cos(@— 9) = pi, 17 cos(0 — 02) = pg and 
rcos(@ — 03) = ps are concurrent, show that 


Pi sin(@2 = 63) + p2 sin(63 = 61) + p3 sin(64 = 62) = 0. 


Solution: The three lines are given by 


r cos @ cos 6; +rsin@ sin 6; — p; = 0 (3.26) 
r cos @ cos 62 + rsin@sin 62 — pz = 0 (3.27) 
r cos 6 cos 63 + rsin @ sin 63 — p3 = 0 (3.28) 
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Eliminating rcos@ and rsin@ from (3.26), (3.27) and (3.28) we get 


cos#, sinO,; —p, 
cos#) sin@g —po |=0 
cos@3 sin@3 —p3 
=> p1 sin(@2 — 03) + pz sin(@3 — 61) + p3 sin(@; — 62) = 0. 
Alternatively, 


Putting rcos@? = x and rsin@ = y and expressing (3.26), (3.27) and 
(3.28) in Cartesian form of the equation of the lines are given as 


xcos 6, + ysin 6; — py = 0 (3.29) 
xz cos Og + ysin 62 — po = 0 (3.30) 
x cos 63 + ysin 63 — p3 = 0 (3.31) 


Solving (3.29) and (3.30) we get 


x y 1 


py, sin 62 — po sin 6, = p2 cos 0, — py cosO2 — sin(@2 — 61)" 


So the point of intersection of (3.29) and (3.30) is given by 


pi sin 62 — po sin 0; p2 cos 0, — p; cos 63 
f= - {= - (3.32) 
sin(@2 — 61) sin(@2 — 01) 
If the three lines be concurrent then (3.32) will satisfy (3.31), i.e., 
p1 sin 62 — po sin 0; p2 cos 0, — p; cos 63 
sin(O2 = 61) sin(@2 — 61) 
p1(sin 82 cos 63 — cos 82 sin 63] + po[sin 03 cos 6; — cos 03 sin 64] 


cos 03 + sin 63 — p3 = 0 


+p3|sin 6; cos 02 — cos 6; sin 62] = 0 


=> p; sin(92 — 03) + p2 sin(@3 — 01) + p3 sin(@, — 02) = 0. 


Example 3.16.9 Prove that the polar equation of the locus of the feet of 
perpendiculars drawn from the pole on the lines passing through a given point 
(r’, 0’) is r =r" cos(O — 6’). 


Solution: Let (p,a) be the coordinates of foot of the perpendicular upon 
one of the lines, then the equation of the line is rcos(@ — a) = p. If it 
passes through the point (r’, 6’), then r’ cos(6’ — a) = p. Making (p, a) the 
current coordinates (1,0), the locus of (p, a) becomes r = r’ cos(6’ — 9), i.e., 
r=r'cos(0 — 6’). 
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Example 3.16.10 Show that the locus of a point whose distance from the 


0 
pole is equal to its distance form the line rcos@ + k = 0 is 2rsin? s= k. 


Solution: The line is rcosé+k = 0. Putting « = rcos@ we get r+k =0. 
Let the point be (x1, yi) where x1 = r; cos; and y; = 7; sin 6;. Accord- 
ing to the problem 


k 0 
oie =r, => ricosQi+k=r => k = ri(1— cos 61) = 2risin® 5. 


VE +02 — 


6 
Therefore the locus of (21,1), i.e., of (71,01) is 2r sin? a= k. 


Example 3.16.11 Find the equation of the chord joining the points on the 
circle r = 2dcos@, whose vectorial angles are 0, and 02 and deduce the 
equation of the tangent at the point 01. 


Solution: Let P and Q be the two points on the circle 
r = 2dcos0 (3:33) 


with (71,01) and (r2, 62) as their respective coordinates. 
Then the equation of the line PQ can be written as 
sin(64 = 62) i sin(6 = 02) i sin(64 —_ 0) 
‘a = ry r2 
=> rir2sin(O, — 62) =rr2sin(™ — 62) + rrisin(™ — 61) (3.34) 


Since P and Q are points on (3.33), we have r; = 2dcos 6; and rg = 2d cos 63. 
Putting these values of r; and rg in (3.34) we get 
4d? cos 61 cos 62 sin(0; — 02) = 2dr[cos 62 sin(@ — 02) 
+ cos 0; sin(@; — @)] 
or, 4dcos 6, cos 62 sin(™; — 02) = r[2 cos 02 sin(0 — 62) 
+2 cos 0; sin(O; — 6)} 
= r[sin@ + sin(@ — 202) + sin(26, — @) — sin 6] 
= r[sin(@ — 262) + sin(20, — 6)] 
2r sin(@, — 02) cos(@ — 6; — 2), 
i.e., we get rcos(@ — 0; — 02) = 2dcos 0; cos 02 (3.35) 
[.: sin(O, — 02) # O}. 


which is the required equation of the chord PQ. 


Polar Coordinates 131 


Second Part: (Equation of the tangent) 


Putting 62 = 6; in (3.35) we shall get the equation of the tangent at 
the point whose vectorial angle is 0;. Hence the required equation of the 
tangent is rcos(@ — 20,) = 2d cos? 6}. 


Example 3.16.12 Find the condition that the line r cos(6 — a) = p touches 
the circle r? + 2r(gcos@ + fsin@) +c=0. 


Solution: If the centre and radius of the given circle be (1,0,) and d 
respectively, then the equation of it is 


r? — 2pir-cos(6 — 61) + p? — d? =0 
or, r?— 2r[p1 cos 6; cos @ + p; sin 6; sin 8} + p} —d’=0. 


Comparing with the given form of the equation of the circle we get 
picos0, = —g, pisiné,; = —f and p? — d? = c which imply p? = g? + 


P, tand = 7 and d? = pf—e= 9+ fre. 


The equation of a line through the centre parallel to the given line is 
rcos(@ — a) = pi cos(61 — a). 
So, the line r cos(@ — a) = p will touch the circle if 


p1cos(@, — a) — p= the radius of the circle = d 


or, (gcosa+ f sina — p)* = +f? sae 


Remark: The equation of the circle given in the previous Example 3.16.12 
is 


r? + 2r(gcosé+ f sind) +c=0. 
Putting rcos@ = x and rsin@ = y we get the general form of a circle 
with centre (—g,—f) and radius \/g? + f? —¢ as 


a? +y* +2gr+2fy+e=0. 


Example 3.16.13 Chords of the circle r2 + 2r(gcos@ + f sin®) +c = 0 are 
drawn through the pole. Prove that the locus of their middle points is the 
circle r + gcos@ + f sin@ = 0. 
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P 
O (Pole) 


Solution: Let 6 = 0, be the equation of any chord passing through the pole 
and let it cut the circle in P and Q. Then OP and O@ are the roots of the 
equation 


r? + 2r(gcos@ + f sin@) +c=0 


If (71,01) be the middle point of the chord, then 
1 ; 
r= rie + OQ) = —(gcos 6; + f sin 6). 


Hence the locus of (71,61) is r + gcos@ + f sin@ = 0, which is obviously a 
circle passing through the pole. 


Example 3.16.14 Determine the nature of the following conics and find 
the length of latus rectum. 


3 2 

(i) - =2+4cos6 (it) — = 3 —3cos0 
r r 
8 12 

(iti) — = 4—5cos0 (iv) — =4-—V2cos8. 

ia r 

3 

Solution: (i) The given equation can be written as 2 = 1+ 2cos@. 
ia 


l 
Comparing with the standard equation of the conic - = 1+ ecos@ we 
r 


3 
see that, heree =2>1 and/= -. 


Hence the conic is a hyperbola with its latus rectum = 2/ = 3 units. 
2 
(ii) The equation is 2 = 1 — cos@ which represents a parabola with its 


wl AR 


latus rectum = 2 x 3 — 
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8 
(iii) The equation of the conic is — =4—5cos@ which is written as 
r 


2 
— = 1-—-—cos@ represents a branch of hyperbola with its latus rectum = 
r 
2x2=4 
: gies oO 1 ie . ; 
(iv) The equation is - = 1 — —~cos@ and it is an ellipse with latus 
G 2/2 


rectum = 2x 3=6. 


15 
Example 3.16.15 Find the points on the conic — = 1 -—4cos@ whose ra- 
7 


dius vector is 5. 


Solution: We are to find the value of the vectorial angle 6 for which r is 5. 


Putting r = 5 in the equation of the conic, we get 


15 1 an 4 
3 = 1 —4cosé cos 6 = 0 ag (OS <2n), 


2 4 
Hence the required points are (s. =) and (s. =). 


F Ar 20 3 . 
Note 3.16.1 The points (5, = and | 5, aes are equivalent as is seen 


from the figure given. 


6 
Example 3.16.16 On the conicr = Tacos? find the point with the small- 
— cos 
est radius vector. 


6 
1—cos@ 
1 — cos@ is greatest and 1 — cos@ is greatest when cos@ = —1, i.e., when 
O=T. 


Solution: The given conic is r = Now, r will be smallest when 
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6 
Now from the equation of the conic we get r = ———— = 3 at 0=T. 


tet 


Hence the required point is (3,77). 


Example 3.16.17 Identify the conics and find its vertex (vertices) and the 
length of the latus rectum, as the case appears 


3 12 
(i) - =2+4cosé (it) — =2-cosé 
r r 
21 12 
(itt) — =5 —2cos0 (iv) — =2-2cos8. 
r r 
3 3 
Solution: (i) — =2+4cosé => 2 —1+42cos@. Here e = 2 > 1, so the 
r r 


Directrix 


Initial Line 


For the vertex A, 0= 0. 


conic is a hyperbola on the left branch whose latus rectum is 2/ = 3. Put 


3 1 1 
06=0,-=2+4>r2= -. So its vertex is { ~,0 }. 
iT 2 2 


12 6 1 1 
(ii) The equation is — = 2 — cos6,ie., — =1— 3 008 6. Heree < a di: 
r r 


So the conic is an ellipse and its left hand focus is considered as the pole. 
Its latus rectum = 2 x 6 = 12 units. For the vertices A and A’, 6 = 7 and 
0 respectively. 


6 1 1 38 
At 0 = 7, we get “= 1— 5 cosa 1+;5 5 


6 1 1 
and at 9 = 0, we get ~=1— 5cos0=1—5= 
r 


(iii) Do Yourself. 
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Directrix Directrix 


6 
(iv) The conic is — = 1 — cos6, which is a parabola of latus rectum = 
Te 


12 and coordinates of the vertex is obtained by putting 6 = 7 and we get 


6 
—-=14+1=2=>r=3. So vertex is (3,7). 
: 


1 
Example 3.16.18 Find the points of intersection of the parabolas — = 1— 
r 


3 
cos@ and — = 1+ cos@. 
r 


Solution: Eliminating r from the above two equations we get 


1 

3—3cos9=1+cos0é => 4cos0=2 > cos@ = 5 g=+0 

1 1 1 

-=1l-lL= = S r=2. 

r 2. 2 

. ; ; T T 
So the points of intersection are (2, =) ‘ (2, -*). 
ay? 

Example 3.16.19 Find the polar equation of the ellipse i00 - aa 1 if 


(i) its right hand focus is considered as the pole and the positive direction 
of the x-axis is taken as the direction of the polar axis. 


(ii) its pole is at the left hand focus and the positive direction of the 
x-axis is the polar axis. 


(iit) the pole is at the centre of the curve and the positive direction of 
the x-axis is taken as the polar axis. 
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Solution: (i) Since the pole is at the right hand focus, the equation of the 


ellipse will be of the form =1+ecosé. 
r 


2 2 
Now for the given ellipse TT + x = 1, we get a? = 100, b? = 36 so the 
eccentricity e is given by 
2 2 2 2 4 
b* = a*(1—e*) => 36 = 100(1 — e*) car 
dl - lat ; b 36 «18 
nd / = semi latus-rectum = — = — = —. 
“ a 10 5 
1 4 
Hence its polar equation is Race 1+ 5 008 0. 
r 


(ii) In this case, since the pole is considered at the left hand focus of the 
ellipse, so its equation will be 


l 2 “TS 
a= 1—ecos8, i.e., Be 1- 5 0086. 
(iii) Since the pole is here considered at the centre of the ellipse, so we 
put x = rcos@,y = rsin@ and the polar equation of the given ellipse is 
obtained as 


Page a pane 
rcs 4 Pam =1 or, r2(36 cos? + 100 sin? @) = 3600 
100 36 
or, 17(9cos”@+25sin? 0) = 900 or, r?(9 cos” 6 + 25 — 25 cos” 4) = 900 
900 
or, 17(25 — 16cos*@) = 900 or, r? = oe = [hock 


Example 3.16.20 If PSP’ be the focal chord of a conic, show that 
1 1 2 
SP oP 7? where | is the semi latus rectum. 


The above problem may be stated alternatively as follows: 


Show that the semi latus rectum of a conic is a harmonic mean between 
the segments of any focal chord. 


Solution: § 3.15 Property - 1. 


Example 3.16.21 Prove that the length of the focal chord of the conic 


l 21 
—=1-ecos@ which is inclined at an angle a is ——>—-5— 
r 
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Solution: Let PSP’ be the focal chord of the conic 


l 
—~=1-ecosé (3.36) 
r 
where 2X SP = a, ie., the vectorial angle of P is a. Then the vectorial 
angle of P’ is m+a. 
From (3.36) we get 
l l 


—-=1-ecosa .. SP= 


SP ~ 1—ecosa 
l | 
and Spi = 1—ecos(tn +a) =1+ecosa », SP’ = iaSeese 
l l 21 


PSP=SP4SP'= 


+ = 
l—ecosa l+ecosa 1-—e?cos?a 


1 1 
Example 3.16.22 For any conic, prove that Ppl + OQ! 
PP’ and QQ’ are focal chords such that PP’ LQQ’. 


= constant, where 


Alternatvely, 


Show that the sum of the reciprocals of two mutually perpendicular focal 
chords is constant. 


Solution: Let a be the vectorial angle of the point P on the conic. Then 
the vectorial angle of Q,Q’/ and P’ are respectively given by 


T Tn 7 
5 +O (« +a] =-(F-a) and — (m—a). 


Now since all these points lie on the conic, so we get 


138 


Similarly, 


Therefore, 
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P(SP,@) 


°(50: 
>~é 


u 


l 


a {f SP SS —— 
SP ores 1—ecosa 
I —— 
gp 7} ecos(—7 — a) = 1 — ecos(a —a) =1+ecosa 
opie. 1 =, 
1+ecosa 
1 (F ) l+esina => SQ 
= e = Fast ar cs oR, 
SQ TAD l+esina 
I 
gq = 1— e008 {- (5 - a) } =1- ecos (F — a) = 1-esina 
l 
S ————— ed 
Q 1—esina 
l l 21 
PE S2S5P sp = = 
si l1—ecosa l+ecosa 1-—e%cos2a 
1 _ 1-e? cos? a 
PP! 21 
l l 21 
QQ Q+ SQ l+tesina l-—esina 1-—e?sin?a 
1 _ 1-e*sin?a 
QQ! 21 ‘ 
1 1 1 
= —[1 — ce? cos*a'+1—e? sin? a] 
PPE OO oh 
1 I= @? 


[2 — e*(cos* a + sin? a)] = 


Toh 21 
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Example 3.16.23 For any conic, prove that 
1 1 2—e? 


SPSP’' 5Q.5Q). PB 


where PSP’ and QSQ! are two mutually perpendicular focal chords of the 
conic. 


Solution: [Put figure form the Example 3.16.22] 
From the Example 3.16.22 we get, 


l l l l 
SP=-.— —.. §P = Se BO ee 
1—ecosa’ 1+ecosa 1l+esina Q l+esina 


1 1 
SP.SP' ' SQ.SQ! 
(1—ecosa)(1+ecosa) | (1—esina)(1+ esina) 
7 2 : 2 


1 —e?cos?a+1-e? sin? a yee 


Now, 


[? e 
Example 3.16.24 If PSQ and PS'’R be respectively the two chords of an 


SP, OP 
ellipse through the foci S and S", then prove that (= + ) is indepen- 


SQ SIR 


dent of the position of P. 
Solution: Let PSQ be the focal chord, such that vectorial angles of P and 


P 


Q 


Q are respectively a and m + @ respectively. 


op =1-—ecosa and 5 = 1-ecos(7+a) =1+ ecosa 
1 1 2 SP SP 2 
sstga=p * aptam 
ou cea | © aa fs a=) © ame | 
(Multiplying both sides by SP.) 

SP° 2 


op (3.37) 
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ss Sr .2 
Similarly we shall get oR ka —1 (3.38) 
Adding (3.37) and (3.38) we get 
7 
2 
50 a = “(SP + S’P)-2= 724 2= constant. 


as we know that the sum of the focal distances from any point P on the ellipse 
is equal to the length of the major axis of the ellipse, i.e., SP + $’P = 2a, 
where 2a is the major axis of the ellipse. 


Since right hand side is independent of the position of P, so we say that 


P 
) is independent of the position of P. 


Example 3.16.25 Prove that the locus of the middle points of focal chords 
of a conic is a conic. 


Solution: See § 3.15 Property - 1. 


l l 
We have SP = i secash and SQ = 1a etonn: 
If (r,@) be the coordinates of the middle points of the focal chord PSQ, 


then 


1 l 
i ss 1(SP — SQ) = ( l ) le cos 0 


2\1—ecos6é 1—ecosd) 1—e2cos?6 
or, r?(1—e? cos? 6) = ler cos6. 
Transforming into Cartesian coordinates, this equation becomes 


2 


gt+y’?—e’s*=lex > (1—e?)z?+y’—- lex =0 


which clearly represents an ellipse. 


Example 3.16.26 Ifr, and rg be two mutually perpendicular radius vectors 
2 


1 1 a 1 
, 2 — | — | 
of the ellipse r* = [a cost show that Py 72 aie eae oe 


Solution: Let SP and SQ be two mutually perpendicular radius vectors, 
where P and Q have the coordinates (71, a) and (r2, . + a). So from the 


b2 
equation of the given ellipse r? = ———_——— we get 
1 — e? cos? 0 
b? b? b? 
r? and r3 = 


1 —e? cos? a 1 — e? cos? (5 +a) 1—e?sin?a 
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2 2-(1-$) 
1 1 1 2— = be 
ag tice: Seal e” sin? a + 1 — e* cos? a] = ae 
ry 13 b 


ee eb a dd 


btOQ2R2ti?k |i 


Example 3.16.27 Show that the line rcos@ = p+ a touches the circle 
r? — 2pr cos@ + p* — a? = 0 and find the coordinates of its point of contact. 


Solution: The equation of the line and the circle are respectively 


rcosd=p+a (3.39) 


and r*—2percosé@ +p? — a* =0 (3.40) 
Solving (3.39) and (3.40) for r we get 


r? — 2o(p +a) + p*—a? =0 
> rr=p*4+2pat+a*=(pta)? ». r=+(pt+a). 
Form (3.40), (p + a)? — 2p(p + a) cos6 + p* — a? =0 
[taking r= +(p+a)] 
=> p+a-—2pcosd+p—a=0[.p+aFI] 
=> 2p = 2pcosd > cos@ = 1 = cos(+0°) 


which gives the two coincident points @ = +0° which means that the given 


lines touches the circle, the coordinates of the point of contact being (p + 
a, 0°). 


Alternative Method: (By transferring into Cartesian form) 


The equation of the line is 


xr=pta (3.41) 
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The circle 


N The given line 


The equation of the circle is 


r? — 2pr cos6 + p* — a? =0 (3.42) 


The radius of the circle is \/p? + 0? — (p? — a2) = a and its centre is C(p, 0). 
[vide § 3.7.1] 
Now distance of the line from the centre C(p,0) is 


p-p-a . ; 
=CN = —— = a= radius of the circle. 
== \/ 12 + 02 
Hence the line touches the circle. 
Solving (3.41) and (3.42) we get the point of contact as (p + a, 0°). 


Example 3.16.28 Show that the straight line r cos(0 — a) = p touches the 


l : 
conic - = 1+ ecos@ if (Icosa — ep)? +? sin? a = p?. 
r 


Solution: The equation of the given line can be written as 


rcos@cosa+rsin@sina = p (3.43) 


l 
Equation of tangent at 6 to the conic - = 1+ ecos@ is 
1% 


l 
na ecos 6 + cos(@ — 6) = ecos@ + (cos@ cos 6 + sin @ sin 2) 
= rcos#(e+cos8)+rsinésinB =1 (3.44) 


Equation (3.43) will be a tangent to the conic if (3.43) and (3.44) are iden- 
tical. Comparing the coefficients of (3.43) and (3.44) we get 

L e+cos6 _ sinf 

p cos @ sin a 


cos 8 = e cosa — e (3.45) 
Pp 


and sin’ = oe (3.46) 
Pp 
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Squaring and adding (3.45) and (3.46) we get 


l ae & 2 
(< cosa — e) + (<sina) —Al 
Pp Pp 


We l 
or, — (cos* a+sin? a) — 2e- cosa+e? =1 
P Pp 
I? el 
9 ar aed 0.2 1S Sa e? =1 or, I? — 2lepcosa + e?p* = p* 
Pp Pp 
or, 1?(sin? a + cos” a) — 2lepcosa + e?p? = p” 


or, (Icosa — pe)? +1? sin? a = p’. 


Example 3.16.29 Let the normal is drawn at one extremity of the latus 


l 
rectum PSP’ of the conic - =1+ecos0@, where S is the pole. Show that 
r 


the distance from the focus S to the other point in which the normal meets 
1(1 + 3e? + e+) 
Solution: The equation of the normal at 0 = a to the conic 


the curve 1s 


fe 1+ecosé (3.47) 
- 


of ORDO! adinloa sh sind. esa) Nee Bata] 
r(1 + ecosa) 


Let the normal be drawn at the point P whose polar coordinates are 
taken as (i. *). 
2 
Therefore the equation of the normal at P is 
el T 
— =esind+sin G =) 
r 2 


in@ — 0 
ae 1 esind cos (3.48) 


%t € 
For the common point of intersection of (3.47) and (3.48) we get 


in # — cos@ 
ee ea = e(1+ ecos@) = esin#@ — cosé 


€ 
6 
or, (e?+1)cos@ = —e(1—sin@) or, i —— =e 7 
cos? 6 e? 1+siné e? 
or, a = => = — 
(l—sin@)? (1+ 6?) 1—sind (1+e?)? 
2 of ig2\2 
or, sind = Ste) (By Componendo-dividendo method). 


e? + (1+ e?)? 
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cos? = ~ Ty gall sind) = fine 1) 
= e e? — (1+ e7)* ales: —2e(1 + e”) 
1+e? |e?+(1+e?)? ~ 1+ 3? + ef” 


l l 
l+ecosO 4 _ 2e*(1+e*) 


So from (3.47) required distance = r = 


1+3e2+e4 
= l(e* + 3e? +1) _ U1 + 3e? + e4) 
ek BeA- P= 964 = 962. ae? et 


l 
Example 3.16.30 A conic touches the ellipse - =1+ecos@ at the point 
r 


96=a. They have a common focus at the pole and have the same eccentricity. 
21(1 — e”) 
e2 + 2Qecosa+ 1° 


Show that the length of the latus rectum of the conic is 


tf 
Solution: Let the equation of the conic in our consideration be — = 1 + 
r 


ecos(@— 3) as it has the same focus and same eccentricity of the given ellipse 
l 

—-=1+ecosé. 

r 


Equations of the tangents at the point 0 = a to the two conics are 


= ecos@ + cos(6 — a) (3.49) 


and = ecos(# — 8) + cos(@ — a) (3.50) 


BSS 


From (3.49) and (3.50) we have 


l=rcos@(e+ cosa) +rsin@sina (3.51) 
and l' = rcos@(ecos 8 + cosa) + rsin 6(sina + esin B) (3.52) 


Since (3.51) and (3.52) are identical, so comparing the coefficients, we get 


Le COS sina 
l’  cosatecosB  sina+esin£ 
(cosa + ecos 8) = I'(e + cosa) 
=> elcosB=l'e+(I'—1)cosa (3.53) 


and lU(sina+esinZ)=l'sina => elsinG=(l'—I)sina (3.54) 
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Squaring (3.53) and (3.54) and adding we get 


Pe? = ( — 1)? + Ie? 4 2el'(! — I) cosa 
e7[? — e71” = (1-1)? — 2el’ (1 —U') cosa 
(i+) =(l-l) -—2el'cosa [1-40] 
l'(e? + 2ecosa + 1) = 1(1 — e?) 
te I(1 — e?) 

e? + 2ecosa+1 


{ YU y 


= length of the semi-latus rectum. 


So the length of latus rectum of the conic in our consideration 
, 21(1 — e”) 
= 2 = : 
e? + 2ecosa+1 


Example 3.16.31 The tangents at two points P and Q of a conic meet in 
T and S is the focus. Prove that 
(i) If the conic is a parabola, then ST? = SP.SQ. 
1 1 


1 
(ii) If the conic be central, then SEO 32 RP sin? 5 LPSQ where 


b is the semi-minor axis. 


l 
Solution: (i) Let the equation of the parabola be — = 1+ cos@ and let 
r 


the vectorial angles at P and Q be a and £ respectively. At T, where the 
tangents meet we have 


t = cos 4 + cos(9 — a) = cos6+ cos(@— B) > 9-—a=+(0- 8p). 
‘ 


1 
Since, a#f, sod-a=-0+6 => 9= 5(a+ 8). 
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So the vectorial angle of T is 


a+ 
ak 


l l 
N for th int P, ~—~=1 => SP = —— 
ow tor the point P, SP + COS @ eae 


l 
=1+cosB > ae RTT 
i? es 


i 
and for the point Q, 50 
Therefore SP.SQ = 


(1+ cosa)(1+c0s 8) ~ 4cos? & cog? B 


l 
Again the equation of the tangent at P(a) is — = cos@ + cos(@ — a). 
r 
It meets TJ’ (-4*). So, 


ST 2 2 
Seysy OEE Er ig Oe 2h ee age 
2 2 2 2 
2 
ST? = sae SP.SQ. 


l 
(ii) Let the equation of the central conic be - = 1+ ecos6@. Let a and 8 


r 
be the vectorial angles of the two points P and Q. At T, the two tangents 
meet. So we get 


1 
cos(9 — a) + ecos6 = cos(6 — 8) + ecos? > O= 3 + () [as in part (i)] 


So the vectorial angle of T is a 5 om Now for the point P, 
a 1+ =>SP= ; and similarly SQ = oe se 
SP ae ~ 1+ecosa’ s ~ 1+ecosfp' 
_— (1 + ecosa)(1 + ecos f) (3.55) 
SP.SQ I? 


l 
The equation of the tangent at P(a) is — = ecos6 + cos(@ — a). 
r 


It meets r(*<*). So, 
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eee ai ear =P 
ST 1 2 2 
1 1 
SP.SQ ST? 
l _ 
=> ap a econay(t +ecima) (coor $2 + con® 52)) 


1 = 
= jp [1+ e(cosa.+ cos) + €%c0s acos 8 — cos? = 
- e008? 58 26005 SF os 94] 
1 = _ 
= is [I+ 2e co “9 cos "4 + cos acos.d ~ cos? ® B 
2, 2a+ 8 OE: 
e* COS 2e Cos cos 
2 2 2 
1 = 
= a [lte cos.a.cos soos? “= — coos? 9) 
1 por 2 gp 
= Pp [1 co € (cosas 8 ~ co 5 
1 = 1 fs 3 
ae c woot 2 { cosacoss— 5 (1 +eosarB)}] 
1 _ 2 
=p c cos? SP  (2c0s0.c0s/h — 1 — cosacos 8 + sinasin3}| 
1 s 2 
= a c cos? SP S(cosa.cos 8 +-sina sin # ~ 1} 
1 _ 2 
= 2 c cos’ Z ae cos(a 9] 
1 = = Lae? = 
= z [sin as e2 sin? * | - = sin? 9 F 


2 2\ 2 4 
Now b? = a?(1— e?) 1-2-5 ma? = (=) see 


1 i> _ <t 2.5ayng 
=> sin 


“SPSQ ST? B® 2 


= ie gf PSQ (. ZPSQ =a— 8). 
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Example 3.16.32 S is the focus and P and Q are two points on a conic 
such that the ZPSQ is constant and equal to 26. Prove that 

(i) locus of intersection of the tangents at P and Q is a conic section 
whose focus is S. 

(ii) the line PQ always touches a conic whose focus is S. 


Solution: (i) It is evident that the vectorial angles of P and Q can be 
expressed as y + 6 and y — 6 respectively where 7¥ is a variable [See § 3.12 
Note 3.12.4 |. Then the tangents at P and Q are respectively given by 


l l 
7 = €cos8 + cos(9 — 7 — 3) and — = ecos@ + cos(@ — 7 + 4). 
Let (71,01) be their point of intersection. Then 


1 
a see ioe hee) a and — = ecos0i + cos 
1 


lsec 6 


= 1+ esec 6 cos 6}. 
ry 


Hence the locus of (11,61) is 


/ 
—=1+e'cos@ where l/=Isecd and e’ = eseco. 
; 


(ii) The equation of the chord PQ is 


l 
a= ecos@ + secdcos(@—y) [§ 3.9 Note 3.9.1] 


lcos 6 


= ecosdcos@ + cos(@— 7) or, “1 =e; cos 9 + cos( — ¥). 


l 
which is the form of a line touching the conic tait e,cos@ at y,, where 
r 


l, =lcos6é and e; = ecoso. 


Example 3.16.33 If the tangents at any two points P and Q of a conic 
meet in a point T and the straight line PQ meets the directrix corresponding 
to S in a point K, the angle ZK ST is a right angle. 
l 
Solution: Let the equation of the conic be - = 1+ ecos@. If the vectorial 
r 


angles of the points P and @ respectively be a and £, then the vectorial 
1 
angle of T is 3 ( + (3). The equation of the chord PQ is 


: = ecos 6 + sec p 5 © cos (6 a 5 *) . [See § 3.9 Corollary and Note] 
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l 
and the equation of the directrix is - =ecos@ [§ 3.14 Note 3.14.1 ]. 
, 


The vectorial angle of the point K is obtained from the relation 


B-a a+ a+ B T 
—— g-— = = =e 
see ( 5 cos 5 0 => 0 5 5 
6S 7A a4 OTe. 
2 2 
Also we have JES A = s B * ZRST =ZKSAS7TSA= a 


l 
Example 3.16.34 P,Q are two points on the conic - =1—ecos@ with 
r 


a-—y anda+t+y as vectorial angles, where y is a constant and a is a variable. 


lcosy 


Show that the line PQ always touches another conic = 1—ecosycos9, 


which has in common with the given conic, a focus, namely the pole and the 
corresponding directrix. 


Solution: The equation of the chord PQ is 


= secycos(@ — a) — ecos@ [vide. § 3.9] 


I’ 
= cos(?—a)—ecosOcosy > = = cos(@ — a) — e' cos 6 


where I’ = lcosy and e’ = ecosy. Clearly this is a tangent to the conic 
I lcosy 
r 


/ . 
—=1-e cos, ie., 
F 


a+ 6B 
s 


= 1-—ecosycos@ at the point whose vectorial 


angle is 
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Equation of the directrix of the given conic with the corresponding focus 
is i 
—-=-ecosd > r=-—-secé. 
r e€ 


Equation of the directrix of the second conic with the corresponding 
focus is 


/ 


lcos l 
r= ——secé => pt ney > r=-—-secé. 
e€ e€ 


€ cos Y 


So the directrixes of the two conics are the same. 


Example 3.16.35 Prove that three normals can be drawn to a parabola 
l 

from a given point. If the normals at 61, 62, 63 on the parabola an 1+ cosé 

meet in the point (p,@), prove that 01 + 02 + 63 = 2¢. 


Solution: The equation of the normal at 6 = a to the given parabola is 


i> 
= an a sin(@ — a) (3.56) 
r1+cosa 


l 
This can be written as -—tan sae 2 sin (0 _ =) cos = 
r 2 2 2 


If it is passes through (p, @) then 


l 
5 tans = 2sin (o- = cos 5 =2 (sin ¢ cos 5 — cos sin 5 cos =) : 


Multiplying both sides by sec? a) we get 


l 
— tan = ( + tan? =) =2 (sing — cos @tan 7) 
po 8 2 2 
or, Itan? 5 + (1 + 2pcos @) tan 5 — 2psing =0 (3.57) 


a 
Let us now put tan ae t, then equation (3.57) becomes 


It? + (1+ 2pcos ¢)t — 2psind = 0 (3.58) 


which is a cubic equation in t, having three roots. Corresponding to each of 
these three roots we get a normal passing through the point (p, ¢), showing 
that in general three normals can be drawn to a parabola through a given 
point. 
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; 6 
Now if t), ta, t3 be the roots of the equation (3.58), i.e., ¢; = tan a to = 


0 0 
tan S and tz = tan oo then we get 


i+2 208i 
aS aie as os apne and fitats = “PERE 


6; + 82 + 63 ty + to + t3 — tytoat3 
and then tan { ——————— = 
2 1 (tats + t3ty 4 tyt2) 
—2psind 
l 
= = tan @. 
2 w) 
te (1 4 cones ) 
1 + 2 + 63 


5 =nz+, where n is an integer. 


Putting n = 0 we get 6, + 02 + 03 = 2¢. 


Example 3.16.36 Show that, if the normals at the points whose vectorial 
l 

angles are 61, 02, 03, 04 on the conic — = 1+ ecos@ meet in the point (p, ¢) 
r 

then 0; + 02 + 63 + 04 — 26 = (2n + 1)r. 


Solution: The normal at a is 


i l 
ee .— =esind+sin(™— a). 
l1+ecosa r 


If it passes through (p, ¢), then 
esina 


————.- = esingd+sin(d—a 
1+ecosa p p (p ) 


= esing+singcosa—cos@sina. 


a 
Putting t for tan 5 we get 


ee Le _ ere 
esing 4 sin 7p OCT yee : 
a 2et l 
(i+ +0-oP * p 
2tan 5 2t 1 tan? $ a9 
ae 1+ tan? $ ~ 142 Oa 1+ tan? ¢ ~ 142 


or, pf{esind(1 +t?) +sin d(1 — t?) — cos M2t}{(1 +e) 
Hi =e)? )}=Belt1 +P) 
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or, p(1—e)*sing t* + 2[el + (1 — e)pcos dt? + 2[el + (1 + e)pcos gt 
—p(1 +e?) sing = 0. 


2lel + p(1 — e)? cos d] 


If t1,t2,t3,t4 be the four roots, then Sot = 


p(l—e)snd @ 
2[el + p(1 + €) cos 6] (1+e)? 
tit2 = 0 tytgt3 = tytgt3t, = — 2 
DY tite = 0, So titets Mien ee (Ie? 
1 Yo ti — do titets 
tan =(0; + 02 + 03 + 64) = 
on Las ee 4) 1— Yo tite + titetsts 
2[el+p(1—e) cos ¢] Es 2[el+-p(1+e) cos ¢] 1 
p(1—e)2 sin d p(li—e)?sing  __ psin ¢(1—e)? . 2e.2p cos b 
1—-—0- ae aaa (ley = (ire)? 
4 
eos? =-—cot¢@= tan |e + (Qn +15 ; 
—Aepsin@ 2 
0, + 62 + 03 + 8 
Hence, = = aus 4 = $+ (2n+1)5 


=> 0, + 62 + 63 + 04 — 26 = (2n + 1)z. 


Example 3.16.37 Show that the equation of the circle which passes through 


2a , 
the focus of the parabola — = 1+ cos@ and touches it at the point 0 = a is 
rr 
given by 
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At the point 6 = a, the parabola and the circle have the common tangent 
and hence the common normal. 
The normal to the parabola 
2 2a sin a 
Seti asSen = sin(?— a) +siné. 
if (1+ cosa)r 
It is also the normal to the circle at 9 = a@ and hence passes through its 
centre (d, 3) 


2asin a 


= si — 3.59 
(1 + cos a)d Sl aa 08) 
At the common point 6 = a both the radius vectors are the same. 


2a 


ica 2d cos(a — (3) (3.60) 
From (3.59) and (3.60) we get 


2a sin a a 


sin(G — a) + sin B 7 cos(a — f)” 


d(1 + cosa) = 


The last two gives 


2asinacos(a — 6) = a{sin(G — a) + sin B} 


or, sin(2a — 8)+sin 6 = sin(8 — a) +sin6 
or, sin(2a—8)=sin(G—a) => 2a-B=B8B-a => p=. 


Therefore from (3.60), 


2a 2a a 


(1 + cosa) cos (a — 3%) ~— 2cos? $ cos $ cos? $ 


24= 


Hence the required circle is 
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3.17 Exercises 


Section A: Objective Type Questions 


1. Write down the polar equation of a straight line perpendicular to the 
initial line and at a distance of 5 units form the pole. 

2. Write down the polar equation of the circle of radius 5 units with 
centre on the initial line at a distance of 5 units from the pole on the positive 
side. 

3. Write down the equation of a parabola y? = 8x in polar form, if the 
pole is at the vertex. 

4. Find the polar equation of the straight line parallel to the initial line 
and at a distance of 2 units form the pole. 

5. Find the polar coordinates of the point whose Cartesian coordinates 
are (—2,0). 

6. Show that the distance between the points (1, =) and (3. -=) is 


V7 units, 


7. Write down the polar equation of the circle of radius 2 units with 
centre on the initial line at a distance of 2 units from the pole on the positive 
side. 


8 
8. Show that the nature of the conic — = 4 — 5cos@ is a hyperbola. 
‘a 


6 
9. Show that the length of the latus rectum of the conic — = 4 — 3cos@ 
r 
is 3 units. 


10. Find the polar coordinates of the point whose Cartesian coordinates 
are (—1,-1). 
11. Write down the polar equation of the straight line x = 0. 


14 
12. Find the points on the conic — = 3 — 8cos@ whose radius vector is 
r 
6 


1—cosé 
14. Find the polar coordinates of the point symmetric to the point 


P (2, *) with respect to the pole. 


13. Find the point with smallest radius vector of the conic r = 


15. Find the polar equation of the straight line which passes through 
the pole and makes an angle of 45° with the polar axis. 


16. On the parabola r = ————.,, find the point with smallest radius 
3(1 — cos @) 


vector. 
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17. What is the polar equation of a circle when the pole is at the centre 
of the circle. 

18. Find the equation of the conic with focus as the pole, eccentricity is 
2, and directrix is rcos8 +5 = 0. 


l 
(Hints: Let the equation of the conic be — = 1 — 2cos@. The directrix 
r 


10 
is 5 = —rcos@ > — = —2cos@ == 10. Thus the required equation of the 
r 


10 
conic is — = —2cos@.| 
e 
21 
19. On the ellipse r = 5 9c008’ find the point with the greatest radius 
— 2cos 
vector. P 
20. Find the eccentricity and vertex of r = ——¥—.. 
1—cosé 


Section B: Broad Answer Type Questions 


1. Convert the following equations with their equivalent Cartesian form: 


(2) f= 2 cost (it) r = 4tan@sec 0 


(iit) rsin@ = rcos@+4 (iv) r = cosec 6 e" 9, 


2. Convert the following equations into their equivalent polar equations: 
(i) 2x? + 3y? =6 (ii) y = 10 (iit) (x? + y*)? = ax’. 


3. Find the distance between the points whose polar coordinates are 
(2, 40°) and (4, 100°). 
4. Find the polar equation of a straight line joining the two points 
(4, | and (2,7). 
5. Show that the polar equation of the straight line passing through the 
sin(6; — 62)  sin(@—62) — sin(O — 4;) 


points (71,61) and (rg, 62) is = t 
r TL i) 


6. The vectorial angle of a point P on the straight line joining the points 
1 
(r1, 01) and (re, 42) is 5 (1 +62). Find the radius vector OP. 


7. Find the condition that the points (171,61), (r2,02) and (r3, 3) may 
be collinear. 
8 Show that the condition for concurrence of the lines rcos(@ — a) = 
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a, rcos(@ — 8) = b and rcos(6 — y) = cis 


cosa sina a 
cosB sinG 6b | =O0. 
cosy siny Cc 


9. Find the polar equation of the straight lines bisecting the angles 
between the straight line 0 = - and 0 = = 

10. Show that the polar equations of the bisectors of the angles between 

1 1 

the lines 9 = a and 0= 6 are 9 = 3 (+ B) and = 5 +5(a+8). 

11. Show that the lines r = cos(@ — a) = p and r = cos(@ — 8) = p 

1 

12. Show that the perpendicular distance of the point (71,01) from 

r = cos(@ — a) = p is r; cos(O, — a) — p. 


1 
intersect at (o sec 5 (0 — B) 


13. Show that the straight lines r cos(9—a) = p and r cos(0—a@) = p’! are 
parallel and the lines r sin(@—a@) = p’ and r cos(9— a) = p are perpendicular 
to each other. 

14. Find the equations of the circles under the following conditions: 


(t) Centre (4,0), radius 4 (ii) Centre (5. =). radius 2 
(iii) Centre (4,60°) and passes through (7, 45°) 
(tv) Centre on the line 0 = x passing through (0,0) and (5. =) 


2 
(v) Extremities of the diameter are (2 =) and (-2, 5) : 


15. Show that each of the following equations represents circle. Also 
find its radius: 
(i) r?-—2rsind—-3=—0 (ii) r=3sin0 +3V3cos0 
(iii) r?—2(2cos6+3sin@)r — 12 =0. 


16. Find the polar coordinates of the centre of each of the following 
circles: 


(i) r=3sin@+4cosé (it) r= 8cosé 
(iti) r(r—4cos0) =5. 


17. Show that the polar equation of a parabola may be written in the 
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7 
form y/r sin as /a, where 4a is the length of the latus rectum. 


18. Determine the nature of the following conics: 


1 
(i) = =244cosd (zi) “= V5 — 2058 (zi) = =3-3cosd 
8 1 
; ie eh ee 
(iv) : 5cosO (v) r 1a 5esd 


19. Find the point/points of the following conics with the following 
conditions: 


15 

(i) —=1-—4cos@, whose radius vector is 5 
r 

ee 20 co 

(ii) —=1-+2cos@ whose vectorial angle is 3 
r 
14 

(iit) — =3-— 8cos6, whose radius vector is 2 
r 
l 

(iv) -— =1-—cos@ which has the smallest radius vector 
r 


(v) r(1—cos6@) = 6 having the least radius vector. 


20. Find the equation of the conics with focus at the pole and having 
given the following: 


(i) Eccentricity e = 1, semi latus rectums = / = 4 


(ii) Eccentricity e = 1, directrix r = cos C — *) = 2/2. 


(Hints: If rcos@ = —p be the directrix, the conic is r = a 
1—ecosé 
a2? 
21. Find the polar equation of the ellipse 36 + 0 1, if the pole is at 


its right hand focus and the positive direction of the x-axis is considered as 


the polar axis. 
2 2 


22. Find the equation of 7 —¥% —1 in the polar form with the left 


9 
hand focus as the pole and the positive direction of the x-axis is taken as 
the polar axis. 
23. Show that the polar equation of a parabola may be written in the 


0 
form yr cos = /a, whose 4a is the length of the latus rectum. 


2 2 
24. Find the polar equation of left branch of the hyperbola 7" — a =1, 
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if the pole is at the right hand focus and the positive direction of the x-axis 
is taken as the polar axis. 
b2 


25. For the ellipse r? = arror. 


is the vectorial angle correspond- 
b4 
a2(a2e2 — b2)" 
26. For each of the following conics, find the polar coordinates of ver- 
tex/vertices and the length of the latus rectum. 


ing to the radius vector ae be 6, then show that tan? 6 = 


3 12 3 
(i) -—=4-—2cos0, (i) —=2-—2cos6, (tit) -=1+4+2cos8, 
r r r 


21 
(iv) —=5+2cos0. 
r 


27. For the conics of the foregoing Example 26, find the equations of 
the directrix corresponding to their foci/focus. 

28. Prove that the polar equation of the locus of the foot of the perpen- 
dicular form the pole on a line which always passes through a given point 


(d, 8) is r = dcos(6 — 8). 
1 
29. The latus rectum of a conic is 6 and its eccentricity is 3° Find the 


length of the focal chord inclined at an angle of 45° with the major axis. 


12 
30. Find the polar equation of the directrixes of the conic — = 2 — cos @. 


; 
l 1 1+e? 
[Hints: Two directions are r = ——sec@ and r = — x = 5 
e€ r l-e 


3.14] 
31. In a conic, prove the followings: 


sec 6, See § 


(i) the semi-latus rectum of a conic is a harmonic mean between the 
segments of any focal chord. 

or, the sum of the reciprocals of the segments of a focal chord is a 
constant. 

(ii) the sum of the reciprocals of two perpendicular focal chords is con- 
stant. 

(iit) the locus of the middle points of the system of focal chords is a 
similar conic. 

32. If PSP’ and QSQ’ be two perpendicular focal chords of a conic, 
then prove that 


1 1 
SP.SP’ ° SQ.SQ' 


= constant. 


(i) 


= tant d (4%) —— + — 
constant and (7i) PP’ * QQ’ 
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33. If PSP’ and PS'R be two chords of an ellipse through the foci S' 

and $’, then prove that oF - oe 

. SQ S'R 

34. A chord PQ of a conic with eccentricity e and semi-latus rectum | 
subtends a right angle at a focus S. Show that 


de Og to: yee 
SP 1 SO: ape 


35. A parabola and an ellipse have a common focus S$ and they intersect 
in two real points P and Q of which P is the vertex of the parabola. If e 
be the eccentricity of the ellipse and a, the angle which SP makes with the 
major axis of the ellipse, prove that 


is independent of the position of P. 


SQ _ 4. Ae? sin? a 
SP (1—ecosa)2’ 


36. Show that the triangle formed by the pole and the points of inter- 
section of the circle r = 4cos@ with the line rcos@ = 3 is an equilateral 
triangle. 

37. A circle of given diameter d passes through the focus of a given 
conic and cuts in four points whose distances form the focus are rj, ro, 3 
and r4. Prove that 


Eee. “ale oe Vides ciple #29 d?|? 


(i) eee Seen i Eero i and (ii) rirar3r4 = a 


where / is the semi-latus rectum and e is the eccentricity of the conic. 
38. If d is the diameter of the circle passing through the pole and the 
points (71,61) and (r2, 62), show that 


d’ sin? (0, — 62) =r? +73 — 2rir2cos(O1 — 62). 


39. Show that the locus of the equation r? — ar cos 26sec @ — 2a? = 0 
consists of a straight line and a circle. 

(Hints: The equation is (r — 2acos0)(rcos@ + a) = 0. Here r = 2acos@ 
is a circle and rcos@ + a = 0 is a straight line.| 

40. Show that the locus of the middle points of a family of focal chords 
of a parabola is again a parabola. 

41. Show that the locus of the middle points of a family of focal chords 
of an ellipse is again an ellipse. 

42. Show that the locus of the middle points of a family of focal chords 
of a hyperbola is again a hyperbola. 
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Section C’: Problems on Tangents and Normals 


l 
1. Find the equation of the chord of the conic — = 1+ ecos@, joining 


two points whose vectorial angles are (a — 3) and Ge p). 

Hence deduce the equation of the tangent to the conic at the point whose 
vectorial angle is a. 

[Hints: § 3.9 and Note 3.9.1 & § 3.10 and Note 3.10.1] 


2. Find the equation of the chord of the conic u = 1 —ecos@ joining 
two points whose vectorial angles are a and 8. ‘ 

Hence find the equation of the tangent to the conic at the point whose 
vectorial angle is a. 

(Hints: § 3.9 & § 3.10] 

3. Find the polar equation of the chord joining the points on the circle 
r = 2dcos0, whose vectorial angles are 6; and 62 and deduce the equation 
of the tangent at the point 01. 

[Hints: See Worked Out Example 3.16.11] 

4. Find the polar equation of the straight line joining two points on the 


2 
parabola “* = 14 cos6 with (a — B) and (a + £) as their vectorial angles. 
it 


Hints: See Worked Out Example 3.16.11] 

Hence show that the equation of tangent to the parabola at a is r = 
asec(@ — a) 

Hints: See Worked Out Example 3.16.11 2nd Part.| 

5. Find the polar equation of the circle through the point (c,0°) and 
(4c, 0°) and touches the line 6 = a. 

Hints: Take the equation of the circle in general form and use the 
conditions. 


6. Find the polar equation of the normal to the conic u = 1—ecos@ at 
the point 0 = a. c 

[Hints: § 3.11] 

7. Show that the polar equation of the chord of contact of the tangents 


l 
to the conic — = 1 — ecos@ form the point (71,4) is given by 
r 


l 
(; + ecos a) (= + ecos a) = cos(@ — 01). 
r TL 
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l 
8. If the straight line r cos(@— a) = p touches the parabola — = 1 + cos 8, 
r 
1 
show that p = 5! sec a. 


l 
9. P,Q, R are points on the parabola — = 1 + cos with vectorial angles 
r 


a, 2, y respectively. Show that the equation of the circum-circle of the 
triangle formed by the tangents at P,Q, R to the parabola is 


ae 


2reos $ eos 5 cos 3 = teos (0 5 


2 
10. (a) Find the point of intersection of the two tangents at a and 6 to 


l 
the conic - = 1+ ecos@. 
r 


(b) If the tangents at P and Q of a conic meet at a point T and S' be 
the focus of the conic, then prove that 

(i) ST? = SP.SQ, if the conic is a parabola. 

(iz) if the conic is a central conic and 6 its semi-minor axis then 


1 1 11 oe ¥ PSO 


— sin 


SPSQ ST? 6 2 
[Hints: See Worked Out Example 3.16.30] 


I l 
11. Show that the conics ~ = 1 —e;cos@ and 2 =1—e) cos(@ — a) 
r r 


will touch one another if 1?(1 — e3) + 13(1 — e?) = 2lyle(1 — e1e2 cosa). 


12. Show that the equation to the circle which passes through the focus 


l : 
of the curve — = 1 — ecos@ and touches it at the point 0 = a is 
r 
r(1 — ecosa)? = 1cos(@ — a) — el cos(6 — 2a). 
l 
13. Show that the equation of the tangent to the conic — = 1+ ecos@ 
r 
parallel to the tangent at 0 = a is given by 


l(e? + 2e cosa + 1) = r(e? — 1)[cos(9 — a) + e cos 6]. 


l 
14. Find the condition that the straight line - = Acos@+ Bsin@ may 
r 


l 
be a tangent to the conic - = 1+ ecos(@ — a). 
r 


29 


15. If the normals at three points of the parabola r = a cosec 5 whose 
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vectorial angles are a, 6, y meet in a point whose vectorial angle is ¢, prove 
that 26=a+6+y-T. 


l 
16. If the normals at the points a, 8, y, 6 on the conic - = 1+ ecos8, 
. 
meet at (p,¢), prove that a+ 8+7+06 — 2m = an odd multiple of 7 and 


a a ay a 1+e\? 
: : . = 0. 
vans teu tall; tan = + (=) 


17. The normal at the extremity ¢ =) of the latus rectum of the conic 


: = 1—ecos0@ meets the curve at the other point P. Show that the distance 
1+ 3e? + e# 
18. If a focal chord of an ellipse makes an angle a with the axis, the 
_; 2esiné 
1—e¢" 
OR, PSP’ is a focal chord of the conic. Prove that the angle between 
_; 2esin@ 


of P from the pole is 


angle between the tangents at its extremities is tan 


the tangents at P and P’ is tan 


or where qa is the angle between the 
—e 


chord and the major axis. 
f : ; 
19. P, Q are two points on the conic — = 1 — ecos@, having vectorial 
"P 


angles a— 8, a+. Find the locus of the foot of perpendicular from the 
pole on the line PQ. 

20. (a) If S is the focus and P, Q are two points on a conic such that 
the angle ZPSQ is constant and equal to 6, prove that the locus of the 
intersection of the tangents at P and Q is a conic whose focus is S. 

(b) Prove that the locus of the point of intersection of the tangents at 
the extremities of perpendicular focal radii of a conic is another conic having 
the same focus. 


[Hints: (a) Locus will be 


the same focus S. 


2b 
(b) Put 6 = and get the locus as ae = 1 — V2ecos@ which has the 


same focus. ] 


6 
Isec 5 


6 
= 1-esec 5 cos@. It is a conic with 


l 
21. Show that the auxiliary circle of the conic — = 1 — ecos@ is 
r 


r?(e? — 1) + 2lercosé +1? =0. 
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(Hints: It is the locus of the foot of the perpendicular from the pole on 
a variable tangent of the conic.| 


22. PQ is a variable chord of the conic —- = 1 — ecos6@, subtending a 
r 
constant angle 26 at the focus S, where S' is the pole, show that the locus 
of the foot of the perpendicular from S on PQ is the curve 


r?(e? — sec? B) + 2ler cos +1? = 0. 


l 
OR, P, Q are points on the conic — = 1 — ecos@ with a— 8, a+ 6 as 
r 


vectorial angle. Show that the locus of the foot of perpendicular form the 
pole on the line PQ is 


r?(e? — sec? B) + 2ler cos6 +1? = 0. 
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ANSWERS 


Section A: 1. rcos@ = 5; 2. r = 10cos6; 3. r = 8 cosec Ocotd; 4. 
(sd. = 9 5x (2,0°); Ts FSA cos 10... 6/9, 4)s D1 O = Fs 12, (2,428), 
13.. (8,7); 14. (2,54); 15. @ = 4; 16. (4,3); 17. r =a, where a is the 
radius; 18. ut = 1—2cos@; 19. (4, 5); 20: = 1, 13.7); 


Section B: 1. (i) (z — 1)? + y? = 1; (ii) 2? = 4y; (iii) y = x + 4; (iv) 
y =e"; 2. (i) r7(24+ sin? 6) = 6; (ii) r = 10 cosec 0; (iii) r = /acos9; 3. 
2\/3 units; 4. r(2sin@ — cos@) = 2; 6. Bra cos $(01 — 2); 7. sin(Ge— Os) ~ 
sm@s—A) + anim) _ 9; 8. 9 = 2, 0 = 3f, 14. (i) r = 80086; (ii) 
is ?—10r eos 3 (0 — ¥)+21=0; at) r Rate (0. — %)—49+14(/2+ v6) = 0; 
(iv). 7= om cos (6 — 3); (v) r?+2rcos6—2 = 0; 15.(i) 2; (ii) 3; (iii) 5; 16. 
(i) (3,tan~! $); (ii) (4,0°); (iii) (2,0°); 18. (i) Hyperbola; (ii) Ellipse; 
(iii) Pieuole (iv) Hyperbola; (v) Hyperbola; 19. (i) (5, 2n) , (5, at): (ii) 


(3, 3); (ii) (2, 3) +0 at): (iv) (5,7), (v) (3,7); 20. (i) 4 = 14 c0898; 


at 9 _ : 
(ii) r= En Fe) 21. = Sg ao coed. 22. pS 4+ 5cos@; 24. 
= = eae 3 COS 0); 26. (i) An ellipse, vertices (5 ,m) and (3, 0°), latus 
rectum = 3; (ii) A parabola, vertex (3, 7), latus rectum = 12; (iii) A branch 


of a yeeros, vertex (1,3), latus rectum = 6; (iv) An ellipse, vertices 
(3,0°) and (7,7), latus rectum = 2; 27. (i) r = —3sec 0; (ii) r = —6 sec 0; 
(iii) r = 3sec0; (iv) r = secd; 29. iE units; 30. r = —12sec@ and 
r = 20sec 0. 


Section C: 1. Equation of the chord: t = sec 8 cos(0 — a) + ecos8, 
Equation of the tangent: 4 = cos(@— a) +e cos; 2. Equation of the chord: 
! = sec 8 cos(—a)—e cos 0, Equation of the tangent: 4 = cos(@—a)—e cos 0; 
3. Equation of the chord: r cos(@—6) —@2) = 2d cos 0; cos 62, Equation of the 
tangent: rcos(@ — 20,) = 2d cos? 61; 5. r? — 2ercosé + rsin 6 (2oeeete) + 
de? = 0; 6. aa = sin(@ — a) — esin@; 10. (a) If the point of 
mivemeoeiion of the tangents be (7, 01) then 0, = $(a +) ane t = cos $(8— 

a) +ecos5(8+a); 14. A? + B? — 2e(Acosy Bay +e7-1= 0: 19. 


r?(e* — ee B) + 2ler cos6 +1? =0. 


Chapter 4 


Pair of Straight Lines 


4.1 General Equations 


Let lx + my +n =0 and I'x + m'y +n’ = 0 represent two straight lines. 
Then their product equation, given by (la + my +n)(I/x +m'y +n’) =0 
represents the pair, for any value of x and y which satisfy one or other of 
the first two equations will satisfy this equation. 

Now if the above product is done, the form of the equation becomes 


Ua? + (lm! + m)a2y+mm'y? + (In! +U'n)at (mn! +m'n)yt+nn' =0 (4.1) 


This can be expressed in the following form: 


ax? + 2hay + by? + 2gx +2fy+c=0 (4.2) 
where 
W26 mm! = b nn’ =c¢ (4.3) 
Im’ +I'm=2h In'+ln=2g mn'+m'n=2f 


The equation (4.2) is known as the general equation of second degree in 
the two variables x and y, as it contains second degree, first degree terms of 
x and y as well as the constant terms (discussed in Chapter 2). From the 
above discussions, it is clear that if equation (4.2) is to represent a pair of 
straight lines, it must be possible to express its L.H.S. as a product of two 
linear factors of the form (la + my + n)(Il/a + m'y +n’) and consequently 
the corresponding coefficients a, b, c, f, g and h must satisfy the relations 
obtained as in (4.3). If there exists no such relation between the coefficients, 
then the equation (4.2) does not represent a pair of straight lines. 
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Corollary 4.1.1 Homogeneous Equation 


If the above two lines pass through the origin, remaining parallel to the 
lines lx +my+n=0 and l'x+m'y+n' =0, then we haven =n! =0 and 
correspondingly we get f = g =c=0 and the equation (4.2) becomes 


ax* + 2hay + by? =0 (4.4) 


This equation contains only the second degree terms in x and y. It is 
evident that (4.4) represents a pair of straight lines through the origin parallel 
to the pair represented by (4.2). Also since (4.4) is a homogeneous second 
degree equation in two variables x and y, so, we can say that the equation of 
a pair of straight lines passing through the origin must be a homogeneous 
second degree equation in x and y. 


Note 4.1.1 It is to be noted that equation of any pair of straight lines is a 
general equation of second degree, but any general equation of second degree 
may not represent a pair of straight lines. 


Illustration 4.1.1 Let x+y+1 = 0 and 2x—3y+5 = 0 be the two straight 
lines. Then their combined equation is given by 


(a+ y+1)(2x — 3y4+5) = 0 > 22? — zy — 38y? 4+ 7x + 2y +5 =0. 


Now we consider a general equation of second degree, given by 


16a? — 24ry + Oy” — 104a — 172y — 44 = 0, 


the left hand side of which can not be factorised into two linear factors and 
so this equation, although, is a second degree equation, does not represent 
a pair of straight lines. 


Remark: From the above discussion the following conclusion can be drawn. 
The general equation of second degree 


fan ax? + 2hry + by? + 2gx +2fy+c=0 


will represent a pair of straight lines if and only if the left hand side expres- 
sion be facrorised into two linear factors. 


Illustration 4.1.2 Let us consider the equation 


f(a,y) = 2? —5ay+4y? +24 2y-2=0 (4.5) 
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To know whether the equation (4.5) represents a pair of straight lines or 
not, we try to factorise it into two linear factors. For this we have 


x” — Bay + 4y” = (a — 4y)(a — y). 
Let 2? —5ay + 4y? +4 + 2y —2 = (x — 4y+m1)(x — y + no) 


= 7” — Bay + 4y’ 4 (na + ng)x — (ny + 4n2)y + nine. 


Comparing coefficients, ny + ng = 1, ny + 4ng = —2 and nyn2g = —2. 
From the first two equation we get ny = 2, n2 = —1 which satisfy the 
third relation nynzg = —2. Hence 


a? — 5ay + 4y? +04 2y—2= (4 — 4y42)(x-—y—1). 


Hence the equation (4.5) represents a pair of straight lines. 


4.2 To Find a Necessary Condition that the Gen- 
eral Equation of Second Degree Should Rep- 
resent a Pair of Straight Lines 


First Method 


Let the general equation of second degree be given by 
ax” + 2hay + by” + 2gx + 2fy+c=0 (4.6) 
Treating the equation (4.6) as a quadratic in x, we get 


ax? + (hy + g)x + (by? + 2fy +c) =0 
_ —2(hy +g) + V/A(hy + g)? — 4a(by? + 2fy +) 


2a 
_ (hy +9) = V(hy + 9)? — aby? + 2fy +0) 
a 
or, aw +hy+g=+v/(hy + g)? — alby? + 2fy +c) (4.7) 


Now equation (4.6) will represent a pair of straight lines, if its L.H.S. be 
factorised into two linear factors for which the expression under the radical 
sign of (4.7) must be a perfect square, i.e., if 


(hy +g)” — a(by? + 2fy +c) = (h? — ab)y? + 2(gh —af)y? + 9? — ac 


is a perfect square. 
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For this its discriminant = 0 


ie., 4(gh— af)? — 4(h? — ab)(g? — ac) =0 


or, (gh—af)? — (h? — ab)(g? — ac) = 0 

or, g?*h? —2afgh+a’f? — h?g? + h2ac + g’ab — abc = 0 

or, —2afgh+a*f? — h?ac+ g2ab— abc = 0 

or, abc+2fgh— af? — bg? — ch? =0 (dividing by — a) 
which is the required necessary condition. 


Second Method 


Let us assume that the equation (4.6) represents a pair of intersecting 
straight lines, (a, 3) being their point of intersection. 

Shifting the origin to (a,(), ie., taking the translation formulae x = 
xr’ +a,y =y' +8, we get the transformed equation of (4.6) as 


a(x’ + a)? + 2h(a' +.a)(y’ + B) + bly’ + BY 
4+29(2' +a) + 2f(y +8)+ce=0 
= ax” +2ha'y’ + by? + 2(aa + hB + g)x' + 2(ha + bB + f)y' 
+aa? + 2haB + bB? + 2ga+2fB+c=0 (4.8) 


This is the equation referred to the new set of axes with respect to which the 
two lines represented by the equation pass through the new origin. Therefore 
its equation must be homogeneous in form and hence its linear terms and 
constant terms must vanish and we get 


aa+hB+g=0 (4.9) 
ha+bé+ f =0 (4.10) 
and aa’ + 2haB + 8% +2ga+2f8+c=0 
or, (aath8+g)a+(hat+b64+ f)B+(ga+fB+c)=0 
or ga+fhB+c=0 (4.11) 
[using the relations (4.9) and (4.10)] 


Now eliminating a and £ form (4.9), (4.10) and (4.11) we get 


ah g 
A=|h b f |=0 orabc+2fgh— af? —bg* — ch? =0 
g9 fc 


which is the required necessary condition. 
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Third Method 


Let the equation (4.6) represents a pair of straight lines and let the 
individual lines be lz + my +n = 0 and I/x + m'y +n’ = 0. So we get 


ax” + 2hay + by? + 2gr + 2fy+e=(lant+mytn)(lce+m'yt+n’). 
Equating coefficients we get 


=a mm! = b nn’ =c 
Im’ +Um=2h In’ +I'n=2g mn'4+m'n=2f. 


Now we consider the determinants 


1 l oO Uo m' vn 
m m O} and | Il m n 
n nO 0 0 O 


Since the value of each of these determinants is zero, the value of their 
product is also zero, i.e., we have 


i l Oo Uo m' vn 
mm O|x}|l m ns}=0 
n nO 0 0 O 
2ll' Im! + ml! In’ +I'n 
or, | ml’+m/l 2mm! mn'+m'n | =0 
nl +In’ mn’ +nm’ 2nn! 
2a 2h 2g ah g 
or, | 2h 2b 2f|}=0 => A=|h |b f |=0 
2g 2f 2c g f ¢ 


which is the necessary condition. 


Note 4.2.1 It can be shown that the above condition is not sufficient, 1.e., 
if the equation (4.6) satisfies the above condition A = 0, then it does not 
mean that it always represents a real pair of straight lines. To prove it let 
us consider the following Illustration 4.2.1. 


Illustration 4.2.1 Let us consider the equation 
f(x,y) = 41x? + 24ry + 34y? + 302 — 40y + 25 = 0 (4.12) 


Comparing the coefficients with the general equation of second degree 


ax” + 2hay + by? + 2gr +2fy+c=0 
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we geta=41, b= 34, c= 25, h=12, g = 15, f = —20. 


ah g 41 12 15 41 12 3 
A =|h b f |=} 12 34 -20}=5x)]12 34 —-4 
g f c 15 —20 25 15 -—20 5 
41 12 83 41 12 8 
=5x5x]12 34 -4/)/=25x2x} 6 17 —-2 
3-4 1 3-4 1 
41 56 3 
=50x] 6 21 —-2 [by Ch = C2 + C1 + C3). 
3 0 1 
41 8 3 
=50x7x| 6 3 —2 | =350 x [3(-16 — 9) + (123 — 48)] =0. 
3 0 1 


Again, 6 = ab — h? = 41 x 34 — 12? = 1394 — 144 = 1250 > 0 (& £0). 


So the conic is a central conic and its centre is given by 


hf—bg gh—-af\ — (—240—510 180+820\ / 34 
ab —h2’ ab—h?2 ) 1250 ” 1250 — 575 )° 


[vide § 2.1.3, Chapter 2, Centre of a conic] 


3 4 
We now shift the origin to the point (-3. i.e., we apply the trans- 


5 
lation 2 = 2’ — Bye yi + 5° The given equation then reduces to 
Ala’* + 24x'y! + 34y’2 +d =0, where d Zs a 0. 
; 6 1250 


Hence we get 
Ala’? + 242'y' + 34y’2 = 0 (4.13) 


To remove the term containing xy’ we rotate the coordinate axes through 
an angle 
2h 1 24 1 24 
6 = — tan! = — tan! = —tan~! 
fo Ie a eo. 
and let the equation (4.13) becomes AX?+ BY? = 0, where by the invariants 
of rotation, we have 


A+B=a+b=414+34=75 
AB = ab — h? = 1250. 
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or, A(75—A) = 1250 or, A? — 75A +1250 =0 
or, A? — 50A—25A + 1250=0 or, (A= 50)(B— 25) =0 
A = 50 or 25 and hence B = 25 or 50. 


We take A = 50, B = 25. Hence the equation is 
5OX? + O5Y? = Work Ye = 9 


and this is of the form 2x7? + y? = 0, which evidently does not represent a 
real pair of straight lines. Actually, this represents a point ellipse. Therefore 
A = Ois not a sufficient condition that the general equation of second degree 
in x and y given as (4.12) represents a pair of straight lines. However, we 
may state below the following necessary and sufficient conditions: 


Theorem 4.2.1 The necessary and sufficient conditions for the general 
equation of second degree in x and y, given by 


ax” + 2hay + by” + 2gx + 2fy+c=0 (4.14) 


should represent a pair of straight lines is that A = 0 and 6 <0, where A 
and 6 are given by 


h g 
b f | =abce+2fgh—af? —bg?—ch? and 6 = 
foc 


Proof: Condition Necessary: 
A = 0 has been proved earlier. 
Now 4(h? — ab) = (lm! +1'm)? — 4ll'mm! = (lm! — ml!) 
h?—ab>0 = ab—h’ <0. 
Therefore, we get, the necessary conditions as A = 0 and 6 < 0. 


Condition Sufficient: 


Let us suppose that the equation (4.14) is such that the condition A = 0 
and 6 < 0 are satisfied. 
We now consider the following system of equations 


ax +hy+g=0 
ha + by + f =0 (4.15) 
gxt+ fytc=0 
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In virtue of the condition A = 0, it follows that the above system has a 
solution. Let (21, y1) be such a solution. Then we get 


ax; +hyi+g=0 
ha, + by, + f =0 (4.16) 
grit fyi +c=0 


Now we apply the translation x = 2’+2 1, y = y’+y,. Then equation (4.14) 
is transformed into 

a(x! + 21)? + 2(a' + 21)(y! + yr) + Oy! + y1)* + 29(@’ + 21) 
+2f(y +y1)+ce=0 
or, aa” + 2ha'’y! + by + 2(axy + hy, + g)a’ + 2(ha, + by. + f)y’ 
tax? + 2hayy, + by? + 291 + 2fy: +c =0 
or, ax’? + 2ha'y! + by? + 20)a" + 2(0)y! + (ae, + hy +g) 
(hay + by + f)y + (921 + fyi +e) =0 
or, aa’? + 2ha'y' + by =0 — [ by (4.16) 


yf? y/ 
or, 2 + 2h +a=0 (4.17) 


Since 6 < 0, i.e., ab—h? <0 .. h?—ab> 0, so equation (4.17) represents a 
pair of real straight lines. Thus we get the required necessary and sufficient 
conditions for (4.14) to be a pair of straight lines are that 


ah g 
h b f =0 and ab—h? <Oie., A=0 and d <0. 
gfe 


Note 4.2.2 The equation (4.14) represents a pair of intersecting straight 
lines if and only if 6 < 0 and A = 0 and it represents a pair of parallel 
straight lines if and only if 6 =0 and A = 0. 


Note 4.2.3 The homogeneous equation of second degree in x and y, given 
by ax? + 2hay + by? = 0 represents a pair of straight lines through the origin 
if and only if ab — h? <0, i.e., 6 <0. 

The truth of the statement follows by taking f=g=h=0. 


Note 4.2.4 In the cited Illustration 4.2.1, we have seen that its 6 = 
ab — h? = 1250 > 0, A = 0 and it reduces finally to an equation of the form 
2a? + y? = 0, which geometrically represents a point-ellipse, but it can 
also be called a pair of imaginary lines. That is why, sometimes A = 0 
is considered as a necessary and sufficient condition for the equation 
(4.14) to be a pair of straight lines whatever be the value of 6 may be. 
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Point of Intersection 


Let us suppose that equation (4.14) represents a pair of real straight lines 
having equations 


la +my+n=0 
Ve+m'y+n' =0 } (4.18) 


Solving we get 
£ Yy 1 


mn-mn Un=-l’ Im! -lm 


Now by Note 4.2.2, 


Im! —Um = (lm! + Um)? = All’mm! = V/4h? — 4ab = 2h? — ab > 0. 


nim —m'n nl! — In! 
c= » Y 


Im! —I'm ~ Im —lm’ 


Now 4bg —4hf = 2mm’(In' +l'n) — (Im' +l'm)(mn' +m'n) 
= mm'ln! +mml’n— lnm? — U'n'm? 
= mn (Im! —I'm) —m'mi(Im' — I'm) 


= (lm! —I'm)(mn' — mn). 


nm’ —mn' — (nm!—mn')(Im’—I'm) _ 4(bg—hf) — hf — bg 


~ Im Um (Im! — Um)? ~ 4(h2 — ab) ab— 2" 
gh — af 

ab — h2° 

Thus the point of intersection of the pair of lines (4.18) is given by 


(a4 2 


Similarly we shall get y = 


ab — h2’ ab— h? 


Note 4.2.5 We note that the point of intersection of a pair of straight lines 
is the same as that the centre of a conic of (4.14) representing a central 
conic. [vide § 2.1.3 of Chapter 2] 


Note 4.2.6 We also note that the above point of intersection may also be 
obtained by solving the equations for a and 6, 


aa+thB+g=0 
ha+b6+f=0 
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from which we get 


Q B 1 _ hf —bg 


= = gh —af 
hf=00 oho ab=he °° ab-she" 


ab — h2 


B a 
and hence the point of intersection is 


Gar a 


ab — h2” ab — h? 


Note 4.2.7 6 = 0 implies that the lines are parallel. 


4.3. Angle Between a Pair of Lines 


Let lz + my+n=0 and I/x + m'y +n’ = 0 be the lines represented by the 
pair of lines 


ax” + 2hay + by? + 2gx+2fy+c=0 (4.19) 
Then we get 


=o mm’ =b nn’ =c 
Im’ +m=2h In'+I'n=2g mn'+m'n=2f. 


Let @ be the angles between these lines. Then we get 


lm! — I'm JV (lm! + Um)? — 4ll’mm! 


aloe Ul + mm’ —— ll’ + mm! 
=f se (2h)? az 4ab - +27 h2 = ab 
7 a+b a. = a 


Hence the angle between the pair of straight lines represented by (4.19) is 


given by 
+2V/ h2 —ab 
tan ¢ = ———____ 
a+b 
Note 4.3.1 Jt is evident that the angle between the pair of straight lines 


represented by the homogeneous equation ax? + 2hay + by? = 0 is the same. 


Note 4.3.2 The positive value of tang gives the acute angle between the 
pair of straight lines and the negative value will give the obtuse angle. 


Note 4.3.3 If ¢=0, then tan¢d = 0 and we get h? — ab = 0, i.e., 6 = 0 is 
the condition for parallelism of the lines. 
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Note 4.3.4 ¢ = 90°, tand = © => a+b =0 which is the condition of 
perpendicularity of the straight lines, 1.e., for perpendicularity of the two 
straight lines we must have 


Coefficient of x? + Coefficient of y? = 0. 


4.4 Equation of Bisectors of the Angle between a 
pair of straight lines 


A. For Homogeneous Equation ax? + 2hxy + by? = 0. 
Let us consider the pair of straight lines 

ax” + 2hay + by? =0 (4.20) 
Also let y = ma and y = m’zx be the lines represented by (4.20), then we 
get 


Qh 
y? + 5 ty + 5 = (y— mz)(y — m'z) 


2h 
from which we get m +m! = and mm! = ©. 


b 


The equations of the bisectors of the angles between the lines y—ma = 0 
and y — m’x = 0 are given by 


y—max ees 


V1+m? VI+ m2 


On squaring we get 


(y—ma)?*(1 +m) = (y—m'x)°(1 +m’) 
or, (y* — 2may + m?x?)(1 +m?) = (y? — 2m! ey + m™27)(1 +m?) 
or, (1+ m? —1—m?)y? — [2m(1 +m?) — 2m'(1 + m?)|zy 
+(m? — m’*)x* = 0 


2 


or, (m+m’)(m—m’)x? — [2(m—m!')(1 — mm’) zy — (m? — m')y? = 0 


or, (m+m’)x? — 2(1 —mm')zy — (m+ m’')y* = 0 


2h 5 a 2h 9 
or, re 2(1 s)ay+ sy =0 


vay? ay 


a ee 
which are the equations of the required bisectors of the angles between the 
lines. 


or, h(a? — y*)—(a—b)ay=0 or, 
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B. For General Equation ax? + 2hay + by? + 2gx +2fy+c=0. 


Let us consider the most general equation of second degree 


ax? + 2hay + by? + 2gx +2fy+c=0 (4.21) 


Let (a, 3) be the point of intersection between the pair of lines represented 
by equation (4.21). If we shift the origin to this point (a, 3), i.e., we apply 
the translation x = xz’ +a, y=y' + 6 then equation (4.21) reduces to 


ax!* + 2ha'y’ + by’? = 0 (4.22) 


Now the equations to the bisectors of the angles between the pair repre- 
sented by (4.22) are given by 


gi? — y? 7 ay! 


a—b h- 


So the equations to the bisectors of the pair of given lines, represented by 
equation (4.22) are given by 


(x — a)" — (y— 8)’ _ (e@-a)(y— 8) 


a—b h 


4.5 Equation of Two Lines Joining the Origin to 
the Points in Which a Line Meets a Conic 


We are to determine the equation to the pair of lines joining the origin to 
the points of intersection of loci represented by a second and a first degree 
equation in the two variables x and y. 

Let the equation of the conic, i.e., the second degree equation be 


ax” + 2hay + by” + 2gx+2fy+c=0 (4.23) 


and the first degree equation be 
la+my+n=0 (4.24) 


The required pair of lines will pass through the origin. So its joint 
equation must be a homogeneous second degree. Also, these lines would 
pass through the points of intersection of (4.23) and (4.24). Therefore the 
values of z and y must satisfy (4.23) and (4.24). So the required pair will 
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be obtained by making equation (4.23) homogeneous with the help of (4.24) 
by which we get 


la + my lx + my e 
ax? + 2hay + by? + (29x + 2fy) (-=+"") +e(-=4") =0 


|. by (4.24), carl) = 1 
This is the equation to the required lines. 

Corollary 4.5.1 A homogeneous equation of n-th degree of the form 
f(a,y) = yy? tApcy” 14 Age?y 24... +Apay™ 7 +.--+Ane” = 0 (4.25) 


represents n straight lines, real or imaginary, passing through the origin, 
provided that the L.H.S. of (4.25) can be factorized into n linear factors. 
For, it can be written as 


(2)" + Ay (yr + A» GQ bee A. (4)"" t-+-+An =0 (4.26) 


x 


which is an equation of n-th degree in aN So it has n single roots (°. L.H.S. 
x 


of (4.25) contains n linear factors). Let the roots be m ,m2,---Mn. Then 
the equation (4.26) will be written as 


(4 =m) (4-m) +: (2=m,) + (4-1) =0 (4.27) 


giving n straight lines y= m1x,y = Mo%,°-: ,y = Mynx. Hence the proposi- 
tion. 


4.6 Worked Out Examples 


Example 4.6.1 Show that the equation x? — 5ay + 4y? +2+2y—2=0 


represents a pair of straight lines and find the lines. 
5 1 
Solution: Herea = 1,b=4,c=—2,h ji ae = ht. 


- A = abc+2fgh— af? — bg? — ch? 


= jayeos 2.1.5 ( 4) 1.2 (3) ( 2). ( ai 


and 6 


lI 
= 
> 
| 
> 
i) 
lI 
= 
mw 
or 
on 
Ne 
iw) 
lI 
No) 
A 
(=) 
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Hence the given equation represents a pair of real and intersecting straight 
lines. 
The individual lines can be obtained by factorizing its L.H.S. we have 


a? —S5ayt+4y? = a? — dary —ay+4y? = 2(2 — 4y) — y(x — 4y) 
(x — 4y)(x — y). 


Let x? — 52y + 4y? +2+2y—2=(2—-4y+A)(x—y+p). 


Then comparing the coefficients, we get 


A+p=l (4.28) 
—\—4y,=2 (4.29) 
and Ay =—2 (4.30) 


Solving (4.28) and (4.29) we get \ = 2 and yp = —1, which also satisfy the 
equation (4.30). Hence the system of equations (4.28), (4.29) and (4.30) are 
consistent, showing that 


a? — day + 4y? +04 2y —2 = (4 — 4y42)(x—y—1). 


So the individual lines are given by « — 4y+2=0anda—y-—1=0. 


Example 4.6.2 Show that the equation to the pair of straight lines through 
the origin perpendicular to the pair of straight lines ax? + 2hay + by? = 0 is 
bx? — 2hay + ay? = 0. 


Solution: Let y — m x2 = 0 and y — max = 0 be the two lines represented 
by the equation ax? + 2hay + by? = 0, 
a 


MM: = — (4.31) 


ee 
my yams" Be b 


The equation of the lines perpendicular to these lines are m,y + x = 0 and 
mo2y +x = 0. Hence the equation to this pair is 


(my+2)(mgy+txr)=0 => mymygy? + (my + m2)xy + x? =0 


2h 
tm - = ty te =0 = ba? —2hxy + ay? =0. 


Example 4.6.3 Show that the equation 2x? + 3xy + y? = 0 represents a 
pair of straight lines. Find the angle between them. 
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3 


Solution: Here a = 2,b=1,c=0,h 


stds abc + 2f gh — af? — bg? — ch? 


3 B\? 
= 21.04 2.0.0.5 20 =1.07 0.( ) =0. 


Hence the equation represents a pair of straight lines. 

Otherwise, We have 227 + 3ry+y? =0 => (a+ y)(2x +y) = 0 which 
shows that the lines represented by 2x? + 3ry + y? = 0 are + y = 0 and 
27 +y=0. 

Second Part If @ be the angle between them, then we get 


tan@ 


a ae a eras 
.O0 = tan (+5 : 


Otherwise, If we consider the individual lines as x + y = 0 and 2x+y = 0, 
then the angle between them is given by 


1-2 1 
at => Od=tan!{+_). 
1+2 


my, — me 


tan@ = 


1+mym2 


Example 4.6.4 If one of the straight lines ayx?+2h,xy+b ,y? = 0 coincides 
with one of the straight lines agx? + 2hgxy + boy? = 0 and the remaining 
straight lines are at right angles, then show that 


f- a Po 
Pi ee ig ee Se 
G, n) 2(;, 2) 


Solution: Let y — mix = 0 and y — max = 0 be the two lines represented 
by the pair ax? + 2hiry + b1y? = 0. Then we get 


2h 
mi, +mM2 = a mim2 = By (4.32) 


Let one line of the pair agx? + 2hory + boy? = 0 coincides with y = m x and 
other line is perpendicular to y = max. So we have 


boy” + 2hoxy + ag2? = (y—m12x)(may+2) = may? + (1—mymg)ry — mix. 
Comparing and using the relations (4.32), 


m2 1l—mm2 My my, + m2 —2hy 


bo 2ho —ag bo — ag a by (b2 = a2) : 
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2azh4 
m= 4.33 
tls = on) (4.33) 
—2byh4 
and m2 = 4,34 
(be = ae) (4.34) 
Moai Ll—mymg = meg m 
ae 2he a bo a —ag 
= Tbr m2 om = by-a mn om 
: 2he bo —ag , 2hob1 bo —ag 
—ay(b1 — ay) 
= ee 4,35 
my Shab, (4.35) 
bo(b1 — a1) 
= 4. 
and = =mg Dhab, (4.36) 
From (4.33) and (4.36) we get 
2agh41 b2(b1 = a1) ay ‘ 
MyM: = x = using (4.32 
os by (be = az) 2hob1 by | 6 ( ) 
hiagba — hgayby hi(bi —a1) _ ha(bz — az) 
: = or, = : 
bo — ag by — ay by a4 bya 


1 1 1 1 
Hence hi | — — —} =ho| — —-— }. 
by ay bo ag 


Example 4.6.5 Show that the equation ax? +2hay+by?+2gr+2fy+c=0 
represents two parallel straight lines ifa:h=h:b=q:h. 


g? —ca 
a(a+b) 


Also show that in such case, the distance between them is 2 


Solution: Here A = 0 and 6 = 0, 
ie.,  abc+2fgh— af? — bg? — ch? =0 and ab—h? =0 
or, c(ab—h?) — (af? + bg? — 2fgh) =0 or, af? + bg? —2fgh =0 
(Vaf — vg)? =0 = Vaf—vig=0 => Vaf = vbg 


g Va vVab h a a 

f vb b bb Vab oh 

orn eet an ee eee 
So we get ak ae => a:h=h:b=g:h. 


Second Part: Let the pair of parallel straight lines represented by the given 
pair of equations be lz + my+n=0 and la + my +n! =0. So we get 


ax” + 2hay + by? + 2g + 2fy+e= (lx+my+n)(lc + my +n’). 
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Comparing coefficients we get 


2 2 Prrens 
“=a m*=b nn’ =c } (4.37) 


2m = 2h>Ilm=h U(n+n')=29g m(n+4+n’) = 2f 
Now ee 0) is a point on the line lx + my+n = 0. Then if we denote the 
required distance by d, then 


d = distance between the lines 


= distance from any point of any of the lines to the other 


= distance form the point (= 0) to the line la + my +n’ =0 


1(—4) +m.0 +n! n—n 


7 VE +m P+ 


J(n+n)? = 4nn! 
Viz + m2 


7 a ae 4g? —dac _, g? — ca 
= a+b Vi a(a+b)  “\ a(at+b) 


2 
Note 4.6.1 Jn the above calculation, we have taken n +n! = o But if we 


Af? —4be _ f2—be 
b(a+b) “Vi b(a +b) 


Example 4.6.6 Prove that the product of the perpendiculars from the point 


ai ( (22)2 — 4c 
je [using (4.37)| 


2 
taken +n! = =f then we get 


ax? + 2har yy, + by? 
(a—b)2 + 4h? © 


(21,41) on the straight lines ax? + 2hay + by? = 0 is 


Solution: Let y — m,x2 = 0 and y — max = 0 be the two lines represented 
by the given pair. Then we get 


2h a 
my +m, = pei MyM: = Fa (4.38) 
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— myx 
Perpendicular distances from the point (21, y1) to the lines are ease 
1+ my 
— M2x 
and | 21 —""2"1) | Therefore their product is given by 
1+m3 


yt — (my +ma)ery1 + mmx? 
Vi mg + md + (mm? 


(yi — ™121)(y1 — M221) 
Jl +m /1 +m 


vi = (m1 +ma)riy + mMiMgx4 
V1 + (mi + m2)? — 2mym2 + (Mym2)? 


2, 2h 2 
yt Fey + 521 


i+ 2842 


ax} + 2hary + by? 
Va? — 2ab + b? + 4h2 


ax? + 2hayy, + by? 
(a — b)? + 4h? 


Example 4.6.7 Test whether the equation x? +6ry+9y?+4r+12y—5 =0 
represents a pair of parallel straight lines. If so, find the distance between 
them. 


Solution: The equation of the given pair of lines is 


a? + 6xy + 9y? + 4a + 12y-—5 =0 


=> (¢+3y)?+4(2+3y)-—5=0 
=> («4+ 3y)? +5(¢ + 3y) — (4+ 3y) -—5=0 
=> (x+3y)(x+3y+5) — (a+ 3y4+5) =0 
=> (r+ 3y+5)(4+ 3y—-1) =0. 


Thus the lines represented by the given pair are given by x + 3y+5 = 0 and 
z+ 3y—1=0 from which it is evident that the lines are parallel. 

Now (—5, 0) is a point on the first line +3y+5 = 0. Therefore, distance 
between the lines = distance from the point (—5, 0) to the line x+3y+5 = 0. 


—5+3.0-—1 6 3 . 
~. Required distance = = = —V10 units. 
+ V1? 4+ 3? v10 5 


Example 4.6.8 Show that the lines joining the origin to the common points 
of ax? + 2hay + by? + 292 + 2fy+c=0 andlx+ my =1 will be at right 
angles if (a+ b)+2(fm-+ gl) + c(I? +m?) =0. 


Solution: To get the equation of the line joining the origin to the common 
points of 


ax” + 2hay + by” + 2gx+2fy+c=0 (4.39) 
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and the first degree equation 
le+my=1 (4.40) 


we are to make equation (4.39) homogeneous with the help of (4.40) by 
rewriting it as follows: 

ax* + Qhay + by? + (2Qga + 2fy) (la + my) + c(lx + my)? = 0 [§ 4.1.5] 

=> (a+2gl+cl?)x? +2(h+ fl+ gm+clm)axy 
+(b+ 2fm-+cm*)y? =0 (4.41) 

The lines (4.41) will be at right angles if the sum of the coefficients of x? 
and y” in (4.41) is zero. [vide § 4.1.3 Note 4.3.4] 

ie, if at2gl+cl?+b+2fm+cm? =0 

or, (a+b)+2(fm-+ gl) +c(l? +m?) =0. 


Example 4.6.9 If the straight lines joining the origin to the points of in- 
tersection of the curve 3a? — xy +3y? +22 —3y+4 =0 and the straight line 
22 + 3y+k=0 be at right angles, then show that 6k? + 5k +52 =0. 


Solution: Proceeding similarly as above Example 4.6.8 and making ho- 
mogeneous the second degree equation by the first degree equation we get 


Qe +3 Qe + 3y\? 
3x? — xy + By? + (Qr ay) (=) (#34) —0 


4 16\ , 48 9 36\ 4 
| 1 See ye 0 
s (s : a) ( a) e+ ( c+ iy 


[After simplification] 


These lines are perpendicular to each other if 
coefficient of x? + coefficient of y? = 0 


a. 4 4 16 9 36 
ie., if (s-l+e)+3+E+B] =0 


=> 6k? +5k+52=—0. 


Example 4.6.10 Show that the triangle formed by the straight lines ax? + 
Qhay + by? = 0 and lx + my = 1 is right angled, if 


(a + b)(al? + 2hlm + bm?) = 0. 
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Solution: Let y = m,x and y = m2x be the lines represented by the pair 
ax? + 2hxy + by? = 0. Then, we have 


mim: = ; (4.42) 


2h 

my + m2 = ain hae 

b 
l 

The third line is given by lx + my = 1. So its slope is (-=). The 


slopes of the first and second lines are m, and mz respectively. The triangle 
formed by these three lines will be a right angled if any two of the lines be 
perpendicular to each other. 

The first and second lines will be perpendicular if 


mim, =—1 i.e., ; == or, ¢+0=0 (4.43) 
The first and third will be perpendicular if 
my X (-=) =-1 ie. lm—m=0 (4.44) 
m 
and similarly second and third will be perpendicular if 
Img —m=0 (4.45) 


Combining the relations (4.43), (4.44) and (4.45) we get 


(a + b)(lm1 — m)(Imz — m) = 0 
or (a + b)[l?mymy — lm(m, + m2) + m7] = 0 


or (a+b) es im ( =| ne] =0 


or (a + b)(al? + 2hlm + bm?) = 0. 


Example 4.6.11 Show that the area of the triangle formed by the straight 
h? — ab 
am? — 2hlm + bl2° 


Solution: Let the given pair represents the two lines 


lines ax? + 2hay + by? = 0 and lx +my+n=0 is 


y—ma«z =0 (4.46) 
y— max = 0 (4.47) 


and the third line is 


le+my+n=0 (4.48) 
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Then we have 
2h 
my, +m = ae and mmo = ; (4.49) 


The coordinates of the vertices of the triangle formed by these lines (4.46), 
(4.47) and (4.48) are obtained by solving then by taking two at a time and 
these are obtained thus as 


0(0,0), A n min = n mon 
BR l+mm,’ l+tmm,/’ l+mm’ l+mmye/)~ 


Hence 


AOAB = 1 n mon n | mn 
2 l+mmy, l+mmo l+mmg l+mmy, 


a! n?,/(m1 + m2)? — 4mm 
~ 2/12 + (my + me)lm + m?mymy 


2 | (1 + mm ,)(l + mmg) 


h2 
1] B48 1 


2/2 +lm(—-24) 4+ m2e] 2 


= | n? (mz — m1) 


h2 — ab 
am2 — 2hilm + bl? 


Example 4.6.12 If ax? + 2hry + by? +297 +2fy+c=0 represents a pair 
of lines, the area of the triangle formed by their bisectors and the axis of x 
(a — b)2+4h2 ca — g? 

2h “ab — h?- 
Solution: Let (a, 3) be the point of intersection of the given pair of lines 
represented by the equation 


18 


ax? + 2hay + by? + 29x +2fy+c=0 (4.50) 


Then the point (a, 3) is obtained by solving any two of the equations 


aathbB+g=0 
ha+b6+f=0 
and gat+fSB+c=0. 
gh — af 
From first two we get 6 = aa and from the first and the last we get 
jo 
add 
B= eee So we get 


gh-af  ac—g? ac — g” 
2 2 4.51 
Pe Chesar abt ey) 


B? 
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Now the equation of the bisectors of equation (4.50) is 


(e—a)?-(y—B)? _ (w«—a)(y- 8) 
—: = 7 (4.52) 


Let the equation (4.52) meets the x-axis at the two points A(x1,0) and 
B(z2,0). Then AB = |x2 — |. 


Putting y = 0 in (4.52), we get 


(eae) a8 ee ae2) 


a—b h 
or, h(x— a)? —h§? +(x—a)(a—b)6 =0 
or, ha? — (2ha— af + bB)x + (a? — B7)h— (a— b)aB =0. 


The equation has two roots, say 71, £2. Then 


2ha —aG+ bb 
ty+22= 7 and 21272 = 


(a? - 6%) = (a= os 


So, AB= |x — L1| = J (a1 + x2)? — 47122 
7 (2 —~ aft Za 4(a? — 62)h — (a — b)aB |? 


h h 
= 7 [ano + a*6? + b? 6? — dahaB + 4bhaB — 2abB? — 4a7h? 

+487h2 + daaBh — 4baBh]? 
7 + a?6? + 626? — 2abB? + 487h?]2 


= Oa Dab + 4h? = (a — b)? + 4h? 


Hence the required area of the triangle is 


Lape (ate eae 
5AB.B = 5|a1 #2|.8 = 5.5 (a — b)* + 4h? x B 


F Mao ae = 4\/ (a—b ene ca—g 


“ab — h?- 


Example 4.6.13 If the pair of straight lines x? — 2pry — y? = 0 and x? — 
2Qqry — y? = 0 be such that each pair bisects the angles between the other 
pair, then prove that pq+1=0. 
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Solution: The equation of the bisectors of the angles between the pair of 
straight lines given by x? — 2pry — y? = 0 is given by 


3 
Pes any or, px’ + 2ary — py? =0 (4.53) 
k= (—1) - =p 
By the given condition (4.53) is same as 
x? — 2qey —y? =0 (4.54) 
; ; | ee ear Se _ 
Comparing coefficients we get a ae which gives pg +1=0. 
— qd — 


Example 4.6.14 Show that the straight lines 
(A? — 3B?)x? + 8ABay + (B? — 3A?)y? = 0 
form with the straight line Ax + By +C =0, an equilateral triangle of area 
C2 
Solution: The given pair of lines is 
(A? — 3B?)x? + 8ABzy + (B? — 3A)y? = 0 
or, {(A+V3B)2 + (B— V3A)y}{(A — V3B)a + (B+ V3A)y} = 0. 
So the equation of the three lines forming the triangle are given by 
(A+ V3B)a + (B-— V3A)y =0 ( 
(A — V3B)r+ (B+ V3A)y =0 ( 
and Ax+By+c=0 ( 
The coordinates of the vertex of the triangle obtained by (4.55) and (4.56 
are (0,0). 
The acute angle between (4.55) and (4.57) is given by 


tang — BIA + V3B) ~ A(B = v3A) _ V3(A? +B") og _ yay 
on’ A(A+ 3B) + B(B—V3A) 2+ BR 3 
g=7. 
3 


Similarly the acute angle made by (4.56) and (4.57) is given by 


eh x oA) BA) SEE) ae 
me A(A—V3B)+B(B+V3A) 42+ BR 8 83 
b= 5. 


So the third angle is given by a — - - - - 
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Hence the triangle is an equilat- 
eral triangle. 

Let p be the length of perpen- 

dicular from the vertex (0,0) of the 

Ax+By+C = 0 triangle on the side Ax+ By+C = 0. 
Then we get 


C 
= Ta 
So the length of a side of the 
T C 2 
3 JA? 4+ B? V3 
Hence the area of the triangle 
ath - 36 ee ee © 2 Co C? 
2JAr +B? V3 2JA2+B? V3 V+ BR? V3(A2 +B?) 
Example 4.6.15 If ax? + 2hay + by? + 297 + 2fy+c=0 represents two 
straight lines equidistant from origin, then show that 


Pag =p = a7). 
Solution: If la +my+n=0 and l/x + m'x +n’! = 0 be the straight lines 
represented by the given pair then we have 
=a mm! =b nw =c 
Im’ +m=2h In’ +I'n=2g mn'4+m'n=2f. 


(0,0) 


equilateral triangle = p cosec 


Since the lines are equidistant from the origin, then 
/ 


== = as — or, n2(U? +m) = n2(2 +m?) 
or, 2? — n!212 = m2n!? — mn? 
or, (nl! + n'1)(nl' — n’l) = (mn! + m'n) (mn! — m'n) 
or,  2g(nl’ — n'l) = 2f (mn! — m'n) (4.58) 


Now nl! — n!l = \/(nl! + n'D? — Anni’ = \/4g? — 4ac = 2\/g? — ac 
and mn! — m'n = \/(mn! + m’n)2 — 4nn'’mm! = V4 f?2 — 4bc = 2/ f? — be. 
So we get from (4.58) 


2g.2./ 92 — ac = 2f.2./ f? — bc 


or, 9(g? — ac) = f?(f? — be) 


or, f*—g*=—g?ac+ f2bc = c(bf? — ag’). 
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Example 4.6.16 If the equation ax? + 2hay + by? + 2gx+2fyt+ec=0 
represents a pair of straight lines, prove that the equation of the third pair 
of straight lines passing through the point where these meet the axes is 


ax? — 2hey + by? + 2gx +2fy+ect 8 ny = 0. 
Solution: The given pair of straight lines is 
ax? + 2hay + by? + 29x +2fy+c=0 (4.59) 
The equation of the axes is 
xy =0 (4.60) 


The equation of any curve through the intersection of (4.59) and (4.60) is 
ax? + 2hay + by? + 2g +2fy+c+Axy =0 (4.61) 


where X is a variable parameter. 
If the equation (4.61) represents a pair of straight line then its discrimi- 
nant = 0, ie., 


y) Be sis ee 
abe+2fg(h- 5 af* —bg* —c¢ hts =0 


2 
or, abe + 2f oh =af = ba" ch fg — On cor es 0 (4.62) 


But since (4.59) represents a pair of straight lines so 


abc + 2f gh — af? — bg? — ch? =0 


and hence (4.62) gives 


2 


fgh—chr—e~ = 0 or, fg-ch=e, =o 


A(fg—ch 

4 c 
Therefore putting this value of A in (4.61) we get the required equation of 
the third pair of straight lines as 


ax? + 2hey + by? + 2gx +2fy+et 


—ch 
Ag" c p20 


4fg 


c 


or, ax” — 2hey + by? + 2gx +2fyte+ ry = 0. 
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Example 4.6.17 If the equation ax? + 2hay + by? + 2gx+2fyt+ec=0 
represents two straight lines, prove that the square of the distance of their 
cla + b) — f? — 9? 


point of intersection from the origin is 5 
ab—h 


Solution: Let lx +my+n=0 and I's + m'x +n’ = 0 be the equations of 
the straight lines represented by the given pair then we have 


l’/=a mm =b nn’ =e 
Im’ +m=2h In’ +n=2g mn’'4+m'n=2f. 


Solving the equations of the lines 


le+my+n=0 
and I'x+m'y+n' =0. 


By cross multiplication, the point of intersection is obtained as 


x _ y _ 1 
mii-mn  nl'—nil Im! — ml! 
or = = z 
J (mn! + min)? —4mm!nn! (nl 4 nD)? — Anni’ 
_ 1 
J (lm! + ml’)? — 4ll’mm! 
x Yy 1 


or, = = ‘ 
2/f2—be 22 /g2-ca 20h? —ab 


2_ be 2_ ac 
So the point of intersection is given by ( f / a : 


h2 — ab’ V h? — ab 

Therefore the required square of the distance between the origin and the 
point of intersection = 

f?—be  g—ac_ f?+g?—ac—be_ c(fat+b)—f?-g* 

h2—ab  h2—ab h2 — ab 7 ab — h? 


Example 4.6.18 The distance of the point (h,k) from each of the two given 
straight lines through the origin is d. Show that the equation of the pair of 
straight lines is (xk — yh)? = d?(a? + y?). 


Solution: Let 


y—mxz =0 (4.63) 
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be the equation of any one of the two given lines through the origin. Then 
by the condition of the problem, we have 


| VT +m? — 1l+m? 


or, (k—mh)* = d?(1+ m7?) 
or, k*?—2mkh+m?h? = d? 4+ dm? 
or,  (d? — h?)m? + 2mkh + (d? — k”) =0 (4.64) 


This is a quadratic equation in m. Let m and mz be the roots of (4.64). 
Then 


ee 2kh 

m+tm. = —->—,> 

d? — h2 

; (4.65) 
d? — k? 
and mim. = ea he 
The equation of the required lines is then given by 
y? — (my + me)ry + mma? = 0 
2kh d? — k? 
or, y" = (--z3) “LY + aa =0 [Using (4.65)] 


or,  (d?—h?)y? + 2khay + (d? — k”)x? =0 
or,  d?(x* 4+ y*) — (a*k* + h2y* — 2khay) = 0 
or, d?(x* 4+ y*) — (ak — yh)? =0 
or, (rk —yh)* = d*(a2* +"). 

Example 4.6.19 Prove that two of the lines represented by the equation 


ax* + bay + cx*y? + dry? + ay* = 0 will bisect the angle between the other 
two, if c+6a=0 andb+d=0. 


Solution: Since the bisectors are perpendicular to each other, so the given 
equation must represent two pairs of mutually perpendicular lines, which 
passes through the origin. 
Let us take 
ax’ + baty + cry? + dry? + ay? = (a? + pry — y*)(ax? + qry — ay’) 
Comparing coefficients of x°y, x7y? and xy*, we get 
ap+q=b (4.66) 
-—a-a+pqec > 2a+c=pq (4.67) 
and -—ap—q=d => ap+q=-d (4.68) 
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From (4.66) and (4.68) we get b+ d= 0. 
Now the bisectors of one pair are given by 
g? — y" ry 2 2 Axy 
~~ = 7-y=— (4.69) 
I--i) 3 P 
which is same as the other pair ax? + gry — ay? = 0 (by the given condition 
of the problem) 


= P-y=—e (4.70) 


4 
Comparing (4.69) and (4.70) we get 5 = 


pq = —4a. 


Therefore from (4.67), —4a = 2a +c or, c+ 6a=0. 


Hence c+ 6a = 0 and 6+ d= 0 are the required conditions. 


Example 4.6.20 Prove that the straight lines joining the origin to the 


x 
points of intersection of the lines — + 2 
ay 


= 2 with the curve (x — a)? + (y— 
B)? = are at right angles if a2 + 6? = 7°. 


Solution: The equation of the given line is 


ae ge) (4.71) 
ap 
Making homogeneous the equation of the curve with the help of (4.71) we 
get 


2 
22 Dead 19 x y 
=0 (4.72 
+ yP—2ar+ by) (Z +) +(e +e) (S4H) =0 172) 
which is the equation of the pair of straight lines joining the origin to the 
points of intersection of the line (4.71) and the given curve. 


Now this pair of lines (4.72) will be at right angles to each other if the 
sum of the coefficients of x? and y? is zero. 


a? + 62 — +2 oF + p24? | 


Le., if a2 4p 0 
. de fa. i BOS 8 1 Ee 0 
ie, if (a*+ 6-7) 7) a zz) = 


ie, if a? + 6?-7=0 ie, if a2+6?=7’. 


(. sum of two square terms can never be zero, so — +55 #0.) 
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Example 4.6.21 If ax? + 2hry + by? = 0 be the equation of two adjacent 
sides of a parallelogram and lx + my = 1 be the equation of one of its 
diagonals, then show that the equation of its other diagonal is 


y(bl — hm) = x(am — Al). 


Solution: Let y = m x and y = mga be the equations of the lines OA and 
OC represented by the pair of lines ax? + 2hay + by? = 0. Then we have 


2h 
my+m2= oi mymM2 = ; (4.73) 


If OABC be the parallelogram, then, since Ix + my = 1 does not pass 


xX 


through the origin, it cannot represent the diagonal OB. So the diagonal 
AC is given by 


le+my=1 (4.74) 
Solving y = m a and the line lz + my = 1 we get the coordinates of 
A= : , a 
l+mm, l+mm, 
and similarly coordinates of 


1 mg 
C= ; : 
l+mm)'l+mmg 


The coordinates of D, the mid-point of AC is given by 


il 1 1 1 m4 7 me 
2\lt+mm, ltmm,/’?2\l+tmm.° l+mm/)° 
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Now 1 ‘i if 7 21+ m(m, + m2) 
l+mm, l+mm 2 (l+mmj,)(l+mmz) 
2+m(-#) | 2(bl — hm) 
~~ (l+mmj)(l+ mm) b(l+mmy4)(1 + mmz) 
my meg Im, + mmymz2 + lmg + mmym2o 
and + - 
l+mm, l+mmg (1+ mmyz)(l + mma) 
— Umy+me2)+2mmymz (—2") + 2m, 
(l+mm)(l+mm2) — (l+mmj,)(1+mmz2) 
2(am — hl) 


b(l + mm ,)(l + mmz) 
So the coordinates of D is obtained as 


( (bl — hm) (am — hl) iF 


b(l + mmyz)(l + mm2)’ b(1 + mm) (1 + mmz) 


Now since the diagonals of a parallelogram bisect each other, so the other 
diagonal OB will pass through this point D and therefore its equation is 
given by 


» — (ucezmimttmmay) am—hl 
= ink (c-—0) ie, y= ———— 
(serait) 


or, y(bl — hm) = z(am — Al). 


y 


Example 4.6.22 A triangle has the lines ax? + 2hay + by? = 0 for two of 
its sides and the point (p,q) for its orthocentre. Show that the equation of 
its third side is (a+ b)(px + qy) = aq? — 2hpq + bp”. 


Solution: Clearly one vertex of the triangle is the origin O. Let the ortho- 
centre (p,q) of the triangle be denoted by P. Then the equation of the line 
OP is 


= 1 or, qx —py=0 (4.75) 
Pp 
Let the other two vertices of the triangle be A and B. Since P is the 
orthocentre of the triangle, so AB 1 OP. So, let the equation of the third 
side AB be considered as 


pir+qy+k =0 (4.76) 
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O (0,0) 


Let y = m ax and y = mga be the two lines represented by the given pair 
ax? + 2hay + by? = 0. Then we get 
2h 
my +My = a MyM: = ; (4.77) 


The equation of any line through A, different from OA and AB can be 
written as 


pe t+ qytk+XA(y— mix) =0 
or, (p—Am)xt+(q+A)y+k=0. 
If it passes through P(p,q), then 
(p —Am1)p + (q+ A)q+k=0 
or, p?+q°—XAmip—q) +k =0 


=> k=Xmip—4q)—(p?+¢@) (4.78) 
The line AP | OB 
my X mms =-—1 or, AmMymM2 — pm2 = —q— A 
or, A(L+mym2) = mep—q or, A (1 + =m2p—q_ [using (4.77)] 
b = 
or, as (mop q) 
a+b 
Substituting this value of \ in (4.78) we get 
b(map — q)(mip — q) 5, 
k = ! 
aa (p +9") 
blmamep? — (mi +me)pq+ a] 2 | 2 
(p+ 9°) 
a+b 


dtp? + pg + ¢7] oe 
7 a+b yrd 
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ap” + 2hpq + bq? — ap” — bq? — aq? — bp” 
a+b 
aq? — 2hpq + bp” 
a+b ; 


Hence the equation (4.76) can be written as 

aq? — 2hpq + bp? _ 
a+b 

or, (a+6)(px + qy) = aq? — 2hpq + bp”. 


0 


pr + qy 


Example 4.6.23 The gradient of one of the straight lines of ax? + 2hay + 
by? = 0 is twice that of the other. Show that 8h? = 9ab. 


Solution: Let y = m x and y = mx be the two lines represented by the 
given pair ax? + 2hary + by? = 0. Then we have 


2h 
my +My, = ee mim, = ; (4.79) 
It is given that mz = 2m, 
disriga at 2h = _ 2h q 4h 
My iy = i my, = 3b an mg 3b 
as, 2h : 4h\ a 
eel aa ea a 3b 3b/ 2b 
or, 8h? = 9ab. 


Example 4.6.24 Show that the equation of the line joining the feet of the 
perpendiculars from the point (d,0) on the lines ax? + 2hay + by? = 0 is 
(a — b)x + 2hy + bd = 0. 


Solution: Let y = m x and y = mx be the two lines represented by the 
given pair ax? + 2hay + by? = 0. Then we have 


1a 


mim. = 


2h 

4.80 
b d ( ) 
The equation of the line through ( 


m1 + M2 = — 


[oD 


,0) perpendicular to y — m x = 0 is 
mi(y—0)+(¢-d)=0 => my=-(zr—-d) (4.81) 


Similarly the equation of the line through (d,0) perpendicular to y—max = 0 
is 


moa(y—0)+(a-d)=0 => moy=-—(a—-d) (4.82) 
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Solving (4.81) and y = m,x we get the x-coordinates of their intersection as 


d 
1+m? 


mymn=—-r+d > £= 


Similarly solving (4.82) and y = max we get the zx-coordinates of their 
intersection as 


d 


Mo.M,x=—-r#+d => x= 5. 
aes 1+m3 


Therefore, the point of intersection of y = m,xz and (4.81) is given by 
d mid 
1+ me’ 1+ ms 
and that of y = mga and (4.82) is 
d mod 
1+ ma’ 1+ m3 ; 


—* and k= 
l¢+m ™ 1+ m3 


Let k= 


then the equation of the line 


through (k, mk) and (k’,m1k’) is given by 
y—myk x—k 


mik—myk! k— kl 
or, y(k —k’) — mk(k — k') = 2(mik — mek’) — k(mik — m2k') 


or, «(mk — mak’) — y(k — k’) + kk’ (mg — m1) =0 


d d d 
i eal dae ee maa (oe ina) 
d2 
ar 5} 5} 
(1+ m7)(1 + m3) 
(1 + m?)(1 + m2) 
d 


(me m1) =0 


[Multiplying throughout by 


or, 2 [(my — m2) + mymo(m2 — m1)] — y[m3 — m2] + d(m2 — m1) = 0 


or, x|—l1+mymg] — y(my+me2)+d=0 [. mzg—m, 40] 


or, x ( 1+) v( >) t+d=0 


or, (a—b)a + 2hy + bd = 0. 
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Example 4.6.25 Prove that the pair of straight lines joining the origin to 
the other two points of intersection of the curves a,x? + 2hyxy + byy? + 
2qi¢ = 0 and agx? + 2hery + boy? + 2gox = 0 will be at right angles if 
gz(aq + b1) = gi (a2 + bg). 


Solution: The equations of the given curves are 


a,x" + 2hyry + by? + 2qi2 = 0 (4.83) 


and agz? + 2hory + boy” + 2gox = 0 (4.84) 


Both the curves pass through the origin. 
Now (4.83) x gz — (4.84) x gi gives 


(a1g2 — aggi)a? + 2(hige — hogi)ay + (b1g2 — begi)y” = 0. 


This is a homogeneous equation of degree 2 in x, y and this equation is 
satisfied by the coordinates of the points which satisfy both (4.83) and (4.84). 
Therefore this equation represents a pair of straight lines joining origin to 
the other two points of intersection of the curves (4.83) and (4.84). 

Now, these pair of straight lines will be at right angles 


if coefficients of x? + coefficients of y? = 0 


ie., if (a1g2 — a291) + (b1g2 — b2g1) = 0 


ie., if go(a1 +61) = gi (az + bg). 
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4.7 Exercises 


Section A: Objective Type Questions 


1. For what value of k, the equation «?7+kxry—2y?+3y—1 = 0 represents 
a pair of straight lines? 

2. Show that the equation x? + xy — 2y? + 2x + 4y = 0 represents two 
straight lines. 

3. Test whether the equation 4x? — 4ry+y? — 12% +6y+8 = 0 represents 
a pair of straight lines. 

4. Find the angle between the pair of lines V322 — Axy + V3y? = 0. 

5. If the equation 6a? + kay — 3y? + 4a + 5y — 2 = 0 represents a pair 
of intersecting straight lines, find the value of k. 

6. Show that the equation 6a? — 5ry — 6y? + 14x + 5y +4 = 0 represents 
a pair of straight lines which are perpendicular to each other. 

7. Show that the lines passing through origin and perpendicular to the 
lines given by 5x? — 7x — 3y? = 0 will be 32? — 7x — 5y? = 0. 

8. Show that the condition for one of he straight lines given by ax? + 
2hay + by? = 0 may coincide with one of the straight lines given by a’x? + 
2hay + b'y? = 0 is 4(ah’ — a’h)(hb! — h'b) = (ba! — b'a)?. 

9. Find the area of the triangle formed by the lines x? — y? = 0 and 
u+2y=1. 

10. Find the equation of the pair of straight lines joining the origin to 
the points of intersection of the line « + 2y = 5 and the parabola y? = 8. 

11. Show that the equation 42? + 9y? + 12ry — 16x — 24y + 16 = 0 
represents a pair of coincident straight lines. 

[Hints: Show ab— h? =0, gh—af =0, g? -—ac=0.] 

12. Show that the straight lines given by x? — 2xy — y? = 0 bisect the 
angles between the lines x? + 2ry — y? = 0. 


Section B: Broad Answer Type Questions 


1. Deduce the condition that the general equation of second degree may 
represent a pair of straight lines. 

2. Find an expression to give the angle between the pair of straight lines 
given by ax? + 2hay + by? + 2gx+2fy+c=0. 

3. Find the value of k, so that the equation x? + y? + 2% +k = 0 may 
represent a pair of straight lines. 

4. Find a necessary condition that the general equation of second degree 
ax? + 2hay + by? + 2gx +2fy+c=0 may represent a pair of straight lines. 
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5. For what value of A, does the equation ry+5x+Ay+15 = 0 represents 
a pair of straight lines? 

6. For what value of \, does the equation 2? + Ary — 2y? ++ 3y-1=0 
represents a pair of straight lines? 

7. Ifthe equation 627 + kay — 3y? + 4x + 5y — 2 = 0 represents a pair 
of straight lines, find the value of k. 

8. Find the separate equations of the following pair of straight lines: 


(i) «?—5ay+4y?+24+2y-—2=0 
(i) a? —y?+2-—3y-2=0 
(14) 14x? + 1lay — 15y? — 222 + 29y — 12 = 0. 


9. Deduce the condition that the straight lines given by ax? + 2hay + 
by? + 29x +2fy+c=0 are at right angles. 

10. Show that the equation x? + 6ay + 9y? — 5a —15y+6 = 0 represents 
a pair of parallel straight lines. Find also the distance between them. 

11. Prove that the equation 8x7 + 10ry + 3y? + 26% + 16y + 21 = 0 
represents a pair of straight lines. Find the coordinates of their point of 
intersection and the angle between them. 

12. Find the angle between the pair of straight lines represented by the 
equation 3a? — 10xy + 3y? = 0. 

13. Find the coordinates of the centroid and the area of the triangle 
formed by the straight lines 2x? — 5ay + 2y? =0 and a+y=3. 

14. Find the equations of the bisectors of the angles between the pair 
of straight lines ax? + 2hay + by? = 0. 

15. Find the equations to the bisectors of the angles between the fol- 
lowing pair of straight lines 


(i) 5a*-—6ary+y* =0 
(it) Tx? + 6xy — 4y* =0 
(14) 120? + Try — 12y? — 312 +17y +7 =0. 


16. Show that the coordinate axes are the bisectors of the angles between 
the pair of straight lines x? — y? = 0. 

17. Show that the lines y? + cy — x? = 0 and y? — 4ry — x? = 0 bisect 
the angles between one another. 

18. Show that the pair of straight lines (a — b)(x? — y”) + 4hay = 0 and 
that the lines h(x? — y?) = (a — b)xy are such that each bisects the angle 
between the other pair. 

19. Prove that the pair of straight lines ax? + 2h(a + b)ry + by? =0 
is equally inclined to the pair ax? + 2hay + by? = 0. 
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20. Show that the bisectors of the angles between the pair of lines 
2a? — Try + 2y? = 0 are equally inclined to the coordinate axes. 

21. Prove that the bisectors of the angles between the pair of lines 
(ax + by)? = 3(ba — ay)? are receptively parallel and perpendicular to the 
line ax + by+c=0. 

22. Show that the equation of the straight lines bisecting the angles 
between the bisectors of the pair of lines ax? + 2hay + by? = 0 is 


(a — b)(x? — y”) + Shay = 0. 


23. Find the condition that two of the straight lines given by ax? + 
bx?y + cry” + dy® = 0 may be at right angles. 

[Hints: Take ax® + ba?y + cry? + dy? = (x? + kay — y”)(ax — by) = 0. 
Then the two lines will be at right angles. Now compare the coefficients and 
get the condition.] 

24. Find the condition that the two of the straight lines given by ax* + 
bx? y + cx?y? + dry® + ex* = 0 will be at right angles if 


(b+ d)(ad + be) + (a—e)?(at+c+e) =0. 


[Hints: Take ax* + ba®y + ca? y? + dry? + ext = (a? + kay — y*) (ax? — ky — 
ey’) = 0. Then two of the lines will be at right angles. Now compare the 
coefficients and get the condition. ] 

25. Prove that the equation ax? + 2hay + by? + 2gr + 2fy +c = 0 
represents two parallel straight lines if h? = ab and bg? = af?. Also show 


: g? —ca 
that the distance between them is 2, / ————_. 

a(a + b) 
26. Find the equation of the pair of straight lines through the point 
(2, -3) and parallel to the straight lines 15a? + ry — 6y? +2 +7y—2=0. 
27. Find the equation of the pair of straight lines through the origin and 
perpendicular to the pair of straight lines 27? + 5ry + 2y? + 107 + 5y = 0. 
28. Prove that the angle between the straight lines joining the origin 
to the points of intersection of the straight line y = 3x” + 2 with the curve 


2/2 
= 


x? + Qvy + 3y? + 4a + 8y — 11 = 0 is tan! 


29. Prove that the equation (x — p)? + 2h(x — p)(y— q) — (y—q@? =0 
represents a pair of straight lines at right angles to each other. 


30. Show that if the two straight lines represented by the equation 
(tan? 0 + cos? 0)a? — 2tan Ory + sin? Oy? = 0 make angles a, 6 with the axis 
of x, then tana — tan 6 = 2. 
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31. Prove that the pair of lines a?x? + 2h(a+b)ry + b?y? = 0 is equally 
inclined to the pair ax? + 2hay + by? = 0. 

Show also that the pair ax? + 2hay + by? + A(x? + y”) = 0 is equally 
inclined to the same pair. 

32. Prove that x? — 3y?x2 = 0 represents three straight lines equally 
incline to one another. 

33. Find the angle between the chords of the curve x? + y? = ax + by 
obtained by joining the origin to the points of intersection of the straight 


x 
line — + 22 1 and the curve. 
a 


b 
34. Find the angle between the lines joining the origin to the points 


common to 2? + y? + 297 +2fy+c=0 and xrcosa+t ysina = p. 

Hence show that the lines represented in x? + y? + 29% +2fy+c=0 
will be at right angles if 2p? + 2p(gcosa + f sina) +c=0. 

35. Show that the angle between one of the straight lines given by 
ax? + 2hay + by? = 0 and one of the straight lines given by (a + A)a? + 
2hay + (b+ A)y? = 0 is equal to the angle between the other two straight 
lines of the system. 

36. Prove that if all chords of the curve given by the equation ax? + 
2hay+by?+2gx+2fy+c = 0 subtend aright angle at the origin, the equation 
must represent two straight lines at right angles through the origin. 

[Hints: Let la + my = 1 be any chord. Then the equation to the lines 
joining the origin to the points of intersection of the curve and the chord is 


ax” + 2hay + by? + (29x + 2fy) (lx + my) + c(lx + my)? =0 


These two lines are at right angles, if the sum of the coefficients of x? and 
y? is zero. 


a+b+2gl+2fm +c? + cm? =0 (4.85) 


Since / and m are arbitrary quantities, so (4.85) will be satisfied if a+b = 
0, g=0, f=Oandc=0. 

Hence the given equation reduces to ax? + 2hay — ay? = 0 which repre- 
sents two straight lines at right angles to one another. 

37. Prove that the equation to the straight lines through the origin each 
of which makes an angle a with the straight line y = x is x? — 2xysec 2a + 
y’? = 0. 

[Hints: The equation of the required pair is {y — x tan(135° + a)}{y — 
x tan(135° + a)} = 0. Now simplify and get the result.] 

38. Find the values of a and f for which the equation ax? — 12xy + 
9y? + 202 — 2fy — 11 =0 represents two parallel straight lines. 
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39. Prove that the equation y? — x? + 3xy(y — x) = 0 represents three 
straight lines equally inclined to one another. 

40. Show that the equation to the pair of lines through the origin per- 
pendicular to the pair ax? + 2hay + by? = 0 is bx? — 2hay + ay? = 0. 

41. Find the condition that one of the lines of ax? + 2hay + by? = 0 
may coincide with one of the lines of a’a? + 2h'xy + U'y? = 0. 

42. If one of the lines given by the equation ax? + 2hry + by? = 0 
coincides with one of the lines given by a’? +2h’xy+0/y? = 0 and the other 

JB / 
lines are perpendicular, then show that oe = uo — sv aa’bb’. 

[Hints: See Worked our Example 4.6.4. Use (4.33) and (4.34) for 
mm, with necessary changes in the coefficients, i.e., with the replacements 
a, = 0, hi =h, by = band a9 =a, he=—h; b= 0 etec:| 

43. Find the values of b, g and c for which the equation x? — 6xy + by? + 
2gxz — 12y +c =0 represents a pair of coincident straight lines. 

44, If one of the lines ax? + 2hxry + by? = 0 coincides with one of the 
lines given by a’x? + 2h'xy + b'y? = 0 and @ be the angle between the other 

2(bh’ — b'h)(a'h — ah’) 
aa! (bh! — 0'h) + bb!(a'h — ah’) 

45. Find the conditions that the equation ax? + 2hay + by? + 29x + 
2fy +c = 0 may represent a pair of straight lines (i) intersecting on the 
z-axis and (ii) intersecting on the y-axis. 

46. If the equation u = ax? + 2hry + by? + 2gx +2fy+c=0 represents 
a pair of straight lines, then prove that the equation to the third pair of 
straight lines passing through the points where these straight lines meet the 
coordinate axes is (ax? — 2hay + by? +297 +2fy+c)c+4fgry =0. 

Another form: cu+4(fg—ch)ry = 0. 

A7. If f(x,y) = ax? + 2hay + by? + 2gx + 2fy +c = 0 represents two 
straight lines, show that the product of the perpendiculars from the point 
(a, 8) on the straight lines is 


two lines then prove that tan @ = 


f(a, B) 
J (a — b)? + 4h? 


48. Show that the four straight lines represented by 62? — 5ay—6y? = 0 
and 6(x? — y?) — 5ay + a + 5y — 1 =0 form the sides of a square. Find the 
equations to the diagonals of the square. 


[Hints: The separate lines are obtained from the given pairs by factor- 
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D (3/13, 2/13) 3x +2y -1=0 C (1/13, 5/13) 
Oo 
© i 
+ 
8 se & 
& “sy & 
A(0,0) 3x +2y =0 B (-2/13, 3/13) 


izing linearly these equations and are given by 
AB= 3a+2y=0 (4.86) 

AD= 2x-3y=0 (4.87) 
(4.88) 

(4.89) 


DC= 34+2y=1 
and BC= 2a¢-3y=-1 


The coordinates of the points of intersection are obtained by solving (4.86), 
(4.87), (4.88) and (4.89), taken twice at a time and thus we get 


2 3 1 5 3. 2 
A= (0,0), B(-S.)) c(=a) and D (3) * 


*. Equation of the diagonal AC is given by 


G0 
y-0=4 rid 0) Sy Soe 
13 


3 -3 3 Boos. 3 
aa wae a eae amen a 
1 
or, 13y-3= 5 (130 3) 
or, 65y—15=—-l13%4+3 => 1382%4 65y = 12. 


Hence the equations of diagonals are y = 5x and 13x + 65y = 12. 
Now we see that distance 


ac= (4 (bea) 
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2 2 
BD= 3 | 2 | 2 1 oe! 26 
13 13 13° 13 13 


So, length of the diagonal AC = length of diagonal BD. 
Also slope of diagonal AC = m, = 5 and slope of diagonal BD = m2 = 


and distance 


65 5 
1 
Therefore product of their gradient = mym2 = 5 x (-;) =-—1. 


So the diagonals are perpendicular to each other. 

Thus we see that the diagonals AC and BD of the quadrilateral ABC'D 
formed by the lines represented by the given equations are equal and per- 
pendicular to each other and so ABCD is a square.] 

49. Show that the orthocentre of the triangle formed by the straight 
lines ax? + 2hay + by? = 0 and lz + my = 1 is a point (a’,y') such that 


L y at+b 


mam? — 2him + bl2 


and that its distance form the origin is 


(a +b)VP? + m? 


am? — 2hlm + bl?” 


Hence show that the locus of the orthocentre of the triangle of which two 
sides are given in position and whose third side goes through a fixed point 
(a, 8) is bx? — 2hry + ay? = (a+ b)(ax + By). 

50. If each of the equation ax? + 2hay + by? + 2gx + 2fy +c =0 and 
ax? + 2hay + by? = 0 represents a pair of straight lines, find the equations 
of the two diagonals of the parallelogram formed by them. 

51. If each of the equations ax? + 2hay + by? + 297 + 2fy +c = 0 
and ax? + 2hay + by? — 29x — 2fy +c =0 represents a pair of intersecting 
straight lines, prove that the area of the parallelogram enclosed by them is 

2c 

h? — ab 

52. Show that the four straight lines given by the equations (y— mz)? = 
c?(1+m?) and (y — nx)? = c?(1 +n?) form a rhombus. 

[Hints: The four lines expressed separately are 


y—mxz=+V14+m? (4.90) 
and y—nx=+V1+4+n? (4.91) 
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The two lines represented by (4.90) are parallel and the distance between 
them = 2c. 

The two lines represented by (4.91) are also parallel and the distance 
between them = 2c. 

Since the lines (4.90) are not perpendicular to the lines (4.91), so the 
four lines form a rhombus.] 

53. The line az + by + c = 0 bisects an angle between a pair of lines 
of which one is lc + my +n = 0. Show that the other line of the pair is 
(lx + my + n)(a? + 6?) — 2(al + bm) (ax + by +c) =0. 

54. Show that one of the bisectors of the angles between the pair of 
straight lines ax? +2hary+by?+2gr+2fy+c = 0 will pass through the point 
of intersection of the two straight lines ax? + 2hay + by? +2gx+2fyt+tc=0 
if h(g? — f2) = f(a). 

55. The straight line joining the origin to the common points of inter- 
section of the curve ax? + 2hay + by? + 29x + 2fy +c=0 and the variable 
straight line lz + my = 1 are at right angles. Find the locus of the foot of 
the perpendicular form the origin on the line la + my = 1. 

[Hints: Similar to Example 36 § 4.7 Section B. Replace '2g’ by ‘9’, 
'2f' by ’f’ and 'c by’ —¢,] 
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ANSWERS 


Section A: 1. k = +1; 3. Yes; 4. §; 5. k = —3, —7; 9. $ square units; 
10. 827 + l6xy — 5y? = 0. 


Section B: 1. A = 0; 2. ¢=tan7! av hab 38.k=1;4. A=0; 5. 
A=3;6. \=+1; 7. k= —-3, —7; 8. (i) r—4y+2=O0andr—y-—1=0; 
(ii) c—y—1=Oand x+y+2 = 0; (iii) 7x —5y+3 = 0 and 27 +3y—4 = 0; 
9. a+b=0; 10. war ua a (—1,-1), tan7' 4; 12. tan7! $; 13. 
(1,1); 3 square units; 14. =~ = %%; 15. (i) 3(2? — y’) a =i; 
(ii) 3(x? — y*) — llazy = 0; (iii) 7x? — 482y — Ty? + 342 + 62y — 48 = 0; 
23. a®+actbd+d* = 0; 26. 1522 4+ zy — 6y? — 57x — 38y = 0; 27. 


Qe? — bay + 2y? = 0; 33. 5; 34. tan! A a ; 
38..0,=4, f = 15; 41. (a = a’by’ = he das — h'a)(bh’ — Wh); 43. b = 
9, 9=2, c=4; 45. (i) £ = f = a) (il) 2 = ; = Fi 50. 2907+ 2fyt+tc= 
0, (oh fale tbo h=0: 55.a+b+gl+ fm=c(l?+m?). 
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Chapter 5 


Tangents and Normals, Pair 
of Tangents, Chord of 
Contact & Pole and Polar 


5.1 Tangent to a Curve 


Definition 5.1.1 The tangent at any point P to a given curve (vide. Fig- 
ure 5.1) is defined as the limiting position of the secant PQ, when such a 
limit exists, as the point Q approaches P along the curve. 


5.1.1 To Find the Equation of the Tangent to a Conic at a 
Given Point on the Conic 


First Method: 
Let the equation of the conic be 
f(x,y) = ax? + 2hay + by? + 29x + 2fyt+te=0 (5.1) 


We are to find the equation of the tangent to the conic (5.1) at the given 
point (21, y1) lies on the conic. 
The equation of any line through the point (x1, y1) is given by 


L— XY] Y—- V1 
= 5.2 
i = (5.2) 


Any point on this line is taken as (a; + lr,y, + mr), where r is the 
distance of any point from the point (x1, y1). 
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For the points of intersection of (5.1) and (5.2), we have 


a(ay + lr)? + 2h(x1 + Ir)(yy + mr) + b(y. + mr)? 
+29(41 + Ir) + 2f(y1+mr)+c=0 
or, (al? + 2hlm + bm?)r? + 2{ (ax, + hy + g)l + (hay + by + f)m}r 
+ax? + 2haiy + by? +2gr1+2fyite=0 (5.3) 


This is a quadratic equation in r giving two values of r. 
Since (21, y1) is a point on the conic (5.1), so we have 


ax? + 2hayyi + by? + 2921 + 2fyi +c=0. 


So one value of r is zero. 
For tangency the two points must coincide. So two values of r must 
vanish and for this, we must have sum of the roots of (5.3) is zero, i.e., 


(az, +hy: + g)l + (hay + by + f)m=0 (5.4) 
Now eliminating /,m form (5.2) and (5.4) we get 


(ax, + hy + g)(x — 21) + (ha + by + f)\(y- yi) = 0 
or, art, +h(xy, + yx1) + byy: + gx + fy 
= art + 2haiy, + by? + gxi + fy. 


Adding gx; + fyi + on both sides, we get 


arr, + h(wy, + yx1) + byy. + g(a@ +21) + flyty) te 
= ax} + 2hxiyy + byt + 2921 + 2fyi te=0. 


Therefore the required equation of the tangent to the given conic (5.1) at 
the point (21, y1) on it, is given by 


arr, + h(xy, + yx1) + byy. + g(a +21) + fly+y1)+e=0 (5.5) 


Second Method: 


Let Q(22, y2) be a point on the conic (5.1) close to the point P(x, y1) 
on it. The equation of the line through the points P(x, y,) and Q(22, y2) 
is given by 


LQ — XL] Y2— Yi 
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Since (21, y1) and (22, y2) both lies on the conic (5.1), we have 


ax{ + 2hayy: + by} + 2gr1 + 2fy +e 
= axd + 2hagy2 + bys + 2gr2 + 2fys +e 
or, a(x3 — af) + 2h(wey2 — e1y1) + O(y3 — yi) 
+2g(r2 — 21) + 2f(y2 — yi) = 0 
or, a(%2 — 21)(%2 + £1) + 2h{xe(yo — y1) + yi (te — £1)} 
+b(y2 — y1) (ye + y1) + 2g(2 — #1) + 2f(y2—y1) = 0 
or, (2 — 2%1){a(x1 + 22) + 2hy, + 2g} + (y2 — y1) 
x {2hx2 + b(yi + y2) + 2f} =0 
Yy2—- Yi a(x + £2) + 2hy, + 2g 


or, = : 
LQq— 2X 2Qhre + b(y1 + y2) + 2f 


Using equation (5.6) we get 


yo-y a(x, + %2) + 2hy, + 2g 
ai ay 2ha2 + b(y1 + yo) + 2f 
or, a(a — 2%1)(@1 + 2) + 2hy1(x — x1) + 2g(a — 21) 


+2hae(y — yi) + b(y — y1)(y1 + yo) +2f(y-—y1) =0 (5.7) 


or, 


Now let the point (x2, y2) gradually approaching towards (x1, yi) and ulti- 


F(x, y)=0 


P (x,y) 


Figure 5.1 


mately coincides with it. Then, in the limiting position (x2, y2) > (x1, y1), 
the equation (5.7) becomes the tangent at (x1, y1). 
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Hence putting rz = x; and y2 = yj in the equation (5.7), we obtain 


a(x — £1).2%1 + 2hy(a — 21) + 2g(a — 21) + 2hai(y — y) 
+b(y — y1).2y1 + 2f(y —y1) =0 

axx, + h(xy, + yr1) + byy + g(a +21) + fly+yi) te 
= ax} + 2hayy + by? + 2gr1 + 2fy te=0. 


Therefore, the equation of the tangent at the point (x,y) to the conic (5.1) 
is obtained as 


axx, + h(xyi + yx1) + byyi + o(t@ +21) + flyt+yi)+c=0 (5.8) 


Note 5.1.1 The formula for the equation of the tangent at the point (x1, y1) 
to a curve of the form (5.1) can be easily written by the following rule: 


The Rule: In the equation of the conic (5.1), write 
v.01 for x.x, 1.e., for x7, 
y-y. for yy, t.e., for y?, 
c+, forx+a, i.e., for 2x, 
yty fory+y, te., for 2y, 
ry, + yx for ry + ya, t.e., for 2xy, 


and the constant term c remains unchanged. 


Note 5.1.2 The equation (5.8) of the tangent to the conic (5.1) may also 
be written in the form given below as 


(ax, thy, +g)x + (hay + by + fly + (gri + fy +c) = 0. 


This form sometimes becomes very useful in solving various problems. 


5.1.2 Tangents of the Standard Equations (Conics) 


The following tables, viz., Table 5.1 and Table 5.2 will give the equations 
of tangents at a glance in Cartesian and parametric form of equations of the 
standard conics respectively. 
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Table 5.1: Tangents in Cartesian Form 
Conics Equations (in Cartesian | Tangents at (21, y1) 
Form) 
1. |General Circle: | 2?+y?+2gr+2fyt+c=0 [ary tyyit+g(et+a1)t+flyt+ 
yi) +c=0 
2. | Circle with cen- | x? + y? = a? ray + yy, = a? 
tre at origin: 
3. | Parabola: y? = 4ax yyi = 2a(x + 21) 
4. | Ellipse: ee 1 oo, 4 uy — 4] 
5. | Hyperbola: = _ v =1 a = 1 
Table 5.2: Tangents in Parametric Form 
Conics Parametric Co- | Tangents at ’t’ or 6’ 
ordinates 
1. | Circle: x? + y? = a? (acos@,asin@) |axcos?+ysind =a 
2. | Parabola: y? = 4ar (at?, 2at) y+ta = 2at + at? 
3. | Ellipse: os + a =1 (acos@,bsin@) |*£cosé+ $sin# =1 
4, | Hyperbola: =; — ye =1 |(asec6,btan#@) |2secO— ¢tand=1 


5.1.3 Condition for Tangency of a Straight Line to a Conic 


Let us consider the conic 


ax? + 2hay + by? + 2gx +2fy+c=0 


(5.9) 


We are to find the condition that a straight line 


la+my+n=0 


(5.10) 


is a tangent to the conic (5.9). The equation of the tangent to the conic 
(5.9) is given by 


(ax, + hy, + g)a + (hay + by: + f)yt (gti + fy +0) = 0 (5.11) 


If the line (5.10) be a tangent to the conic (5.9), then (5.11) and (5.10) must 
be identical. Comparing the coefficients we get 


azjthyt+g  haytby+f gritfyte _ 
l a m ~ = 


a X (say) 
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from which we get 


ax, +hy +g—-lA=0 (5.12) 
ha, + by1 + f —mdA =0 (5.13) 
and gx#1+ fyi +ce—nvA=0 (5.14) 


Also (x1, yi) be a point on the line (5.10), so 
lxy +my, +n=0 (o.15) 
Eliminating 71, y; and A form (5.12), (5.13), (5.14) and (5.15), we get 


h 


~OQ SPQ 
sate 
os 35 


b 
f 
m 


which on expansion becomes 


Al? + Bm? + Cn? + 2Fmn + 2Gnl + 2HIim = 0 


where A, B, C, F, G, H are the respective cofactors of a, b, c, f, g, h in 


the determinant 


eo are 
ao 
oi) 


5.1.4 Condition of Tangency for Standard Conics of a Line 


The following tables, viz., Table 5.3 and Table 5.4 will give the condition 
of tangency at a glance of the line lx + my + n = 0 to the standard conics. 


5.1.5 Some Important Remarks 


1. The equations of the tangents to the circle x? + y? = a? are y = ma + 


a\V/1+m?. These lines are parallel and touch the given circle for all values 
of m except m = 0. The coordinates of the point of contact (21, y1) are given 
2 2 
a“m a Z 
by (-—*. =) where c=a\/1+ m2, i.e., the point of contact is written 
ce 


( a?m a? ) ; ( am a ) 
as : , Le., ; : 
aV/1+m2° aV/1+m?2 Vl+tm2 V1+m?2 
Similarly, it can be shown that each of the lines y— k = m(a —h) + 
aV1+m? is always a tangent to the circle (x —h)?+(y—k)? = a”, whatever 
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Table 5.3: Condition of Tangency of the Straight Line /x+my+n = 0 


Conics 


Equations (in Cartesian 
Form) 


Condition of Tangency 


General Circle: 


Circle with cen- 
tre at origin: 


Parabola: 


Ellipse: 


Hyperbola: 


a +y?+2gn+2fyte =0 


@ $y? =e 
y? = 4ax 
2 2 
e+e 
2 2 
x 
ogra 


dlg+mfin? = (+ 
m?)(g? + f? —¢) 

a2(I2 + m2) = n? 

or n = taVl? + m? 


am? 


=nl 
a2[? + b?2m? = nz 
or n = +Va2l? + b?m?2 


a?[? _ b2m? = nz 


or n = +Va2l? — b?m? 


Table 5.4: Condition of Tangency of the Straight Line y = mz +c 


Conics Equations (in Cartesian | Condition of Tangency 
Form) 
1. |General Circle: | 2?2+y?+2gr+2fyte =0 |(mg—f—c)? = (1+m?)(g?7+ 
fee) 
2. | Circle with cen- |x? + y? =a? c= taV1+m? 
tre at origin: 
3. | Parabola: y? = 4ax c= & 
4. | Ellipse: a + v =1 c= +Va?m? + b? 
5. | Hyperbola: a - ie =1 c= +Va?m? — b? 


the value of m may be. 


2. The line y = mx + © is always a tangent to the parabola y? = 4az for 
m 


c 2a 
mm)’ 


all values of m except m = 0 and the point of contact is given by (=. 


; a 2a 
ME \ aD a 


3. The parallel lines y = mz+Va?m? + b? are always tangents to the ellipse 
2 2 

x 

at pa 

a b 


. a 
since C= —. 
m 


1 for all values of m. The coordinates of the points of contact are 


b2 
) as c=+vV/a2m? + b?. 


ret) ers 
———,— J, Le., aa 
Eo nk JVa2m2 + b2’ Va2m?2 + b? 
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4, The parallel lines y = mx + Va?m? — b? are always tangents to the 


2 
hyperbola = — PR = 1 for all values of m. The coordinates of the points of 
a 
hae maz b\ , a?m ye : 
contact are | -——,-—— ], ie., + since c = 
GC es Velie pee Va2m2 — b2 


rv a*m? = b?. 


5.2 Normals 


Definition 5.2.1 The normal at any point of a conic is the straight line 
through that point drawn perpendicular to the tangent at that point. 


5.2.1 Equation of a Normal of a Conic at a Given Point 


Let us consider the conic 


ax” + 2hay + by” + 2gx+2fy+c=0 (5.16) 
We have to find the equation of the normal to the conic (5.16) at the given 
point (21,41). 
The equation of the tangent to the conic (5.16) at the point (21, y1) is 
(azi thy t+ g)et (hait+byt f)yt+ (grit fyrte)=0 (5.17) 
The equation of any line perpendicular to (5.17) is taken as 
(ha, + by + fiz — (at, +hy. + g)y+k=0 (5.18) 


If it passes through (#1, y1), then 


(hay, + by, + f)a1 — (at, thy t+ g)yi. +k =0 (5.19) 


Subtracting (5.19) form (5.18) we get 


(ha, + by, + f)(@ — 21) — (at, thy. + g9)(y—y1) = 0 
L— ¥Y— V1 
| _ 5.20 
ce agp rhyy +g hayaebyr tf om 


This is the required equation of the normal. 
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Conics 


Normals at (x1, 91) 


1. | General Circle: 
2. | Circle with cen- 


tre at origin: 
3. | Parabola: 


Ellipse: 
5. | Hyperbola: 


Equations (in Cartesian 
Form) 
a’ +y"*+2gr+2fy+c =0 
a? + y? =a 
y? = 4ax 
2 2 
Ethel 
2. 2 
ol 


L—-L1 
tit+g 


— you 
yitf 
7 or ry, — yx, = 0 


1 


y—yi = —i(e@-—21) 


tT — VI 
az oF 
EX, _ YY 
Py) a: 
az ee 


Table 5.6: Normals in Parametric Form 


Conics 


Parametric Co- 
ordinates 


Normals at ’t’ or ’@’ 


1. | Circle:2? + y? = a? 


2. |Parabola: y? = 4ax 


3. | Ellipse: 


4. Hyperbola:; — % 


2 
a1 


(acos 0, asin 0) 


(at?, 2at) 
(acos 0, bsin 0) 


(asec 0, b tan 6) 


2 
pe 


Li 
cos@ ~~ sind 
i.e., esin@—ycosé = 0 


ytta = 2at + at® 


ax by _ 2 2 
cos 0 sing — @ b 
ax ee ee 
sec 0 aie tang % 7 b 


5.2.2 Normals of the Standard Equations of Conics 


The following tables, viz., Table 5.5 and Table 5.6 will give the equations 
of normals at a glance in Cartesian and parametric form of equations of the 
standard conics respectively. 


Note 5.2.1 Slope form of the equation of tangent to the parabola 
y* = 4ax at P(at?, 2at) 


Equation of tangent at P(x1,y,) to the parabola y? = 4ax is 


yy = 2a(@ + 21) 


(5.21) 


In (5.21) replacing y, by 2at and x1 by at? we get 


2aty = 2a(2 + at?) > ty=a2-+at? 


(5.22) 


This is the equation of the tangent at P(t) or P(at?, 2at). 
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1 
In (5.22) the slope of the tangent is m = re in (5.22) replacing t by 


1 
— we get 
m 


y=met+ x (5.23) 
m 


This is the equation of the tangent in terms of slope, i.e., the slope form of 
the equation of the tangent. 


a 2a 
This is the tangent at point (=. =). 
m2’ m 


If the line y = maz +c touches the parabola y? = 4ax, we must have 
gS (Comparing with (5.23)). 

m 
Note 5.2.2 The equation of the tangent to the parabola (y—k)? = 4a(a—h) 


having slope m is y—k = m(a—h) + ae 
m 


Note 5.2.3 Slope form of the equation of the normal to the parabola 
y*? = 4axr at P(at?, 2at) 

Equation of the normal at P(x1,y1) to the parabola y? = 4ax is 
Y1 
Da | 
Parametric Form: Replacing x, by at? and y, by 2at in (5.24), we get 


y-Yy= c= 24) (5.24) 


2at 
y — 2at = -F-(e —at”) or, y — 2at = —t(x — at?) 
a 
or, y= —tx + 2at + at? (5.25) 


Slope Form: In (5.25), the slope of the normal is m = —t. So in (5.25), 
replacing t by —m, we get 


y = max — 2am — am? (5.26) 


which is the equation of the normal to the parabola y? = 4ax, where m is 
the slope of the normal. 


The coordinates of the foot of normal are (am?,—2am). 


Comparing (5.26) with y = mx +c, we get ¢ = —2am — am which is 
the condition that y = ma +c is the normal of y? = 4ax. 


Note 5.2.4 Co-normal Points: The points on a curve at which the nor- 
mals pass through a fixed point are known as Co-normal Points. 
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5.3 Pair of Tangents 


Theorem 5.3.1 A pair of tangents can be drawn from a point not lying on 
the conic. 


Proof: Let (a, 3) be a point not lying on the conic 
ax? + 2hay + by? + 2gx +2fy+c=0 (5.27) 


Let (71, y1) be a point on the conic the tangent at which passes through 
(a, 8). The equation of the tangent at (x1, y1) is 


arr, + h(ry + xy) + byy + g(@+21)+fyty)+e=0 (5.28) 
Since (5.28) passes through (a, 3), we get 

aaxy + h(ay: + ©18) + bBy: + g(a+ai)+ f(B+m)+e=0 (5.29) 
and since (x1, yi) lies on the conic, so 

ax? + 2hayy, + by? + 2921 + 2fy, +e=0 (5.30) 


Solving (5.29) and (5.30) generally two values of x; and y; are obtained. 
Thus there are two points of contact of tangents from (a,() but they may 
not be real in all cases. 

Hence, in general two tangents can be drawn from a point not lying on 
the conic. 


5.3.1 Equations of the chord of contact of tangents to a conic 
from any point outside it 


Let Q(22, y2) and R(x3, y3) be the points of contact of the tangents drawn 
from an external point P(x, y) to the conic 


ax” + 2Qhay + by” + 2gx + 2fy+c=0 (5.31) 
The equation of the tangent at (a2, y2) to (5.31) is 

axxy + h(ry2 + roy) + byys + g(x@+2x2)+ f(yty2)+e=0 (5.32) 
Since it passes through (21, y1), so 


ax x2 + h(a1y2 + cay) + by1y2 + g(a1 + 22) + f(yi t+ y2) +e =0 (5.33) 
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Py) ee 


R 
(5, 3) 


Figure 5.2 


Similarly the tangent at (23, y3) passes through (x1, yi) and we get 


axx3 + h(x1y3 +2341) + byiy3 + g(@1 +23) + f(y t+ y3) +e =0 (5.34) 


These relations (5.33) and (5.34) indicates that the points Q(x, y2) and 
R(x3, y3) lies on the straight line 


arzy +h(xy, + cy) +byy+g(a@+a1)+flyty)+e=0 (5.35) 


This is, therefore, the equation of the chord of contact of tangents from the 
outside point P(x1, y1). 


Note 5.3.1 The equation (5.35) is identical with the equation of the tangent 
at (%1,y1) on the conic (5.31), but in this case (21, y1) does not lie on the 
conic. 


5.3.2 Equation of the pair of tangents from an external point 
to a conic 


Let P(21,y1) be an external point to the conic 


ax” + 2hay + by? + 2gx+2fy+c=0 (5.36) 
The equation of any line through the point (x1, y1) is 


l m 


where I? + m? = 1. 
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Coordinates of any point on the line (5.37) are (21 + Ir, y; + mr), where 
r is the distance from (21, y1). 


If the point (x; + lr, y; + mr) lies on (5.36), then 


a(ay + Ir)? + 2h(a1 + lr)(y. + mr) + b(y +: mr)? 
+2g(x1 + Ir) + 2f(yi +mr)+c=0 
or, (al? + 2him + bm?)r? + 2f{(ax, + hy, + g)l+ (hay + by, + f)m}r 
+axj + 2hayyy + by? + 2gx1 + 2fy +c =0 (5.38) 


If the line (5.37) be a tangent to the conic (5.36), the two points of intersec- 
tion will coincide and therefore both the roots of the above equation must 
be equal, for which the discriminant of (5.38) must vanishes giving 


{l(ax, + hy, +g) +m(ha, + by + f)}? = (al? + 2hlm + bm?) 
(ax? + 2hayy, + by? + 2921 + 2fy, +c) 
= (al? + 2hlm + bm?)S; (5.39) 


where S} = ax} + 2h y + by? + 29a1 + 2fyi +e. 
Eliminating 1,m,n between (5.37) and (5.39) we get 


{(ax1 + hy + 9)(a — 21) + (har + by + f(y — m)}? 
= {a(x — 21)” + 2h(a — a1)(y — 91) + B(y — y1)7}S1 
or, {arr +h(xyi + yx1) + by. + g(a +21) + flytyi) +e 
—(axt + 2hayy, + by? + 291 + 2fy1 +0)}? = (ax? + 2hay + by? 
+29 +2fy+ct axz + 2hayy; + by{ + 2gx1 + 2fyr te 
—2{axx, + h(ry + yrr) + byy + g(e@ +21) + flyty) + eh] Si 
or, (T—S\)? =(S+S,-2T)S; 
where S = ax? + 2hay + by? + 29x +2fy+c 
Sy =axj + 2hayy) + by} + 2gx1 + 2fyi +e 
and =T=arr,+h(cxyit+yr1) + byyit+ g(e2+21)+flytyi)te. 


So the equation of the pair of tangents is obtained as 


T? — 27S, + S? = SS, + S? - 2TS, 
or, SS, =T". 
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5.4 Director Circle 


Definition 5.4.1 If the locus of the points of intersection of pair of perpen- 
dicular tangents to a conic is a circle, then this circle is called the director 
circle of the conic. 


5.4.1 Equation of the director circle of a conic 
Let the equation of the conic be 
S = ax’ + 2hay + by? + 2ga + 2fy+c=0 (5.40) 
The equation of the pair of tangents from (21, y1) to the conic (5.40) is 
Ssp= Tr" 
ie., (ax? + 2hay + by? + 29gx + 2fy+c) 
x (aay + 2haryr + by + 2ga1 + 2fy +c) 


= {axx, + h(ay + yr1) + byy + g(a +21) + f(y+y) +e}? 
= {(ar1 + hy + g)@ + (har + by + fly t (gai + fyr to)P. 


If these tangents are at right angles to each other, then the sum of the 
coefficients of x? and y? is zero. 


ie., (a+ 6)(ax? + 2hayy, + by? + 2971 +2fyi +c) 
(ax, + hy +g)? — (hai + by + f)? =0 
or, (ab—h?)(aq + yz) + 2(bg — hf )ar + af — gh)y 
ab + bc — g? — f? =0 
or, (ab—h?)(x? + y?) — 2(hf — bg)a1 — 2(gh — af) 
+(be — f?) + (ac — 9°) =0 
or, C(x? +y?) —2G2,+2Fy,+A+B=0 


+ 


where A, B, C, F, G are the respective cofactors of a, b, c, f, g in the 


ah gq 
determinant | h b f 
g9 fc 


Hence the locus of (x1, yi) is 


O(a? + y?) —2Ga+2Fy+A+B=0. 


This is the required equation of the director circle. 
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Particular Case for Circle x? + y? = a?. 


The equation of the pair of tangents form (xj, y;) to the circle is 
(e+ y? —a°)(ay + yt — a") = (wa + yy — a")? 
If these lines are at right angles to each other, then 


the coefficient of x? + the coefficient of y? = 0 


or, (aj + yp — 2] — a") + (at + yf — yi — a”) =0 


or, a + ys = Da". 
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Hence the locus of (21, y1) is 2? +y? = 2a? which is the required equation 


of the director circle. 


5.4.2 Equations of Director Circles of Standard Conics 


The following Table 5.7 gives the equations of the director circles in some 


special cases. 


Table 5.7: Director Circles for Conics 


Conics Equations Director Circles 
1. |General Cir- | 2?+y?+2gr+2fytc=0 |a?+y? + 29x 4+ 2fy—(g? 4+ f?—- 
cle: 2c) =0 
2.|Circle with |2?+y? =a? x+y? = 2a? 
centre at 
origin: 
3. | Parabola: y? = 4ax x +a=0, which is the directrix 


of the parabola. 


4. | Ellipse: 2+ 4, =1 e+y=a?+h? 

5. | Hyperbola: z = ve =a x+y? =a? —b? 

6. | General ax? + 2hay + by? +2gx4+ | (h?—ab)(x? + y?) +2(hf —bg)at+ 
Conic: 2fyt+tc=0 2(gh—af)y+972+f?-—ac—be = 0 


5.5 Chords in Terms of Middle Point 


Let the equation of the conic be 


S = ax" + 2hay + by? + 29g + 2fyt+c=0 


(5.41) 
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Let P(x1,y1) be the middle point of any chord QR to the conic (5.41). The 
equation of any line through (21, y1) is given by 


L— Ly Y— YI 
= = y 5.42 
r m oeey) ( ) 


So any point on the line may be taken as (2; + Ir,y; + mr). If this point 
lies on the conic (5.41), then 


a(x, + lr)? + 2h(x1 + Ir)(yr + mr) + b(y. + mr)? 


+29(21 + Ir) + 2f(y1+mr)+c=0 
or, (al? + 2hlm + bm?)r? + 2{(ax1 + hy + g)l + (hai + by + f)m}r 
+ax? + 2heiy, + by? +2ge1+2fyr+e=0 (5.43) 


This is a quadratic equation in r and it has two roots, say r; and rg. Since 
(21, y1) is a middle point of the chord, so we get 


retre=0 = (az, +hy, + g)lt+ (ha, + by1 + f)m =0 (5.44) 


Now eliminating 1,m between (5.42) and (5.44) we get 
(avy + hy + g)(x — 1) + (hay + by + f)(y— m1) = 0 


or, arr, + h(zy + yx1) + byy + g(a + 21) + flytm) te 
= ax? + Qhayy, + by? + 29a, + 2fyi +c (5.45) 


which is the required equation of the chord in terms of middle point (xj, yi). 


Note 5.5.1 The above equation 
(5.45) can be expressed in the form 
T = S, where T = 0 is the equation 
of the tangent to the conic (5.41) 
at the point (#1,y1) and Sy = 
S(21, Y1) . 


Note 5.5.2 In case of a circle, the 
chord bisected at the point (21, y1), 
i.e., the chord in terms of the 
middle point (x1,y1) is the fur- 
thest from the centre among all the 
chords passing through it. Also, for 
such chord, the length of the chord 
is minimum. 


Figure 5.3 


Tangents and Normals 225 


In Figure 5.3, A,B), AoBz, A3B3 are chords of which D,(x1, y1) is the 
middle point of only the chord A,B,, and then it is clear form the figure that 
of the diameters CD,, CDzg and CDs form the centre, CD, is the largest. 

Also among the chords A, B,, A2Bz and A3B3 drawn through D,(21, y1), 
the length of A,B, is minimum. 


5.6 Diameter of a Conic 


Definition 5.6.1 The locus of the middle points of a systems of parallel 
chords to a conic is known as a diameter of the conic with respect to that 
system of parallel chords. 


5.6.1 Equation of a Diameter 


Let a system of parallel chords parallel to a straight line 

= SY 

eis A 

1 om 20) 
be considered and let (21, y1) be the middle point of one of such chords to 
the conic 

ax? + 2hay + by? + 2gx +2fy+c=0 (5.47) 
Then as in the previous article (§ 5.5) we get 

(ax; + hy + g)l+ (hay + by + f)m =0 
or, (al +hm)ax; + (hl + bm)yi + (gl + fm) = 0. 


Therefore the locus of the middle point will be 
(al + hm)ax + (hl + bm)y + (gl + fm) = 0 (5.48) 


which is the diameter of the conic with respect to the system of chords 


parallel to the line panel 
l m 


5.6.2 Conjugate Diameter 


Definition 5.6.2 Two diameters of a central conic are said to be Con- 
jugate diameters of the conic, if each contains the middle points of the 
system of chords parallel to the other. 


Thus the major and minor axes of an ellipse are conjugate diameters of 
the ellipse, because each contains the middle points of the chord parallel to 
the other. 
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5.7 Pole and Polar 


Definition 5.7.1 The polar of a point with respect to a conic is the locus of 
the points of intersection of tangents at the extremities of the chords through 
that point, the point itself is called the pole of its polar. 


5.7.1 Equation to the polar of a point with respect to a non- 
singular conic 


Let us consider the conic be 
S = ax’ + 2hay + by? + 2g + 2fy+c=0 (5.49) 


and P(x1,y1) be the given point. 

Let a secant QR of S through P(x, y1) intersect the conic at Q(x, y2) 
and R(x3, y3) (see Figure 5.4). The equation of the tangents at Q and R 
are given by 


(axa + hy2 + g)x + (hae + bys + f)y + (gx2 + fy2 +c) =0 (5.50) 
(ax3 + hy3 + g)x + (hag + bys + f)y + (gx3 + fy3 +c) = 0 (5.51) 


respectively. If QR does not pass through the centre of the conic (if it is a 


P(x, ¥1) 


O(x,, V5) 


<C 
R(x5, V3) 


no? 


Figure 5.4 


central conic), then the lines (5.50) and (5.51) will intersect. Let the point 
of intersection is denoted by T(a, 3). 

Let U be the set of all points like T corresponding to all secants through 
P. Now we shall show that the points of U lie on a straight line. 

We observe that (5.50) and (5.51) pass through T(a, 3), so 


(ar2 + hy2 + g)a t+ (hae + by2 + f)B + (gxa+ fy2t+c)=0 (5.52) 
(axv3 + hy3 + g)a+ (hax3 + by3 + f)8 + (gx3 + fy3 +e) =0 (5.53) 
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From (5.52) and (5.53), it follows that the point Q(x2, y2) and R(x3, y3) 

lie on the line 
(ax + hy+g)a+ (ha t+ by + f)8B + (gx + fy+c) =0 (5.54) 


Hence the equation of the line QR is given by (5.54). Since (x1, y1) isa 
point on (5.54), so 


(az, + hy + g)at (hay + by, + f)6B + (gti + fy +e) =0 
which means that (a, 3) lies on 
(az, thy, + g)x 4+ (hay + by1 + fly + (gti + fyr +c) =0 (5.55) 


This represents a straight line which indicates that the points of the set 
U lie on the fixed straight line (5.55). 

The straight line (5.55) is called the 
polar of P with respect to the conic S' P(x1, 2) 
and the point P is called the pole of 
this line. 


Alternative Definition 


Definition 5.7.2 Let P be a point and 
S be a conic. From P, a line PQR is 
drawn to meet the conic at Q and R. 
Let T be a point on QR which is the 
harmonic conjugate of the point P with Figure 5.5 
respect to the points Q and R, i.e., 


2 1 1 


PT PQ” PR’ 


R 


then the locus of T is called the polar of the point P with respect to the 
conic S and the point P is called the pole of the polar. 


Note 5.7.1 Meaning of Harmonic Conjugate 
If P,Q, R be three points of a line g, then another point T of g different 
from them is said to be the harmonic conjugate of P with respect to Q 
and R, if the value of the segment PT is the harmonic mean of the values 
of the segments PQ and PR, i.e., 
1 1 2 
+o ==. 
PQ PR PT 
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5.7.2 Deduction of the Equation of Polar from the Alterna- 
tive Definition 


Let the coordinates of the point JT which is the harmonic conjugate of P 
with respect to Q and R be (a, 3). Equation of any line through P(x), y1) 
is given by 


EN ML, opus) (5.56) 
l m 


Any point on (5.56) is taken as (2; + lr,y; + mr). If this point lies on 
the conic 


S = ax? + 2hay + by” + 2gr +2fy+c=0 (Oot) 
then we get 


a(x, + Ir)? + 2h(x1 + lr)(yy + mr) + b(y, + mr)? 
+29(41 + Ir) + 2f(y1+mr)+c=0 
or, (al? + 2hlm + bm?)r? + 2f{ (ari + hy + g)l + (har + bys + f)m}r 
+axr} + 2heiy, + by} +2ga1+2fyi+e=0 (5.58) 


which is a quadratic equation in r. If r; and rg be its roots then we get 


2{(ax1 + hy, + g)l + (hay + by1 + f)m} 
al? + 2hlm + bm? 
ax} + 2hayy: + by? + 2gr1 + 2fy +c 
al? + 2hlm + bm? : 


and rira= 


Let us take PQ = 11, PR=re2 and PT = p, then 


A— X] 2 
l m 


=p, ie. lop =a-— x, and mp= 6 — y1. 


Now T is the harmonic conjugate of P with respect to P and Q 
a ae 2 1 1 = m+re 


PE PO” PR pay. ae aes 
2 2{(axy + hy, + g)l + (hay + by, + f)m} 
pax? + 2hayy + by? + 2gx1 + 2fy1 +e 
or, (av +hyi + g)lp + (hai + by + f)mp 
= —(ax? + 2hayy, + by? + 2921 + 2fy +c). 
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Putting the values of lp and mp we get 


(az; + hy: + g)(a — x1) + (hai + by + f)(B- y1) 
= —(axj + 2haiys + by{ + 29z1 + 2fyi +c) 
or, aax, + h(ay + Br1) + b6y1+ 9(a1 +0)+ f(y+B)+c=0 


Hence the locus of (a, 3) will be 
axx, + h(xy1 + yx) + byy. + g(a1 +2) + fly ty) +tc=0 (5.59) 


which is the required equation of the polar of the point (x1, y,) with respect 
to the given conic, which can also be written as 


(ax, + hy, + g)a t+ (ha + by + f)y t+ (gr1 + fyi + 6) =0 


and thus equation is same as deduced earlier. 


Remarks: 


1. The polar of a point with respect to a conic coincides with the chord 
of contact of tangents form the point to the conic when the point does 
not lie on the conic. 


2. If (41, y1) is a point on the conic, its polar coincides with the tangent 
to the conic at (x1, y1). 


3. If (x1, y1) lies within the conic, its polar is the line through the points 
of contact of the two imaginary tangents to the conic form (21, y1). 


4. If P be the mid point of the chord QR, then rj, rg are equal in 
magnitude but opposite in sign. In such case 


This indicates that the harmonic conjugate point of P is for away from 
the conic. Therefore, there will be no real polar of a point which is 
mid point of all chords through it. Hence for a central conic the 
centre has no real polar. 
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5.7.3 Particular Cases 
1. Equation of the polar of a given point with respect to the circle 


The equation of the given circle be 
a? +y* +2gr+2fy+c=0 (5.60) 


Let PQ, R1 be any chord drawn through the given exterior point P(x1, y1) 
with respect to the circle (vide. Figure 5.6). If the point P(x1,y1) lies 
interior of the circle then the chord will be Qi PR (vide. Figure 5.7). Let 
the tangents at Q; and R, meet in the point T)(h,k). Therefore, PQ; R, is 
the chord of contact of the tangents drawn for the point T\(h,k). Hence its 
equation is 

th+yk+g(a+h)+fiytk)+c=0. 


This line passes through (21, y1). 
nh+ykt+g(aith)+fiytkh)+e=0. 


Hence the locus of (h, k) is given by 


rai t+yyit+g(a@t+ai)+fyty)te=0 (5.61) 


which is the required equation of the polar. The point (21, y1) is the pole of 
the polar (5.61). 
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Figure 5.7 


Corollary 5.7.1 The polar of the point (11,y1) with respect to the circle 


ety? =a? is cr, + yy = a’. 


Corollary 5.7.2 The line joining the point (a1,y1) and the centre of the 
given circle (5.60) is 


ips MT Gy i 
tit g , 
So the gradient of this line = wtf 
tT g 
And the gradient of the polar (5.61) is es are 


[Since (5.61) can be written as (a1 +g)au+ (yi + f)ytga1+ fyi +c=0./ 
Therefore, the product of the two gradients = —1. 

Hence the polar of a point (21, y1) with respect to a circle is perpendicular 
to the line joining the point to the centre of the circle. 


2. Polar of a given point with respect to a parabola 


The equation of the parabola be 
y? = 4ax (5.62) 


Let the tangents at the extremities of a chord drawn through the point 
(x1, y1) intersect at (h,k). 
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The equation of the chord of contact of the tangents form (h,k) to the 
parabola (5.62) is yk = 2a(x +h). 

Thus the locus of the point (h,k) is yy, = 2a(a + 21), which is the re- 
quired equation of the polar of the point (21, y,) with respect to the parabola 
y? = 4az. 


3. Polar of a given point with respect to an ellipse 


The equation of the ellipse be 


xv 
ae See (5.63) 


Let the tangents at the extremities of a chord drawn through the point 
(21, y1) intersect at (h,k). 
The equation of the chord of contact of the tangents form (h,k) to the 
ellipse (5.63) is 
th yk 


ot 


Since it passes through (21, y1) 


hx, ky _ 
ae te 
Hence the locus of the point (h, k) is 
5 1 
ae Uae 


which is the required equation of the polar of the point (x1, y1) with respect 
to the ellipse (5.63). 


Corollary 5.7.3 In a similar way, the equation of the polar of a point 
(11,41) with respect to the hyperbola 


2 2 a 
a2 b2 
will be obtained as 
ery yy _ 4 


Tangents and Normals 233 


5.8 Pole of a Polar with respect to a Conic 


5.8.1 Pole of a Given Straight Line with respect to a Given 
Conic 


Let the equation of the given conic be 

ax” + 2hay + by” + 2gx + 2fy+c=0 (5.64) 
and the given straight line be 

l~e+my+n=0 (5.65) 


Also let (x1, y1) be the required pole. Then the equation of the polar of 
(x1, yi) with respect to the conic (5.64) is 


(az, thy, + g)xt+ (hay + by + fly t+orit+ fy. tc=0 (5.66) 


If this line is identical to the line (5.65) then comparing the equations we 


get 
azithyit+g haitbm+f gritfyte 


l 7 m n 
From the equality of the first two ratios, we get 
(am — hl)xz1 + (hm — bl)y1 + gm — fl =0 (5.67) 


Again from the equality of the second and the third ratios, we get 
(hn — gm)x1 + (bn — fm)yi + fn— cm =0 (5.68) 


Solving (5.67) and (5.68) we get 
hm — bl)(fn — cm) — 


om 


gm — fl)(bn — fm) 
hn — gm)(hm — bl) 


=. JK ( 
fo (am — hl)(bn — fm) — ( 
and yy, = (gm — fl)(hn — gm) — (am — hl)(fn — cm) 
(am — hl)(bn — oo (hn — gm)(hm — bl) 


Alm + Hm? + Gmn 
a 5.69 
Pas oe Gin + Fm? +Cmn Oey) 
Hilm+ Bm? + Fmn 
= 5.70 
ene Gln + Fm? + Cmn ( ) 
where A, B, C, F, G, H are the respective cofactors of a, b, c, f, g, hin 
ah g 
the determinant A=|h }b f 
g f ec 
The required pole is given by (5.69) and (5.70). 
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Particular Cases 
1. Pole of a given line with respect to a given circle 
Let the equation of the given circle be 
a? + y* +292 +2fy+c=0 (71) 
and the given straight line be 
le+my+n=0 (5.72) 


Also let (x1, y1) be the required pole. Then the equation of the polar of 
(21,41) with respect to the circle (5.71) is 


cay tyyitg(a@+21)+ flyt+yi)+c=0 
or, (tit g)e+(mt+f)yt+grit fyi te=0 (5.73) 


Therefore this must be identical with the line (5.72). By comparing (5.72) 
and (5.73) we get 


titg wtf gtitfyte 


l m n 

_ gti+9)+fntf) — (gi + fyi +e) 

gl+ fm—n 

_ + fr-ce 

~ glitfm—n 
» ote, UP AE He. alg el Sle alg" foi gn 
a a gl+fm—n a gl+fm—n 

_ Uf?—0e)—gfm+gn 

7 gl + fm—n 

mg? + f? —c) mg? + mf? — em — glf — mf? + fn 
and y= f= 

gl+ fm—-n gl+ fm—n 

_ m(g?— 0) —glf + fn 

- gi+fm—n , 

Alternatively, 


Comparing the equation of the circle (5.71) with the general conic given 
in § 5.8.1, we get 


a=1 b=1 c=c 
h=0 g=g f=f. 
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So we get 


a h 
A= |h b 
g f 


oi ES) 
| 


A=e=f. B 

H=gof G=-g F=-f. 
So if (a1, y1) be the pole of the line lz + my + n = 0 with respect to the 
circle x? + y? + 2gx + 2fy +c =0, then by the formulae of the last article § 
5.8, we get 


- Alm + Hm? + Gmn _ fhe = f?)lm 4+ gfm? — gmn 


“l= Gint+ Fm? +Omn —glm — fm2+mn 
_(e—f?)l+gfm—gn _ (f?-ol—gfm+gn 
7 —gl—fmt+n 7 gli+ fm-n 
Hlm+Bm?+Fmn — gflm+(ce—g*)m? — fmn 
ee Gln + Fm? +Cmn _ —glm — fm2+mn 
_ fol+(c—@?)m—fn _ (2 —c)m—gfl t+ fn 
7 —gl—fmt+n 7 gl+ fm-n ; 


So the required pole is given by 


(f —ol-gfmtgn (9? eee 
gli+fm-—n , gl+fm—n : 


Note 5.8.1 Jf gl+ fm—n=0, ie., the line la+my+n = 0 passes through 
the centre (—g,—f), then the corresponding pole does not exist. 


Corollary 5.8.1 Proceeding in a similar manner it can be established that 
the pole of the line lx + my +n =0 with respect to the circle x? + y? = a? 


will be obtained as (-<. = 


Note 5.8.2 [fn =0, i.e., if the line passes through the origin (centre of the 
circle, in this case), the corresponding pole does not exist. Thus in a circle 
the diameters have no poles. 


2. Pole of a given line with respect to a given parabola 


Let the equation of the given parabola be 


y* = 4ax (5.74) 
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and the given straight line be 
la+my+n=0 (5.75) 


Also let (x1, yi) be the required pole. Then the equation of the polar of 
(21,41) with respect to the parabola (5.74) is 


yy = 2a(x + 21) (5.76) 


Therefore (5.75) and (5.76) must be identical and so comparing we get 


2a —Y1 2axy, n 2am 
am = sal »>n=- 
l m n i I 
: . {n 2am 
Thus the required pole is (7. -m) : 


Note 5.8.3 Jfl =0, i.e., the line is parallel to the axis of the parabola, the 
corresponding pole does not exist. 


3. Pole of a given line with respect to a given ellipse 


Let the equation of the given ellipse be 
2 2 
x 
tg 
a b 


and the given straight line be 


=1 (5.77) 


le +my+n=0 (5.78) 
Also let (x1,y1) be the required pole. Then the equation of the polar of 
(21, y1) with respect to the ellipse (5.77) is 


LL] YY 
a | Be 


Therefore (5.78) and (5.79) must be identical and so comparing we get 


=1 (5.79) 


“o 7 1 2] b?m 
pe tices me | Nis a 
l m —n n n 


l 
Thus the required pole is (-202 -0) : 
n 


Note 5.8.4 If n = 0, i.e., the line passes through the centre of the ellipse 
(origin, in this case), the corresponding pole does not exist. 
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Corollary 5.8.2 In the same manner, it can be shown that the pole of the 
line la + my +n=0 with respect to the hyperbola 
2 2 


r re lL 2M 
@ gp t® (-202, 0?) 
Note 5.8.5 Ifn = 0, 1.e., the line passes through the centre of the hyperbola 


(origin, in this case also), the corresponding pole does not exist. 


Corollary 5.8.3 The pole of the chord joining two points (x1, y1) and (#2, y2) 
on a conic is the point of intersection of the tangents at that point. 


5.9 Conjugate Points and Conjugate Lines 
Definition 5.9.1 Two points are said to be Conjugate Points with re- 
spect to a conic, if each point lies on the polar of the other. 


Definition 5.9.2 Two lines are said to be Conjugate Lines to any conic, 
if the pole of one line lies on the other line. 


5.10 Properties of Pole and Polar 
1. If the polar of a point P passes through a point Q, then the 
polar of Q passes through P 
Let the conic be the circle 
a+y?+2gx4+2fytc=0 (5.80) 


and let (21, y1) and (22, y2) be the two points P and Q respectively. 
The polar of P(x ,y1) with respect to (5.80) is 


crit yy + g(a@+ai)+fyty)+e=0 (5.81) 
Since the line (5.81) passes through Q(2, y2) 
rr + yoy + g(t2 +41) + fly2tyi) +e=0 (5.82) 
From the relation (5.82), it follows that P(x1,y1) lies on the line 
vx, + yyo + g(a + #2) + fy + y2) +e=0 (5.83) 


But this equation (5.83) is the polar of Q(x2, y2) with respect to (5.80). 
Hence the polar of Q(x2, y2) passes through P(x1, y1). 


Note 5.10.1 The above two points P and Q are said to be conjugate points 
with respect to the circle. 
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2. The polar of the point of intersection of any two lines is the 
line joining their poles 


Let O be the point of intersection of the two lines AB and CD. Let P and 
Q be their respective poles. 

Since the polar of P, i.e., AB passes through O, the polar of O passes 
through P. 

Similarly the polar of O passes through Q. Hence PQ is the polar of the 
point O. 


3. If the pole of a line L; = 0 lies on another line Lz = 0 then the 
pole of the line Lz = 0 will lie on L; = 0 


Let the conic be the circle 
gi +y? =a? (5.84) 


and let the poles of ZL; = 0 and Lz = 0 with respect to (5.84) be (21, y1) 
and (x2, y2). Then the equation of the line L; = 0 is 


rx, + yy =a" (5.85) 
and that of the line Lz = 0 is 
xg + yy2 =a" (5.86) 


Now the pole of Z; = 0 lies on Lg = 0. This means that the point 
(21,41) lies on (5.86) which implies x12 + y1y2 = a”. 

This shows that the point (22, y2) lies on the line (5.85), i.e., the point 
(x2, y2) lies on Ly = 0. 


Hence the pole of Lz = 0 lies on the line L, = 0. 


Note 5.10.2 The above proposition can be established by following the same 
procedure for any conic. 


Note 5.10.3 The above two lines L; = 0 and Lo = 0 are called conjugate 
lines with respect to the circle. 


5.10.1 Self-polar Triangle 


Definition 5.10.1 A triangle AABC is said to be a Self-Conjugate or 
Self-polar Triangle if the points A,B,C are such that every two of them 
are conjugate points with respect to a conic. 
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Since the polar of A passes through B and C, BC is the polar of A. 
Similarly C'A is the polar of B and AB is the polar of C. Therefore each 
side of the AABC is the polar of the opposite vertex. 


5.11 Conditions for Conjugate Lines 


To Find the Condition that Two Lines will be Conjugate Lines to 
a Conic 


Let the equation of the given conic be 
ax? + 2hay + by? + 2gx +2fy+c=0 (5.87) 
and the given straight lines 


he+myt+n, =0 (5.88) 
and loa +moy+no=0 (5.89) 


be conjugate lines for the conic (5.87). The polar of (x1, y1) with respect to 
the conic is given by 


(az, + hy; + g)x + (hay + by + f)y + (921+ fy +c) =0 (5.90) 
Now (5.88) and (5.90) will be identical, so 
any thyytg hay by +f gait fy te — 


i “ i r (say) 
So ary +hy,+g—- Ay =0 (5.91) 
ha, + by, + f — Am, =0 (5.92) 
and gz, + fy, +¢e—An, =0 (5.93) 


Again, since lines (5.88) and (5.89) are conjugate lines, so the pole of the 
line (5.88) will lie on the line (5.89), ice., 
lox + moy+no =0 (5.94) 
Eliminating x, y; and A between (5.91), (5.92), (5.93) and (5.94) we get 
ahogsi 
h b f m4 


g f ¢ m 
ly My Nyz 0 


=0 


which is the required condition. 
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Particular Cases: 


1. To find the condition that the given straight lines be conjugate 
with respect to the circle x? + y? = a? 


Let (21, y1) and (x2, y2) be the poles of the straight lines 


ka+tmytn, =0 (5.95) 
and lobx+moyt+no=0 (5.96) 


respectively. The equation of the polar of the point (21, y,) with respect to 
the given circle 


pA Sa (5:97) 
is 
rey + yy. = a" (5.98) 


This is identical to the equation (5.95). Comparing (5.95) and (5.98) we get 


Ti Y1 a a?ly amy 
= Yi . 
ly my N41 ny N41 
a*l,  a?m4 
Therefore, pole of the line (5.95) is given by (-—. om), 
MY MY 
Since the two lines (5.95) and (5.96) are conjugate, the pole of (5.95) lie 
on (5.96) 


2] 2 
1.e., Ip (-—*) + m2 (-—") + nz =0 
1 i 


or, (Ilo + mymy)a” —nyng =0 


which is the required condition that the lines (5.95) and (5.96) are conjugate 
lines. 


2. Proceeding in a similar manner it can be shown that the 
straight lines jx + myyt+n, = 0 and x+my+n, = 0 will be 
conjugate lines with respect to the 


(i) parabola y? = 4axz if lgny + yng = 2amymz, 


2 
2 =1 if a7 lyls + b?mimy = nine, 
2 2 


(it) hyperbola 7 ae 


2 
(ii) ellipse > ‘ 


72 =1 if a7lyle — b?>myme = 711119 « 


b 
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5.12 Worked Out Examples 


Example 5.12.1 Find the equation of the tangent and normal at the point 
(1,1) to the hyperbola x? — 2y?+a2+y=1. 


Solution: Clearly the point (1,1) lies on the given hyperbola. Therefore 
the equation of the tangent at (1,1) to it is 
1 1 
x(1) — 2y(1) 4 5 (a + 1) 4 5 (¥ PH) Se 9=0. 


Since the normal is perpendicular to the tangent at (1,1), so the required 
equation of the normal is 


eat oy 
1+3 1+ 


=0 > r+y=2. 


Example 5.12.2 Find the equations of the tangents to the circle x? + y? + 
8x + 10y —4=0 which are parallel to the line x + 2y+3=0. 


Solution: The equation of any line parallel to x + 2y + 3 = 0 is given by 
gt+2Qy+k=0 => c=—-(2y+k). 


Let this line be a tangent to the given circle. Putting the value of x = 
—(2y +k) in the equation of the circle, we get 
(2y +k)? + y? — 8(2y +k) +10y-—4=0 
or, 5y* + 2(2k — 3)y + (k* — 8k — 4) =0. 


Since the given line is a tangent, so the above equation in y must have equal 
roots 


v. 4(2k — 3)? — 4.5(k? — 8k — 4) =0 

or, 4(4k? — 12k + 9) — 20(k? — 8k — 4) =0 
or, —4k? + 112k +116 =0 

or, k? —28k—29=0 

or, (k+1)(kK—29)=0 5 k=~-1, 29. 


Thus the equation of the tangents to the given circle parallel to the line 
x+2y+3=0 are given by 


x+2y—-1=0 and «+ 2y+29=0. 
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Alternative Method: 
The equation of any line parallel to the line x + 2y + 3 = 0 is 
cr+2yt+k=0 (5.99) 
The equation of the given circle is 
(+4)? + (y +5)? = (/45)? (5.100) 


If the line (5.99) be tangent to the circle (5.100) then its distance for the 
centre (—4, —5) = radius of the circle 


4—10+k 

oa 15 
+,/1+4 
or, —144+k=+15 k=-1, 29. 


Le., 


Hence the tangents are x + 2y—1=0 and 2+ 2y+ 29 =0. 


Note 5.12.1 The alternative method can be applied only to the case of a 
circle. In case of a conic, only first method is to be followed. 


Example 5.12.3 Prove that the locus of a point from which two perpendicu- 
lar tangents can be drawn to the circle x?+y? = a? is the circle x?+y? = 2a?. 


Solution: Let (x1, y1) be any position of the point. The equation to the 
pair of tangents drawn from (21, y) to the given circle S = x? + y? —a? =0 
is given by SS, = T? 


ie, (a? + y? — a?)(a} + yf — a?) = (aa1 + yy — @”)?. 
The tangents represented by the above equation will be perpendicular if 


coefficient of x? + coefficient of y? = 0 


Le. (a7 +y{ —@? — aj) + (aj +yf —a@? — yj) =0 


or, a + y? S99" =O: 


Hence the equation of the locus of (x1, y1) is a circle x? + y? = a?. 


Alternative Method: 


We know that the straight line y = mx + aV1 + m? always touches the 
circle x? + y? = a? for all values of m. Let this tangent passes through the 
point P(x1, y1), then 


yi = mz, + aV14+m? 


or, (x? —a*)m? — 2mayy, + y? — a? =0 
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which is a quadratic equation in m giving two values, say m, and m2 denot- 
ing the gradients of the tangents. If the tangents be mutually perpendicular 
to each other, then mjymz = —1 giving 

yi @ 


2 
tee 


=-l or, a +y? = Tq" 


Hence the locus of the point (21, y1) is given by x? + y? = 2a? which repre- 
sents a circle. 


Example 5.12.4 If y = xsina+aseca be a tangent to the circle x2 +y? = 
a”, then show that cos? a = 1. 


Solution: The condition that the line y = ma +c will be a tangent to the 
circle x? + y* = a? is c? = a?(1+ m7). 
Thus if y = xsina+aseca be a tangent to the circle x? + y? = a’, then 


2 2 


a=1+sin*a 
1 ; 1 — cos* a 
or, —~— - 1-sin’a=0 or, (1 — cos? a) = 0 
cos? a 


or, (1— cos? a) ( 


a’ sec? a = a?(1+sin?a) or, sec 


cos? a 


-1) =0 or, (1 — cos? a)? = 0 


cos? a 


2 2 


a=0 .. cos*qa=1. 


or, 1-—cos 


Example 5.12.5 Prove that the straight line lx + my +n = 0 touches the 
parabola y? — 4px + 4pq = 0 if ?'¢ + ln — pm? = 0. 


Solution: Let the given line 

le+my+n=0 (5.101) 
touches the parabola 

y” — 4px + 4pq = 0 (5.102) 


at the point (x1, y1). 
The equation of the tangent to the parabola (5.102) at (x1, y1) is 


yy — 2p(u + 21) + 4pq =0 or, 2px — yy + 2p(z1 — 2g) =0 (5.103) 
So the lines (5.101) and (5.103) must be identical. Comparing the coefficients 
we get 
l m n n 2pm 


= = => 2, =2¢q+— andy, =—- 
2p —yi  2p(zxi — 2q) l l 
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Since the point (x1, y:) lies on the parabola (5.102), so the point (1, y1) 
will satisfy (5.102) and we get 


y) 
(-=") — 4p (20+ =) + 4pq = 
Ap?m? 4 
or, — — 8pq — + 4pg = 0 
[? l 
4p 


a 72 | pm? gl? In) =0 i.e., Pq+in—pm? =0 (. p £0) 


which is the required condition. 


Example 5.12.6 Show that the locus of the intersection of a pair of per- 
pendicular tangents to the parabola x? = 4by is the directrix. 


Solution: Let (21, y1) be the point of intersection of the pair of tangents. 
The equation of the pair of tangents are thus given by 


(a? — 4by)(a} — 4by1) = {2x1 — 2b(y+y1)}* [S'S = 7”). 
If this pair is perpendicular to each other, so 
coefficient of x” + coefficient of y? = 0 
ie., 27 —4by — x? — 4b? =0 or, 46(y, +b) =0 or, y, +b=0. 


Hence the locus of (#1, y1) is the straight line y+b = 0 which is the directrix 
of the given parabola. 


Example 5.12.7 Find the equation to the common tangent to the circle 
x? + y? = 4ax and the parabola y? = 4az. 


Solution: Let y = maz +c be the common tangent. Since it touches the 
parabola y? = 4ax 


c= — (5.104) 
m 


Again, since it touches the given circle, so its distance from the centre (2a, 0) 
is equal to the radius of it, i-e., 


2am+c 
ztV1+ m2 


2 
or, 4am? + 4a? + Es = 4a? + 4a2m 
m 


2 
= 2a: “OF; (2am + =) = 4a?(1+ m7) [using (5.104)] 
m 


2 


2 
1 
or, —5=0 . —=0. [- e490] 
m m 
Hence the common tangent is 7 = ppc y.0 —c.0 = 0. 


m mm 
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Example 5.12.8 Fing the angle between the two tangents from an external 


point (%1,y1) to the circle x? + y? =a’. 


Solution: The equation of the pair of tangents drawn form (21, y1) to the 
given circle 2? + y? = a? is 


(wri + yy. — 07)? = (a? +y?-a@? (ai +yj—a?) [- $$, =T?| 
or, (ej — ai — yf ta*)a? + (yf — ap — yf +a" )y? + 2eiyray 
—2a7 x12 — 2a°yy +.a7(2z7 +7) =0 
or, (a? — yf)x? + (a? — £?)y? + 2ayyry — 207212 
2a yy + a" (a7 + yf) =0 
or, Ag? + By? + 2Hry+2Gr+2Fy+C=0 


where A = a? — y?,B = q? — ceed — 9146 = Seay F = =a yy and 
C= aX(x? +). 
Now, if a be the angle between the tangents, then 
2/H?— AB 2y/xiyi — (a? — yZ)(a@? — 27) 
A+B 2a? — (a? + y?) , 
Example 5.12.9 Find the equation of the locus of the points of intersection 


of the tangents to a parabola (i) which are at right angles and (ti) which 
include an angle £. 


tana = 


Solution: The straight line y = max + * is always a tangent to the parabola 
m 


y? =4ax, m £0. 
Let this tangent passes through an external point (h, k) 


k=mh+ ue 
m 
or, hm?—km+a=0 (5.105) 


Let m, and mz be the roots of (5.105), then m1, m2 denote the gradients 
of the tangents to the parabola drawn from the external point (h,k). Then 
we have 


k 
my +m = + (5.106) 
and mym2 = ; (5.107) 
Now (i) When the tangents intersect at right angles, mym2 = —1 


ares Le, h = —a. 
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So the equation of the locus of (h,k) is « + a = 0, which represents the 
directrix of the parabola. 


(ii) When £ is the angle between the tangents, then 


ies eae V (m2 + m1)? — 4myme 
a 1+mmo i 1+ myme 


2 a 
(i) —4h Ve? —4ah 
1+ ¢ ath 
or, (a+h)* tan? B = k? — 4ah. 


Hence the required locus is y? — 4axz = (a + )? tan? 8. 


Example 5.12.10 A tangent to the parabola y?+4bxz = 0 meets the parabola 
y? = 4ax at P and Q. Prove that the locus of the mid-point of PQ is 
y? (2a + b) = 4a*2. 


Solution: Let (h,k) be the mid-point of PQ. Any line through the mid- 
point (h,k) is 
y—-k=m(a—-h) (5.108) 


where m is the gradient of the line. 

Let it meets the parabola y? = 4ax at the points whose ordinates are yj; 
and yo. 

Eliminating « between the equation of the parabola y? = 4az and the 
equation of the line (5.108), we get 


2 
y-k=m(E-n) or, my? — 4ay + 4ak — 4amh = 0. 
a 


If the roots of the equation be y; and yo then 


4a =F ; 
Y1ty2=—, but aE =k Le, yy t+ yo = 2k. 
m 2 
So we get 
4 4 
aoe 2k ie, M= eae 
m 2k 
Putting this value of m in (5.108), we get 
4 2 k? — 2ah 
y—k “(x —h) ie, y= or — 


~ Ok k 
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Now if it be tangent to the parabola y? = —4bx, then from the condition of 
tangency, we have 


=. 2 2 k? — 2ah _ b 
c= = Le., ; = 2a 


or, 2a(k? — 2ah) + bk? =0 or, k?(2a+ b) = 4a7h. 
Hence the locus of (h, k) is (2a + b)y? = 4a?z. 


Example 5.12.11 Jf a circle be so drawn that it always touches a given 
line and a given circle, prove that the locus of its centre is a parabola. 


Solution: Without loss of generality, let us consider the given line as the 
x-axis and let the given circle be 


ety? =a" (5.109) 
Let the equation of the circle which touches the x-axis be taken as 
(c—h)?+(y—ky? =k? (5.110) 


The circle (5.110) touches the circle (5.109), if the sum of the radii of the 
two circles be equal to the distance between their centers, 


ie, atk=V/(h—0)? + (k—0)? 

or, (a+k)* =A? +k? or, a? +2ak+kh? =h? +h? 
a = es 

or, A = a(a+ 2k) =2a(k +5). 


Hence the locus of (h,k) is given by x? = 2a (y + 5) which is clearly a 


parabola. 


Example 5.12.12 Find the point of intersection of the tangents at the 
points (att, 2at,) and (at, 2at2) to the parabola y? = 4az. 


Solution: Let (x%1,y1) be the point of intersection of two tangents. The 
equation of the chord of contact of the tangents from (x1, y1) is 


yyi = 2a(r+21) [by T=O]. 


Since it passes through the points (at?, 2at;) and (at}, 2at2) we get 


2atyy, = 2a(at? +21) => try =2 +at? 
and 2atey: = 2a(at2? +21) > tey: = 214+ at. 


Solving these we get 2; = at)tz and y= a(t +11). 
Hence the point of intersection is (atitz, a(ti + t2)). 


248 Analytical Geometry of Two Dimensions 


Example 5.12.13 If the normal at the point (at?,2at,) on the parabola 


2 
y”? = 4ax meets it again at the point (at?, 2at), then prove that t = —t, — nS 
1 


Solution: The equation of the normal to the parabola y? = daz at the 
point (at?, 2at,) is y = —tix + 2at, + at} [See Table 5.6]. 


Since it passes through (at?, 2at), 
2at = —at*t; + 2at, + at? or, 2a(t — t,) = —at,(t? — t?) 


or, 2= (+t) [tr F tol 
t+t s t t é 

or, ee ee 
1 ‘ ears 


Example 5.12.14 Show that the condition that the normals at (1, y1), (x2, y2) 


2 
£ 
and (x3,y3) on the ellipse > + =z =1, may be concurrent if 
a 


b 


Ty Yt T1Y1 
tQ Yo Loyo | =0. 
T3 Y3 L3Y3 


2 2 


Solution: The equation of the normal at (x1, y1) to the ellipse ae + z =i1 
a 
is 
me =# mee [vide Table 5.5] 
az be 
> Pay ary, + (a? — Jay, =0 (5.111) 
Similarly the normals at (x1, y1) and (2, y2) are obtained as 
boy — a2ryo + (a? — b)xoye =0 (5.112) 
and b*a3y — a*xy3 + (a* — b*)r3y3 = 0 (5.113) 


Eliminating b?y, —a?x and (a? — b?) from (5.111), (5.112) and (5.113) we get 


ZT, Yr @M1Y1 
Z2 yo xroyo2 | =—0 
T3 Y3 %3Y3 


which is the required condition. 


Example 5.12.15 Show that the straight line lx + my = n is a normal to 


2 2 2 2 2\2 
y pee 9 SO (a* — b*) 
eae fe 


pe 
the ellipse — + 
a 


m n 
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2 2 
x 

Solution: The equation of the normal to the ellipse — + a = 1 at any 
a 


point (21, y1) is 


7 ye 2 (5.114) 
nal YI 

If the line 
le+my=n (5.115) 


be a normal to the ellipse at the point (x1, y1), then (5.115) must be identical 
to (5.114). 


l m n 
a? bt: a2 — b2 
ry Y¥1 
azn b?n 


giving w= i(a? — 62)’ Y= ~ ma? — B) 
and since (x1, yi) lies on the ellipse, so 


ae yi : a2n? b2n? 


2 2 
Example 5.12.16 The normals to the ellipse = + z = 1 at the ends of 
a 


the chords la + my = 1 and l'x+m'y =1 will be concurrent if 
a7ll! = b’ mm! = -1. 
Solution: Two points of the four concurrent normals lie on the straight line 
le+my=1 (5.116) 
Let the other two points lie on the line 
Ve+m'y=1 (5.117) 
Hence the four feet lie on (la + my — 1)(l’a + m'y — 1) =0 


or, Il'x? +mm!y? + (lm! +l'm) xy — (1+ 1')x —(m+m')y+1=0 (5.118) 
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Now the four feet of normals lie on the ellipse 


a2 
So (5.118) and (5.119) must be identical. Comparing we get 
1 / / 
lel all’ =U mm! = =1. 
Li 
a2 b? 


2 
x 
Example 5.12.17 Tangents are drawn from any point on the ellipse — + 
a 
2 
2 = 1 to the circle x? + y? = r?. Prove that the chords of contact are 
tangents to the ellipse a?x? + by? = r+. 


Solution: Let P(acos@,bsin@) be any point on the given ellipse 


The equation of the chord of contact of the tangents drawn from the point 
P(acos0, bsin@) to the given circle x? + y? = r? is 


ax cos @ + bysin@ = r? 


1 —tan? g 2 tan g 9 
or, ax 7 Yy 7 =° 
1+ tan? § 1+ tan? § 
1—# 2t ‘ 0 
or, ce: | Wie where t = tan 5 
or, (r*+ax)t? — Qbyt + (r? — ax) =0 (5.120) 


We know that an envelope is a curve which touches each member of the 
family of curves and each point of the curve is touched by some member 
of the family. In this case, the envelope of the family of chords of contact 
(5.120) will be the required curve. 

Hence the required envelope of the family of straight line (5.120) is given 
by 


Ab?y? = 4(r? + ax)(r? — ax) or, a?x? + by? = 7. 
Note 5.12.2 The envelope of the family of curves 
A(z, y)\” + Bla, y)A + C(a,y) = 0 


where X is the parameter, is given by B? = 4AC. 
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Example 5.12.18 Show that the locus of the point of intersection of tan- 


2 2 
gents at two points on the ellipse — + oe = 1, where the difference of their 
a 


b 
2 2 A 
eccentric angels is 2a ae 3 + 7g = Sec’ a. 


b2 


Solution: Let (h,k) be the point of intersection of the two tangents at the 
2 2 


+ a = 1 whose eccentric angles are 1 


b 


two points on the given ellipse — 
and ¢2 and ¢1 — ¢2 = 2a. 


The equation of the chord of contact of tangents drawn form the point 
2 2 


(h, k) to the ellipse > 4: 2 = lis 
ha ky 
ee (5.121) 


The equation of the chord of the ellipse, joining the two points ¢, and @2 is 


x 


os (1 + b2) 4 ; sin (1 + $2) = cos (1 — $2) =cosa (5.122) 


By the condition of the problem, equations (5.121) and (5.122) represent 
the same straight line. Comparing the coefficients of (5.121) and (5.122), 
we get 


h k 

a 2 esl 
+ cos 3($1 + a) ¢sin$($1+¢2) cosa 

a 
h= COS 5 (or + 2), k (¢1 + $2) 

COS 
[Or ‘ 
a Be soem 
5 ate y? = 2 
Hence the locus of (h, k) is - + pe = Sec" a. 


Example 5.12.19 Find the equation of the common tangent to the parabo- 
las y? = 32x and x? = 108y. 


Solution: The straight line 
8 
m 


is always a tangent to the parabola y? = 322 for all non-zero values of m. 
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The abscissa of the points of intersection of the line (5.123) with the 
parabola x? = 108y are given by 


x? = 108 (ma + 4 
m 


or, m2x* — 108m*x +8 x 108 = 0 (5.124) 


The straight line (5.123) will be tangent to the second parabola x? = 108y 
if the roots of (5.124) are equal, which requires 


(108m)? — 4.m.8.108 = 0 


8 2 
3 
aso) =O 2. MHS 0). 
or, m(m +z) m 3 { m #0) 
Hence the equation of the common tangent is 
2 8x3 
y = —=x — — or, 24+ 3y+ 36 = 0. 

3 2 
Example 5.12.20 The polar of the point P with respect to the circle x? + 
y? = a? touches in circle 4a? + 4y? = a?. Show that the locus of P is the 


circle 2? + y? = 4a?. 


Solution: Let (x1, y1) be the coordinates of the point P. Thus the equation 
of the polar of the point P(x1,y1) with respect to the circle x? + y? = a? is 


Ly a2 


vr. + yy =a" or, y= —— a+ — (5.125) 
Y1 Y1 
Pe: 
If this line (5.125) be tangent to the circle x? + y? = re then we get 


1 2 
ie., 27 + y? = 4a’. 


oe ( =) cae a 


Hence the locus of (x1, y1) is 2? + y? = 4a?. 


Example 5.12.21 Show that the polar of the point (—1,5) with respect to 
the parabola y* = 4x passes through the focus. 


Solution: The equation of the polar of the point (—1,5) with respect to 
the parabola y? = 4x is 5y = 2(a — 1), i.e., 22 — 5y — 2 = 0 which evidently 
passes through (1,0), the focus of the parabola. 
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Example 5.12.22 If the pole of the straight line with respect to the circle 
x+y? = a lies on x? + y? = k?a?, then prove that the straight line will 
a 


touch the circle x? + y? = Re 


Solution: Let (x1, y1) be a point on the circle 
ety? = ka? (5.126) 


The polar of (21,41) with respect to the circle x7+y? = a? is rr +yy1 = a”. 


az 


roe then 


If it touches the circle x? + y? = 


a 
its perpendicular distance form (0,0) = the radius — 


k 


a? a 


Le., if eae 


vajty = & 


ie., if 2? + y? =a?k? which is true by (5.126). 


Example 5.12.23 Find the locus of the poles with respect to the circle x? + 
y* =a? of the tangents to the circle x? + y? = 2ax. 


Solution: Equation of the circle can be written as (a2 — a)? + y? = a?. 
Its tangent is given by 


y= m(a2—a)+aV14+m? 
or, mx—yta(V¥1+m?2—m) =0 (127) 


Let (a, 3) be the pole of this tangent line with respect to the circle x? +y? = 
2 
a’. 
The equation of the polar of (a, 3) with respect to the circle x? +y? = a? 
is 
ax + By =a? (5.128) 


Since (5.127) and (5.128) represent the same straight line, so comparing we 
get 


= B - =G7 —a 


1 a(Vlit+m2—m) Vi+m?—m 


a a 
= —— and l+m?2—-m= —. 
B B 


a 
m 
m 
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Eliminating m we get 


1+( s\' 49-3 
B BB 


or, Va2?+62+a=a ie. (a—a)* =a? + f? 


or, a? —2aa+a* =a’? + 8? or, 6? =a? — 2aa. 


Hence the required locus is y? + 2ax = a? which represents a parabola. 


Example 5.12.24 Show that the polar of any point on the circle x? + y? — 
2ax — 3a” = 0 with respect to the circle x? + y? + 2ax — 3a? = 0 will be 
tangent to the parabola y? = —4azx. 


Solution: Let (a, 3) be coordinates of any point P on the circle 
x? + y* — 2ax — 3a” =0 (5.129) 
Then a’ + 6? — 2aa — 3a? =0 (5.130) 
The equation of the polar of P(a,@) with respect to the circle 
a? + y? + 2ar — 3a” = 0 (5.131) 
is ax+By+a(x+a) — 3a? =0 


or (a+a)z+ By +a(a— 3a) =0 
a+a a(a — 3a) a+a a(a — 3a)6 


1.e., = x — vt 
. B B B PP 
a+a a(a — 3a)6 
= f 5.130 
B ae + 2aa— a? prom, ) 
eas Ge ma = where m aoe 
or = xz = t = : 
@ B a+a m B 


Evidently, this straight line, i.e., the polar of P(a, 3) is a tangent to the 
parabola y? = —4az. 


Example 5.12.25 If the polar of a point with respect to the parabola y? = 
dax touches the parabola x? = 4by, then show that the locus of the point is 
the hyperbola xy + 2ab = 0. 


Solution: Equation of the polar of P(a, 3) with respect to the parabola 
y? = 4az is 


By = 2a(x+a) or 2ax = By — 2aa (5.132) 
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Now the straight line 
b 
x= my+— (5.133) 
m 


is a tangent to the parabola «x? = 4by. 
Evidently (5.132) and (5.133) are identical, so comparing we get 


ae A 
2a B —2aa *" ~ 2a 2aa 


ie., af = —2ab. 


Hence the equation of the locus of P(a, 3) is ry + 2ab = 0 which represents 
a hyperbola. 


A. Special Problems on Tangents and Normals; Chord of Con- 
tacts; Pair of Tangents 


Example 5.12.26 TP andTQ are tangents to the parabola y? = 4ax drawn 
form a variable point T. If TP and TQ are always perpendicular to each 
other, show that the locus of the point of intersection of the normals to the 
parabola at P and Q is the parabola y? = a(x — 3a). 


Solution: Let (at?, 2at,) and (at3,2at2) be the coordinates of the points P 
and @ respectively. Then normals at P and Q are respectively given by 

y — 2at, = —t,(x — at?) (5.134) 

and y — 2atz = —to(x — at?) (5.135) 

Now since the tangents at P and Q are at right angles to each other, so also 


the normals thereat 


*, tytg =—-1 Le, tg =—-——. 


ty 
Let they intersect at D(a, 3) 
B — 2aty = —ty(a — at?) (5.136) 
and  — 2atz = —to(a — at?) (5.137) 
— (Qa-—a)t 
From (5.136), i Lee a paons Bae ee. 
a 
2 1 
From (5.137), B4 = a = or Bt? + (2a—a)t? +a=0 
ty ty ty 
B _ (2a = a)ty 


+ (2a—a)t? +a=0 
or a(2a—a)t? — (2a — a) Gt, + (6? +a”) = 0. 
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P(at,?,2at;) 
L(a, B) 


(aty’ at») 
ys 4ax 
Similarly, form (5.137) we get 
a(2a — a)t2 — (2a — a) Sto + (67 + a7) = 0. 


Therefore we see that t; and to are the roots of the equation 


(9 = )6t + (6? +a”) =0 giving tit oe 
a—a)t°—(Qa-—a a*)= ivin = ——_.. 
° ee a(2a — qa) 
Again since tjtg = —1, so we get 


tS 1 or, 8? +a? = = 247 ae or, 6? ala — 3a). 
a(2a — a) 


Hence the locus of L(a, 8) is y? = a(x — 8a). 


Example 5.12.27 If three normals from a point to the parabola y? = 4ax 
cut the axis in points whose distance from the vertex are in arithmetic pro- 
gression (A.P.), show that the point lies on the curve 27ay” = 2(x — 2a). 


Solution: The equation of the normal to the parabola y? = 4ax at any 
point (at?,2at) on it for all values of t is given by 


y — 2at = —t(x — at”) ie, y+ta = 2at+ at? (5.138) 


Let this normal passes through the point (x1, y1), then we get 


yi + tx, = 2at + at® or, at? + (2a —21)t -—y1 = 0 (5.139) 
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If t1, t2 and tg be the roots of (5.139), then 


tt) + to +t3 =0 (5.140) 
2a — 
tis + tale tiaty = (5.141) 
and tytot3 = a (5.142) 
a 


The normals cut the a-axis at the points (at? + 2a,0), (at? + 2a,0) and 
(at? + 2a,0) [obtained by putting y = 0 in (5.138)] and so their distances 
from the vertex are at? + 2a, at3 + 2a and at? + 2a. 
Now by condition of the given problem, since the distances are in A.P., 
we have 
Gt OG ats + 06-= Oats 400) ..0r te Aa Sore 
or, (t1 +#3)* — 2tyt3 = 2t2 or, #2 — 2tyt3 = 2t2 [by (5.140)] 


or, tt3=—# (5.143) 


On, dos = =» |ibyi( 242)) (5.144) 


Again form (5.141) we get 


2a—2 
to(t) + t3) + tits = : 


lj. 2%a-2 


or, tg(—te) 5 te = [using (5.140) and (5.143)] 
a 
3 2a-—21 . 2 (x1 — 2a) 
or, st = ist = a (5.145) 


Eliminating tg form (5.144) and (5.145) we get 


2y1 2 . x1 — 2a . Ay? 8 (2, — 2a : 
—-—) =([- or, = 
a 3 a a? 27 a 


or, 27ay? = 2(x, — 2a)?. 


Hence the locus of (21, 1) is 27ay? = 2(a — 2a)?. 


2 2 
Example 5.12.28 Any ordinate NP of the ellipse a + y _ 1 meets the 
a 


b2 
auxiliary circle at Q. Prove that the locus of the point of intersection of the 
normals at P and Q is the circle x7 + y? = (a+b)?. 

, Me ahd 641 ae UP , 
Solution: The equation of the auxiliary circle of the ellipse a + po 1 is 
given by x? + y? = a? (-.. centre of the auxiliary circle is the same as that. of 
the ellipse and its radius is equal to the semi-major axis). 
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Let ¢ be the eccentric angle of the Y 
point P on the ellipse, i.e., the point P 
is given by (acos¢,bsing). Then the 


Q 
corresponding point Q on the auxiliary 
circle is given by (acos ¢, asin @). /| 
The normal at P to the ellipse is ba oe 
A’ X 

asing Pe C) Nee 

(a — acos ¢) 
bcos @ 


or, axsing — bycos¢ = 
(a*—b*)sin¢dcos@ (5.146) 


y — bsing = 


The normal at Q(acos ¢, asin ¢) to 
the auxiliary circle is 


sing 
cos 
or, xsind—ycosd =0 (5.147) 


y—asingd = (a — acos ¢) 


Atg@= 5 the normals at P and Q are same, so cos ¢@ # 0. 
So, we get from (5.146), 


tang = 2 (5.148) 
x 
and from (5.146), axtan@— by = (a? — b*) sing 
or, ay — by = (a? — b*) sing [using (5.148)] 
or, sing= 5 and hence cosg = = sing = 5. 


Eliminating ¢ we get the point of intersection of the two normals as 


2 2 
. 2 oe y z = 
sin” ¢ + cos 6=(4) | (5) at 


or, a7 +y* = (a+b). 


Example 5.12.29 If the normals at any end of a latus rectum of an ellipse 
passes through one end of the minor axis, then prove that e+ + e? = 1, e 
being the eccentricity. 


Solution: Let a,b be the lengths of the semi-major and semi-minor axes of 
2 

a 

a= ti, 


2 
the elli = 
e ellipse 2 + b 
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b2 

The equation of the normal at end of the latus-rectum (ac, =| is given 

a 


by 


This passes through one end of the minor axis (0, —b). 


b? a?(1—e?) 


a a 


or, a? =ab+a*—a’e’ or, a’e? 


Ee b _— mel = e”)| 


=ab i., ae? =b 


= ¢e=F—ao7(1—e7) | @=1-—2. > +e? =1. 


Example 5.12.30 Show that 6x? + 4ry + y? + 2y = 0 is the equation of the 
conic with centre at the point (1,—3) which passes through the point (0, —2) 
and touches the x-axis at the origin. 


Solution: Herea=6, b=1, c=0, h=2, g=0, f=1. 


ab— fh? =6i1-2 =2F 0. 


So the conic is a central conic. 
Its centre is given by 


(sa ea) nt) 


= = (1 : 
ab — h2’ ab — h? 2 ; 2 (1, —3) 


Since the point (0, —2) satisfies the equation of the conic, so the conic passes 
through this point. 


The tangent at the origin is obtained by equating the lowest degree term 
to zero and is given by 2y = Oi.e., y = 0, ie., the x-axis. 


Example 5.12.31 If the normal to the rectangular hyperbola xy = c at 


Cc Cc 
(cn, =) meets the curve at (ctr, “), then prove that t?tz = —1. 
1 2 


Solution: The equation of the tangent to the rectangular hyperbola xy = c? 


Cc 
at the point (cn, <) is given by 
1 


1 / xc 2 ZL 2c 
s{(— t+ycth } =cC or, y=-at—. 
2\ 
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So the equation of the normal at this point is given by 


c 
y— — =F (2— ct). 
ty 


If it passes through (ct, <), then 
2 


aR 2 t — to 2 
— — — = 17 (ct2 — ct1) or, =-ty(t t 
— i(ct2 — ct1) as i(t1 — ta) 
1 2 1 2 
or, (t; — ta) —4+tj)=0 = —4+t = 0 [.t, A to] 
tyto tyto 
which gives t?t2 = —1. 


Example 5.12.32 Ifa be the angle between a pair of tangents to the parabola 
y*? = 4ax, show that the locus of their point of intersection is 


(x +a)* tan? a = y? — daz. 


Solution: Let (h,k) be the point of intersection. Equation of the pair of 
tangents form (h,k) to the parabola y? = 4az is 
(y* — 4ax)(k? — 4ah) = {yk — 2a(2 + h)}* [by rule SS, = T?] 
or, yk? — 4dahy? — dark? + 16a*ha = y?k? — 4a(a + h)yk 
+4a? (x? + 2rh + h?) 
or, —4ahy? — 4axk? + 8a7ha = —4axyk — 4ahyk + 4072? + 40h? 
or, a?x? — akzy + ahy? + ak?x — 2a*ha — ahky + a2h? =0 
or, ax? — kay + hy? + (k? — 2ah)a — hky + ah? = 0. 


It is given that @ is the angle between these pair of lines, 


tana = or, (h+ a)? tan? a = k? — 4ah 
ath 


Therefore, the locus of (h, k) is (x + a)? tan? a = y? — daz. 


B. Special Problems on Poles and Polars 


Example 5.12.33 Show that the locus of the pole with respect to the ellipse 


a oy? oy? 
—z +7 = 1 of any tangent to the director circle of the ellipse > + = =1 
a b2 C0 
x y? - 1 
e ab Maem i 
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2 2 
Solution: The equation of the director circle of the ellipse ae + 2 1 is 
c 
g+yae+d (5.149) 
Let (a, 3) be the pole of a tangent to (5.149) with respect to the ellipse 
2 2 
> + z = 1. Then the polar is 
za yf 
we - yo 1 or, bax + a2 By — ab? =1 (5.150) 


Now (5.150) is a tangent to (5.149), 


its distance form the centre (0,0) of (5.150) = radius of (5.149) 


242 42 4 2 
a*b brat + a*B 1 
ee Perey ee = 
Meo | arp aaa| VO FO aad C+P 
a? B? 1 
OT BE ER 
gy? 1 


Hence the locus of (a, ) is a Mt 24a 


Example 5.12.34 Show that the locus of the poles of chords of the ellipse 


2 2 
x 
ce z = 1, which subtend a right angle at the centre is 
a 
2 2 
x 1 1 
a+ ~ = eae 
a b a b2 


Solution: Let (a, 3) be the pole of a chord of the given ellipse. The polar 
of (a, 3) with respect to the given ellipse will be 


az By 
Pra (5.151) 


This will be the equation of the chord. It is given that it subtends a right 


angle at the origin, i.e., at the centre of the ellipse. So making the equation 
of the given ellipse homogeneous with the help of (5.151), we get 


x y? ax , By\” 
a ae az | (Cbe . 
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Since these lines are perpendicular to each other, so 
coefficient of x” + coefficient of y? = 0 
2 2 2 2 
a 1 Be 41 a B62 1 1 
oy (Ta) + (og) at eat 


ie A x y? 1 1 
Hence the locus of (a, 8) is given by a + moat 


Example 5.12.35 Prove that the locus of the poles of normal chords of the 
2 2 
hyperbola 3 - z = 1 with respect to the hyperbola is the curve 
a 
ay? — b8a2 = (a? + b*)2a2y?. 


Solution: Equation of the normal at any point (asec 6,btan@) on the hy- 


2 2 
perbola 2 — PR =1lis 
b 
+ / ~ 42+ (vide Table 5.6) (5.152) 


secO tand 


i.e., the normal chord at (asec, btan 6) lies along this line (5.152). 


2 2 
If (h, k) be the pole of (5.152) with respect to the hyperbola = ~ Pp =1 
a 
then (5.152) will be identical to 
th yk 
So comparing the coefficients of (5.152) and (5.153) we get 
Gee tan 
3 b3 
or, = cos 6 = = cobd =@7+0 
24 67 )h 
a 
a2 +b? cos 6 a? +b 
and cot@= =a ay i 73 k 
b3 b3 (a7+b*)h bh 


semi OE a (a2 + B2)k * aa = ashe 
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Eliminating 6 we get 
(a2+b2)2h2 bh? 
a® a&k? 
or, a®k* = (a? + b7)*n?k? + b°n?. 
Hence the locus of (h,k) is a®y? — b®x? = (a? + b?)?x?y?. 


1 =cos?@+4+ sin? 6 = 


Example 5.12.36 Prove that the locus of the poles of tangents to the parabola 

b2 
y? = 4ax with respect to the parabola y? = 4bx is the parabola y? = 4—x. 
a 


Solution: Let (h,k) be the pole. Then the equation of the polar with 
respect to y? = 4bz is 


2b 2Qbh 
yk = 2b(a +h) or, y= —x2+—. 
k k 
If it is a tangent to the parabola y? = 4az, then we get 
2bh 
=F [| by the condition of tangency c = = 
ko F i 
p2 — 4b°h 
a 


b2 
Hence the locus of (h,k) is y? = 4—t. 


Example 5.12.37 If the sum of the abscissas of two points on the ellipse 
= a v= = 1 be'a’, show that the locus of the pole of the chord which joins 
ie is b?x? + a?y? = 2ab2x. 

Solution: Let P(acos@,bsin@) and Q(acos ¢, bsin ¢) be the two points on 
the given ellipse. Then by the condition of the problem 


acosO+acos¢=a => cos@+cos@=1 

or, 2eos F2 eos"—9 =1 (5.154) 
The equation of the chord PQ is 
bsin d — bsind 
acos @ — acos@ 
or, 6(sin@ — sin d)a + a(cos ¢ — cos 6)y 
= ab(—sindcosé@ + sin@ cos 6 + sin 6 cos ¢ — sin 8 cos 6) 
= ab(sin@cos ¢ — cos@sin ¢) = absin(6 — ¢) (5.155) 


y — bsind = 


(x — acos @) 
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Let its pole be (21,41). Equation of polar of (271,41) with respect to the 
2 2 
y 


: x ; 
ellipse a ea lis 
LL) YY 


Comparing (5.155) and (5.156), we get 


a*b(sin@d — sing) _ ab?(cos¢ — cos 6) 
Ba Y1 
a(sin 6 — sin ¢) a(cos @ — cos 0) 
reer ar peers tae 
sin(@ — @) sin(™ — ¢) 
9,9 (sin@ — sin ¢)? _ 12.2 (cos @ — cos 6)? 


= absin(0 — ¢) 


br? +a7y? =a + b*a 
7 a sin?(0 — @) sin?(0 — ¢) 
272 
a“b 
= —5———_ [2 — 2cos(0 — 
252 _ 
Soyo iit 8 
sin“ (@ — @) 2 
2p2 272 6+@ 
a*b a*b*.2 cos =5° ; 
= ae =; 2 fusing (5.154)] 
COs > COS ~~~ 
2cos St? sin Se sin @ — sing 
bear? + a’y? = 27d. 2 2 = 9q?b? "= 2ab? 21. 
} : 2 sin oo cos a? sin(@ — ¢) 


Hence the locus of (x1, y1) is b?x? + a?y? = 2ab?2. 


Example 5.12.38 Find the condition that the lines lx + my = 1 and px + 
qy = 1 will be a conjugate with respect to the conic ax? + 2hay + by? = 1. 


Solution: Let (x1, y1) be the pole of lx + my = 1 with respect to the given 
conic, then lx+my = 1 and ava, +h(aiy+ ry) + byy, = 1 will be identical. 
Comparing we get, 

axy +hy, hay + by 1 _ lb—hm ma—Ilh 


Eo ie ae SR see ee a 


As the given lines are conjugate, so 


lb — hm ma — lh 
REE OREN Bede) ob hey 


or, p(lb—hm) + q(ma-— Ih) = ab—h? 


which is the required condition. 
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5.13 Exercises 


Section A: Objective Type Questions 


1. If y = xsina + aseca be a tangent to a circle 2? + y? = a”, show 

that cos? a = 1. 
' ben Oe 

2. Find the equation of the tangent to the ellipse 16 + a 1 at the 
point (1,2). 

3. If the line lz + my = 1 touches the circle 2? + y? = a”, then (1,m) 
lies on a certain circle. Find its equation. 

4. Find the equation of the tangents to the circle x?7+y?+8r+10y—4 = 0 
which are parallel to the straight line x + 2y +3 =0. 

5. Find the equation of the common tangent to the parabolas y? = 32x 
and x? = 108y. 

6. Find the equation of the normal at the point (1,4) to the ellipse 
3a? + Ty? = 115. 

7. Prove that the straight line 4axz + 3by = 12c will be a normal to the 

a2? 

ellipse =) + RB 

8. Prove that the straight line 27 + 4y = 9 is a normal to the parabola 
y? = 8a. 

9. Find the coordinates of the pole of the straight line 32 + 4y +1 =0 
with respect to the circle x? + y? + 6a + 4y —3=0. 

10. Find the polar of the point (—1,5) with respect to the parabola 
y? = 4a. 

11. Hind one locus of the point P, if its polar with respect to the 

v 7] 


hyperbola — po 1 be equally inclined to the coordinate axes. 
a 


= 1, if 5c = a7e?, e being the eccentricity. 


12. Show that the locus of the poles of tangents to the parabola y? = 4ax 

4 a 

with respect to the parabola y? = 4ba is y? = —z. 
a 


13. Find the length of the tangent from (—2, 2) to the conic 4x? +y? = 4. 

14. Find the length of the tangent from (—1,1) to the circle x? + y? — 
4x —4y4+4=0. 

15. Find the length of the tangent from (0,0) to the circle 2? + y? — 
4¢ —4y+4=0. 

16. Find the equation of the chord of contact to the point (6,5) with 
respect to the ellipse 4x? + 9y? = 36. 
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17. Find the equation of the normal at (1,—1) to the conic y? — xy — 
Qa? — By +2—6=0. 

18. Show that the locus of the poles of tangents to the parabola y? = 4ax 

Ab? 

with respect to the parabola y? = 4ba is the parabola y? = —z. 

a 


19. Find the equation of the polar of the point (1,2) with respect to the 
conic x? + y” — 4x — 6y — 12 = 0. 

20. Find the equation of the polar of the point (2,3) with respect to the 
conic y? — 4x = 0. 

. oe F 2 2 2 

21. Chords of the ellipse i) + Ro 1 touch the circle «* + y* = e*. 
Find the locus of their poles. 

22. If the normal at any end of a latus rectum of an ellipse passes 
through one end of the minor axis, then prove that e4 + e? = 1 where e is 


the eccentricity of the ellipse. 
Section B: Broad Answer Type Questions 


1. (i) Find the equation of the tangent to the parabola y? = 16x at the 
point (1,4). 

(ii) Find the equation of the tangent to the circle 2? + y? = 3, which 
makes an angle of 60° with the z-axis. 

(iii) Find the equation of the tangents to the parabola y? = 4a + 5 
which are parallel to the straight line y = 2” + 1. 

2. Find the equation of the tangents to the conic 2? + 4xy + 3y? — 5a — 
6y + 3 = 0 which are parallel to the straight line « + 4y = 0. 

3. Two circles both touch the axis of y and intersect at the points (1, 0) 
and (2,—1). Show that they touch the line y + 2 =0. 

4. Prove that the straight lines 4% — 2y + 3 = 0 touches the parabola 
y’? = 122 and find the coordinates of the point of contact. 

5. If tangents be drawn from any point on the line x + 4a = 0 to the 
parabola y? = 4az, then show that the chord of contact will subtends a right 
angle at the vertex. 

6. Find the common tangents to the circles 7? —22%y+y?+4y+100 = 0 
and x? — 22xy + y? — 4y — 100 = 0. 

7. Find the coordinates of the point of intersection of the tangents at 
the points (at?,2at;) and (at3,2at2) to the parabola y? = 4az. 


8. If the angle between the two tangents drawn form the point (h,k) to 
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2 2 


the ellipse a — a = 1 be @, then prove that 
a b 
he RA 
(h? + k* — a? — b?) tan@ = 2ab aip ol 


9. For the parabola y? = 8x form the equations of two tangents which 
16 
pass through the point (-2, 3) . Also find the angle between them. 


10. If 2a be the angle between the two tangents drawn form an external 
a 


Sh? +2 
11. A tangent to a parabola y?+4bx = 0 meets the parabola y? = 4az at 

P and Q. Prove that the locus of the mid-point of PQ is y?(2a+b) = 4a?z. 
12. Show that the locus of the foot of perpendicular from the centre on 


point to the circle x? + y? = a?, then show that 2a = 2sin™! 


2 2 
any tangent to the ellipse “5 od ae m= = 1 is the curve a2z? + b¢y? = (27 +y7)?. 


13. The product of tis tangents drawn form a point P to the parabola 
2 = dax is equal to the product of the focal distance of P and the latus 
rectum. Show that the locus of P is the parabola y? = 4a(x + a). 

14. Two straight lines are at right angles to one another, one of them 
touches the parabola y? = 4a(a + a) and other touches the parabola y? = 
4b(a +b). Show that the point of intersection of the straight lines will lie on 
the straight line x +a+b=0. 

15. Prove that the straight line lx + my +n = 0 touches 


(i) the circle x? + y? = a? if n? = a? (I? +m?) 

(ii) the parabola y? = 4az if In = am? 

hd qe Ue Re ee ee tg 

(iii) the ellipse — + © = lifn*=a*l*+b*m 
a 


oy? 
(iv) the hyperbola aa ae 1 ifn? = a7 1? — bm?. 
ay? 
16. If the tangent y = mx+va?m? — b? touches the hyperbola — — a 
a 


b 
1 at the point (asec ¢, btan¢), prove that @ = sin~! (~). 
am 


17. now that the straight line x cosa+y sin a = p touches the hyperbola 
2 


x 
tae cos? a — b? sin? a = p?. 
a b2 
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18. Tangents are drawn from the point (h,k) to the circle x? + y? = a?. 


Prove that the area of the triangle formed by them and the straight line 
a(h? + k? — a2)3 
h? + k? 

19. Prove that the length of the tangent drawn from any point on the 
circle x? + y? + 29x +2fy+c¢=0 to the circle x7 + y? + 2gx+2fy+c =0 
is (¢ — c)?. 

20. Show that the locus of the point of intersection of mutually perpen- 
dicular tangents of a parabola is the directrix of the parabola. 


joining their point of contact is 


21. Find the locus of the point of intersection of tangents drawn t an 
ellipse which include an angle 0. 

22. Find the equation of the normal at the point (1,3) to the parabola 
y? = 9x. 

23. Prove that the normals at the ends of a focal chord of a parabola 
y’ = 4ax intersect on the parabola y? = a(x — 3a). 

24. Prove that the straight line lz + my +n = 0 is a normal to 


, we? AP a wb ~~ (a? —b?)? 

(i) the ellipse a2 + vi 1 if 2 + ie 5 

Me a2 y? : az b2 (a? 4 b?)? 
(ii) the hyperbola ot ga i Bie “a 


25. The normal to the parabola y? = 4az at the point (at?, 2at) meets 
the parabola again at the point (at?, 2at,). Prove that t? + tt; +2 =0. 

26. Find the locus of the point of intersection of the two normals to a 
parabola which are at right angles. 

27. Prove that the normal to the circle x? + y? — 5a + 2y = 48 at the 
point (5,6) is a tangent to the parabola 5y? + 448x = 0. 

28. Show that the locus of poles of tangents to the parabola ay?+2b?z = 

2 2 


O with respect to the ellipse = 1 is the parabola ay? — 2b?x = 0. 


ane! 
a 
29. The polar of a point P with respect to the circle x?-+y? = a? touches 
the circle (x — a)? + (y — 6)? = b?. Show that the locus of P is the curve 
given by the equation (ax + By — a”)? = b?(x? + y?). 
2 
a = 1 touch the circle 2? + y? = c?. 


30. Chords of the ellipse a + 
a b 


Find the locus of their poles. 
2 
31. Find the locus of P if its polar with respect to the hyperbola a ~ 
a 
2 


2 = | be equally inclined to the coordinate axes. 
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32. Prove that 
(i) the locus of the poles of the normal chords of the parabola y? = 4ax 
is the curve y?(x + 2a) + 4a? = 0. 
(ii) the locus of the poles of the chords of the parabola y? = 4ax which 
subtend a right angle at the vertex is x + 4a = 0. 
; aye Find the locus of the poles of the normal chords of the ellipse 
x 
at pol 
34. The polar of the point P with respect to the circle 2? + y? = a 
touches the circle 4(a? + y?) = a”. Show that locus of P is the circle 
g? + y? = 4a?. 
35. Show that the normal y = mx—2am—am? of the parabola y? = 4ax 


2 


1 
intersects the parabola again at an angle tan! (5m). 


36. A circle is described on a focal chord of y? = 4axz as diameter. If 
m be the tangent of inclination of the chord to the axis, prove that the 


2 4 
equation of the circle is x? + y? — 2ax (1 | :) OH 34? =. 
m m 


37. If the normals at two points A and B of a parabola intersect on the 
curve, then show that the straight line AB passes through a fixed point. 

38. Show that the locus of the middle points of normal chords of the 
rectangular hyperbola x? — y? = a? is (y? — 2)? = 4a?x?y?. 

39. The normals at the ends of the latus rectum of the parabola y? = 4ax 
meet the curve again in Q and Q’. Prove that QQ’ = 12a. 

40. The tangents at two points P and Q of a parabola whose focus is 


S, meet at 7’, prove that 
(i) TP and TQ subtend equal angles at the focus, 
Gi) SESO=s7r- 

and (iii) the triangle ASPT and ASTQ are similar. 

41. If the tangent and normal to an ellipse meet the major axis at the 
points T and G respectively, then prove that CG.CT = C'S?, where C is 
the centre and S is the nearer focus to T. 

42. If the normals at the points (71, y1), (x2, y2), (@3,y3) and (x4, ys) 
on the rectangular hyperbola xy = c? meet at (a, 8) then show that a = 
ty+agt+23+2%4, B=yr+yoty3t+ ys and x1 x9%3%4 = yi yoysys = —c*. 

43. Show that the points (1,2) and (8,—6) are conjugate with respect 
to the conic 2? + 2y+y? =1. 

44. Find the condition that the two straight lines 1j2 + myy = 1 and 
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2 y 


gta =, 


lox + may = 1 will be conjugate with respect to the conic 
2 2 


x 
45. If a point lies on the ellipse —; + i = 1, then prove that its polar 
a 
2 2 12,2 12,2 
x x b 
with respect to the ellipse — + Toa touches the ellipse —j— + d = 
a2 a b 


46. Show that the locus of the poles of the chords of the parabola 
y? = 4ax which is bisected by a fixed straight line lz + my +n = 0 is 
I(y? — 2ax) + 2a(my +n) = 0. 

47. Show that the locus of the poles, with respect to the parabola y? = 
Aax, of tangents to the hyperbola x? — y? = a? is the ellipse 4x? + y? = 4a?. 

48. If the pole of the normal at P on an ellipse lies on the normal at Q, 
then show that the pole of the normal at Q lies on the normal at P. 
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ANSWERS 


Section A: 2. 2+ 2y = 8; 3. 227+y% =1/a?; 4. c+ 2y—1=0 and 
x+2y+29 = 0; 5. 274+ 3y + 36 = 0; 6. 28x — 3y — 16 = 0; 9. (0,2); 10. 
2a —5y—2=0; 11. b?2 = a?y; 12. 4 units; 13. V6 units; 14. 2 units; 15. 
84+ 15y = 12;16. 4r—y—5=0; 18. r+ 2y+20 = 0; 19. 2x-—3y4+4=0; 


2 2 
x (| arene 
20.45+4=4. 


Section B: 1. (i) 2z—y—2 =0; (ii) y = V3x2 + 2V3; (iii) y = 22 + 3; 
2. 2+4y—5 =O and x+4y—8 =0; 4. (3,3); 6. 7x — 24y — 250 = 0, 34+ 
Ady — 50 = 0; 7. (atyte, a(t; + t2)); 9. e-—3y+18=0, 9x +3y+2=0, 90°; 


2 


2 
21. (2? + y* — a? — b7)? tan? 6 = 4a7b? (S +%- 1): 22. 27+ 3y = 11; 


26. y? = a(x — 3a); 31. b?2 = a*y; 33. ao aa - = (a? = $7)": Aa: 


a2 Ilo + b2mimo —nyng = 0. 


Taylor & Francis 
Taylor & Francis Group 
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Chapter 6 


Diameters and Conjugate 
Diameters 


6.1 Diameters 


Definition 6.1.1 The locus of the middle points of a system of parallel 
chords to a conic is known as a diameter of the conic. 


Note 6.1.1 For the equation of the chord of a conic in terms of middle 
point see § 5.5 from Chapter 5. 


Note 6.1.2 Different system of parallel chords have different diameters. 


6.2 Important Theorems 


Theorem 6.2.1 The locus of the middle points of a system of parallel chords 
of a parabola is a straight line parallel to the axis of the parabola y? = 4az. 


Proof: Let V(a1,y1) be a middle point of one of the the system of parallel 
chords of the parabola y? = 4az parallel to the straight line 


y=mzrt+e (6.1) 


The equation of the chord of the parabola y? = 4az in terms of the 
middle point (71, y1) is yy: — 2a(a + 21) = y? — 4a}. 


2 2 
Since it is parallel to (6.1), we get ence m, iLe., Y= aun 
YI m 
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Figure 6.1 


2 
Hence the locus of V(x, yi) is y = ef 
m 


This is a straight line parallel to y = 0, the axis of the parabola. 


Now, any line drawn parallel to the axis of the parabola is called a 
diameter. 

Thus the diameter bisects each of the system of parallel chords which is 
called the ordinate of that diameter. 


Note 6.2.1 The diameter meets the curve at a point, the tangent at which 
is parallel to the given system. 


Theorem 6.2.2 The locus of the middle points of a system of parallel chords 
of an ellipse is a straight line passing through the centre of the ellipse. 


Proof: Let the equation of the ellipse be 
a2? 
a | be 


Let the system of chords be parallel to the straight line 


=1 (6.2) 


y=mr+c (6.3) 


Let PQ be any one of the chords of the system and let V, the middle point 
of PQ be the point with coordinates (21, y1). 
Therefore the equation of PQ is 


1, Yi (6.4) 
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The gradient of (6.4) is same as that of 


r 
(6.3), therefore comparing the coefficients 
we get 
b2.24 ; b2 P 
—-+— =™ ie, = —-—j—7}. 
ayy a am! xX 
b2 
Hence the locus of (x1, 41) is y= ——2. O 
a2m 
This is a straight line passing through Figure 6.2 


the origin, i.e., the centre of the ellipse. 
Hence, the locus of the middle points of a system of parallel chords of 
an ellipse is a straight line passing through its centre. 


Note 6.2.2 This straight line is called a diameter with respect to the system 
of parallel chords. 


Theorem 6.2.3 The locus of the middle points of a system of parallel chords 
of a hyperbola is a straight line passing through the centre of the hyperbola. 


Proof: Let the equation of the hyperbola be 


a? y? 


az 


Let the system of chords be parallel to the straight line 


=f (6.5) 


y=mz+c (6.6) 


The equation of the chord of the hyperbola (6.5) in terms of its middle 
point (21, y1) is 


2 2 
= YY = Ly YI (6.7) 
a b? ab 
: bay b? 
Since (6.7) and (6.6) are same, we get >=— =™ ie., yi = 4—21. 
aryl 


b2 
Therefore the locus of (x1, y1) is y = ——2 which evidently passes through 
atm 
the origin, i.e., the centre of the hyperbola. Hence, the proposition. 


Note 6.2.3 This straight line is called a diameter of the hyperbola with 
respect to the system of parallel chords. 


Remark: Any straight line passing through the centre of a central conic is 
a diameter of the conic. The length of segment of this line intercepted by 
the central conic is called the length of the diameter. 
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6.3. Conjugate Diameter 


Definition 6.3.1 Two diameters of a central conic are said to be conjugate 
diameter of the conic if each contains the middle points of the system of 
chords parallel to the other. 


Thus the major and minor axes of an 
ellipse are conjugate diameters of the ellipse 
for each contains the middle points of the 
chords parallel to the other as is evident 
from the adjoining Figure 6.3. 


6.4 Condition that two given Figure 6.3 
Straight Lines may be Conju- 


gate Diameters of an Ellipse 


Let y = max and y = m’zx be two conjugate diameters of the ellipse 


The equation of the diameter bisecting all chords parallel to the line y = ma 
is 


b2 
Yy —_——__ 
azm 
Since this line is same as 
/ / b? / b? 
y=mn ~. mM =—-— >— or, mm = —-,. 
2 ’ 2 
a*m a 


The symmetry of the result shows that if y = m'z bisects all chords parallel 
to y = ma, then the line y = mz will also bisect all chords parallel to 
y=m' x. 
Therefore the lines y = mx and y = m’zx will be conjugate diameters of 
2 2 b2 
the ellipse =) + po Lifmm = 2 


Corollary 6.4.1 In a similar way, we can prove that the condition that the 


two straight lines y= max andy = m'x will be a pair of conjugate diameters 
oy? b2 

of the hyperbola — — = = 1 if mm! = 

a 


b a2 
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6.5 Properties of Conjugate Diameters of an El- 
lipse 
Property 1: The eccentric angles of the extremities of a pair of conjugate 


diameters of an ellipse differ by an odd multiple of _ 


P(acosg, b sing) 
(?) 
xX 


Let PCP’ and DCD’ be a pair of conjugate diameters of an ellipse. Let 
and ¢’ be the eccentric angles of P and D respectively and let the coordinates 
of P and D are respectively given by (acos ¢, bsin ¢) and (acos ¢’, bsin¢’). 


bsi bsin ¢’ 
The slope of CP is vane. and that of CD is ay : 
acos d acos ¢! 
Since C'P and CD are conjugate diameters 
b2 
slope of CP x slope of CD = <2 
bsin@g bsin ¢! b? sin ¢ sin ¢’ 
or, x — => — 
acos @ acos @! a? cos ¢ cos ¢! 


=> cos¢cos¢’+singsind’ =0 
=> cos(d~ ¢') =0=cos(2n + Ns forn Ee N 
o~ ¢' = an odd multiple of = 
Corollary 6.5.1 If the eccentric angle of P be ¢, then the eccentric angles of 
the points D, P’ and D’ are respectively given by . + ¢, a +¢,t1e,7+¢4 
and = +. That is if the coordinates of the point P be (acos¢,bsin@), 


then the coordinates of D, P’ and D' are respectively (—asin ¢, bcos ¢), 
(—acos ¢, —bsin¢) and (asin ¢, —bcos ¢). 
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Property 2: The sum of the squares of any two semi-conjugate diameters 
of an ellipse is constant. 


Let PCP’ and DCD’ be a pair of conjugate diameters of an ellipse 
a Ue ; 
= + Ro 1. (ref. Figure 6.4) 

Then, if ¢ be the eccentric angles of the extremity P, the coordinates of 
P, D, P’, D’ are respectively given by (acos ¢, bsin ¢), (—asin ¢, bcos 4), 
(—acos ¢, —bsin ¢) and (asin ¢, —bcos ¢). 


CP? =a’ cos*¢+ 0b? sin? ¢, CD? =a’ sin? ¢ + b? cos? d 
CP? + CD? = a?(cos? ¢ + sin? ¢) + b*(sin? ¢ + cos? ¢) = a? +b? 


which is a constant. 


Property 3: The tangents at the ends of a pair of conjugate diameters 
of an ellipse form a parallelogram of constant area. 


Let PCP’ and DCD’ be a pair 
of conjugate diameters of an ellipse 


If (acos ¢, bsin ¢) be the coordi- 
nates of the point P, then the coor- 
dinates of D, P’ and D’ are respec- 
tively given by (—asin¢, bcos @), 
(—acos ¢, —bsin ¢) and 
(asin ¢, —bcos @). 

Then equation of the tangents 
at these points P, D, P’, D’ are Figure 6.5 
respectively given by 

xrcos@  ysing xsing ycos@ 
= 1, = 
a b a b 
xzcos@  ysing xsing ycosd 
=-—1 and = 
a b a b 
so that the tangents at P,P’ and D,D?’ are respectively parallel to each 
other. Therefore, the tangents at these points P,D,P’ and D’, i.e., at the 
end points of a pair of diameters of an ellipse form a parallelogram. 


b 
Now the gradient of the tangent at P is auc? and the gradient of 
as 


in @ 
bcos@ 


asin d 


1, 


1 


CD is also — 
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Hence the tangent is parallel to DCD’. Similarly, the tangent at D is 
parallel to PCP’. 
Therefore, the area of the parallelogram EF'GH 
= 4 x area of the parallelogram CPF'D. (See Figure 6.5) 
Let CL be the perpendicular from the centre C upon the tangent at P. 
Then 


1 
CL= 7 ab 7 ab 
/ cos a) vs ae o) Jb? cos2 p + a2 sin? p CD 
b 
so, area of the parallelogram CPF'D = CD x CL=CD x a = ab. 


area of the parallelogram EF'GH 

= 4 x area of the parallelogram CPF'D = 4ab = a constant. 
Note 6.5.1 The area of the parallelogram CPFD can be obtained alterna- 
tively as follows: 


l l 0 0 1 

Area CPFD==x ACPD==—| acos¢d bsingd 1 
2 : 

—asing bcos@ 1 


1 1 
500(cos" o+sin? ¢) = 3b. 


Corollary 6.5.2 Since CL.CD = ab = constant, so the product of the 
length of perpendicular from the centre of the ellipse on the tan- 
gent at one end of a diameter and the semi-conjugate diameter 
is constant /i.e., p.CD = ab = constant where p is the said length of 
perpendicular. | 


Property 4: The product of the focal distances of a point on an ellipse is 
equal to the square on the semi-diameter parallel to the tangent at P. 


2 2 
Let P(acos6,bsin@) be a point on the ellipse a + z = 1. Then the 
a 
coordinates of D are (—asin@, bcos 6). 
The coordinates of the foci S and S’ are respectively (ae, 0) and (—ae, 0). 


We have 
SPs = (ae —acos@)? + b? sin? 6 


= VJ a2e2 — 2a2e cos 6 + a? cos? 6 + b? sin? 6 


= ee — 2a?e cos 6 + a? cos? 6 + a?(1 — e?) sin? 6 


Va2e2 — 2a2e cos 6 + a2 cos? 6 + a2 sin? 6 — a2e2 sin? 6 


280 Analytical Geometry of Two Dimensions 


Vate2 — 2a2e cos 6 + a2 + a2e2 sin? 6 
V a2e? cos? 6 — 2a2e cos 6 + a2 = \/(a — ae cos 8)? = a — ae cos 


and similarly, S’P = \/(ae + acos 6)? + b? sin? 6 = a + aecos8. 


SP.S'P = a* —a*e* cos? 6 = a? + (b* — a”) cos* 6 
= a’sin® +6 cos? 6 = CD”. 


6.6 Properties of Conjugate Diameters of a Hy- 
perbola 


Property 1: Jf a pair of diameters be conjugate with respect to a hyper- 
bola, one of them meets the hyperbola in real points and the other meets the 
conjugate hyperbola in real points. 


Let y = mj a and y = max be a pair of conjugate diameters with respect 


a2 y? b2 


to the h bol — + =1.Th =. 
o the hyper eee) 2 en mymM2 2 


b b 
Let |mi| < —, hence |mg| > -. 
a a 


2 2 
x 
If the straight line y = m zx meets the hyperbola — — Z = 1 then for 
a 
the abscissas of the points of intersection we get 
oe tee ie as, ab? = ab 
5. = LS > 6 eS et 
a b? b? — a2m3 be — ame 


gel ay ; b ; : 
which is real if b? — a2m? > 0 > |m;| < —. It is true according to our 


assumption. Therefore the straight line y = m,a2 meets the hyperbola in 
real points. 
The abscissa of points of intersection of the line y = max and the con- 


2 2 2 
a m 1 
jugate hyperbola z oy cee 1 are given by x (= — =) = 1 be; og = 
ab? 
a?m2 — b? 


; b : 
Since m3 > —3, these abscissas are real. Therefore the line y = mx 
a 


meets the conjugate hyperbola in real points. 
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Property 2: If a pair of diameters be conjugate with respect to a hyperbola, 
then they are also conjugate with respect to its conjugate hyperbola. 


If two straight line y = m,x and y = max be a pair of conjugate diame- 
2 2 


x 
ters with respect to the hyperbola — — z = 1. Then 
a 
b2 
MyM, = a (6.8) 
yew 2 y2 
The equation of the conjugate hyperbola is => — —~ = 1,i.e.,—,; — —>5 =1. 
G2 ge ae 
The lines y = myx and y = m2 be a pair of conjugate diameters of 
- 0 
the second hyperbola if mjmz = —z =- 5. This is true from the above 
—a a 


condition (6.8). 
Hence the two straight lines are a pair of conjugate diameters of the 
conjugate hyperbola also. 


Property 3: Jf a pair of conjugate diameters meet the hyperbola and its 
conjugate in P and D, then 
(a) CP? — CD? = a? — b? and 
(b) the tangents at P, D and the other ends of the diameters through 
them from a parallelogram whose area is constant. 
Pe 2 
(a) Let P(asec@,btan@) be any point on the hyperbola —; — 5 =1 
a 
whose centre C is at (0,0). 
The equation of the diameter C'P is 
btané@ b 
= ae or, y = —sin@.x (6.9) 
asec a 
Therefore the equation of CD is 


b b? 
= aoe pe € mMiM2 = =) (6.10) 


asin@ 


The abscissas of the points of intersection of the line (6.10) and the conjugate 
2 o 


x 
hyperbola z — — = Lare given by the equation 
a 


1 1 g? (1—sin? 0 
2 
——,~— — —]=1 or, — | ——_,—_] — 1 
* een =) = ( sin? 6 ) 


or, x2? =a" tan? ie., 2 =+atand, so, y= +bsecd. 
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Hence the coordinates of D are (atan6,bsec@). So, we have 
CP? =a’ sec?6+b*tan?6 and CD? =a’? tan? 6 + b* sec” 6 
CP? — CD? = (a? sec? 6 + b* tan? 6) — (a? tan” 6 + b? sec? 0) 
= a?(sec? @ — tan? 6) — b? (sec? 6 — tan? @) = a? — 0”. 
(b) The tangents at P and D to the hyperbola and its conjugate hyper- 
bola are respectively 


xsecO ytand _ 


, —=1 (6.11) 
and mene yee? i (6.12) 


From Figure 6.6, it is obvious that the tangents at P and D are parallel to 
CD and CP respectively. Similarly the tangents at P’ and D’ are parallel 
to CD and CP respectively. Hence the tangents at P,P’, D,D’ from a 
parallelogram. 


P(a sec@, b tan@) 


(-a sec@, —b tan@) PZ 


Figure 6.6 


Now the area of this parallelogram = 4 x C'D.p, 


where p be the length of perpendicular form C to the tangent at P 
1 1 ab 


7 \/ dsec? + 3 tan? 0 ~ Vartan? @+b2sec29 CD 


[since D is the point (atan 6, bsec@) (from above)]. 


So the area of this parallelogram = 4x CD x p=4x CD x a 


= 4ab = a constant. 
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Note 6.6.1 If p be the length of perpendicular form the centre of the hyper- 
ab 


bola to the tangent at any point P, then p= reine 


6.7 Equi-conjugate Diameters of an Ellipse 


Definition 6.7.1 When two conjugate diameters of an ellipse are equal, 
they are said to be equi-conjugate diameters of the ellipse. 


Let P and D be the extremities of the two equi-conjugate diameters of the 
2 2 


ellipse = + 2 = 1 whose centre C is at (0,0), ie., CP? = CD?. 
a 


Now if (acos6,bsin@) be the coordinates of P, then we have 


a? cos? 6 + b? sin? 0 = a? sin? 6 + b? cos? 6 
or, (a? — b*) cos? @ = (a? — b*) sin” 6 


or, tan?@=1 or, tand=+1 => 6 = 45° or 135°. 


b b 
Hence the equation of CP is y = —tan6@.x or y= +-2 (6.13) 
a a 
b b 
and the equation of C'D is y = — cot 0.4 = F-2x (6.14) 
a a 


From (6.13) and (6.14) it is clear that the two equi-conjugate diameters 
CP and CD are equally inclined to the axis of x in opposite senses. 


Note 6.7.1 Jf a rectangle be formed by the tangents at A, A’, B, B’ the two 
diameters (6.13) and (6.14) are clearly its diagonals. 
Also the length of each equi-conjugate semi-diameters 


a2 + b2 
2 


1 
— CP = Va2 cos? 6 + b? sin? 6 — sin? = cos? 9 = 5 


Property: The acute angle between a pair of conjugate diameters of an 
ellipse is least when they are equi-conjugate. 


Proof: Let PCP’ and DCD’ be a pair of conjugate diameters of the el- 
2 2 
lipse ae + 2 = 1 and let 0 be the angle between the pair of semi conjugate 
a 


diameters CP and CD (see Figure 6.5). 
We have C'P.C'D. sin 0 = ab. 
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Since the perpendicular distance form the centre C' to the tangent at P 
is equal to the perpendicular distance form P to the chord DCD’ which is 
again equal to CP. sin 6. 

Clearly, sin@ is least when the product (CP.CD) is maximum. Again, 
by Property 2 of § 6.5 we get CP? + CD? = a? +b?. Hence (CP.CD) 
is maximum when C'P = CD, i.e., when the conjugate diameters are equi- 
conjugate then the acute angle between them is least. 


6.8 Worked Out Examples 


Example 6.8.1 Find the diameter of the ellipse 3a? + 4y? = 5 conjugate 
to the line y+ 3a = 0. 


2 2 
Solution: The given equation of the ellipse is written as at + - = 1. Let 
3 4 
y = mz be the diameter which is conjugate to y = —3~. 
a) 1 
m(—3) = —* or,m=-. 
3 4 


Hence the equation to the diameter of the given ellipse conjugate to the line 


1 
y+ 32 =0is y= 72 or 4y—2=0. 


Example 6.8.2 CP and CQ are two conjugate semi-diameters of the ellipse 
2x7 + 3y? = 14. If the coordinates of P be (1,2), find the length of CQ. 


Solution: Here, the equation of the ellipse is 


ae: ab 2 2_i4 
7 tiaah fe ag 
3 
14 35 
= BEI: NUR Os el Sl. (6.15) 


Again, CP? =1+4=5 [. C is the origin.] So, form (6.15), we get 
35 20 2V5 = 2/15 
V3 3 


3 3 
Example 6.8.3 For the ellipse 2x? + 3y? = 24, find the pairs of semi- 
conjugate diameters inclined at an angle tan—! 7. 


Goes 
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2 2 


Solution: The equation of the ellipse is a + gs 1. 
If the required equation of the conjugate diameters be y = m x and 


b 8 2 
a? 12 af 
If 6 be the angle between these conjugate diameters, then 


y = Moz, then mime 


my, ~ mz my, — m9, 7 
— . Mmy-mg.=-. 


tand = 7= = : 
= 1+ mma 1 2 3 
49 8 25 
Now — (my +1mz)* = (my — ma)” + 4mymy = O. 3e" o 
is 5 
m m2 = mz 
1 2 3 
5 7 
So we get, m1, + M2 = 3 and m,— m2 = 5 
1 1 
whence we get, m, = 2, 3 and m2 = = —2. 
i 
YS oe. . PS ase 
Hence the required conjugate diameters are 1 3 
== =) 
y 3" 7] v 
Example 6.8.4 Prove that the locus of the middle points of the chords of 


2 2 


: x y 
the ellipse a + Be 


ba(a — a) +a7y(y — 8) =0. 


= 1 which pass through a fixed point (a,() is given by 


2 2 
Solution: Let (h,k) be the middle point of a chord of the ellipse 2 nae 


an 
The equation of the chord whose middle point is (h, k) is 


th yk h?  k? 
mt = 2 poe 
Since this chord passes through (a, 3), so 
ah | Bk h? ke 
a ' bat Be 
Hence the locus of the middle point (h,k) is 


ax Bie GF 2 ue 


ee ee ee 
or, b2a? + a?y* = a? By + Var 


or, b*x(x2 — a) + a7y(y — B) = 0. 


1; 
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Example 6.8.5 Find the locus of the middle points of the chords of the 


2 
ellipse = + z = 1, which subtend a right angle at the centre. 
a 
a? 
Solution: Let the middle point of a chord of the ellipse — + ies 1 be 
a 
(h, k). 


Therefore the equation of the chord of the ellipse in terms of middle 
point (h,k) is 
th yk h?. ke 
ab? a? BB 
The equation of the pair of lines joining the centre (i.e., the origin) to the 
points of intersection of the ellipse and the chord given in (6.16) is obtained 
by making the equation of the ellipse homogeneous with the help of (6.16) 
and is given by 


x? y 2 % 
a2 h2 k2 


gy? h2— k2\? th yk . 
« (S)(E+)-(G8) om 
Since the chord (6.16) subtends a right angle at the centre, the lines repre- 


sented by (6.17) are perpendicular to each other if the sum of the coefficients 
of x? and y? is zero, 


ee ee a hes ke 
Wey | a Tg qu? 2 a 
or, (0°h? + a?k?)?(a? +b?) = 07b?(b*h? + a*k?). 
Hence the locus of (h, k) is (b?2? + a?y?)?(a? + 67) = a2b?(b*a? + aty?). 


(6.16) 


Example 6.8.6 Prove that the locus of the middle points of normal chords 
y 4a? 

of the parabola y? = 4ax is ~ =a —2a. 
2a y 


Solution: Equation of any normal at the point ‘t’/ to the given parabola is 


y + tx = 2at + at? (6.18) 


Let (a, 3) be the middle point of the chord. Then the equation of the chord 
in terms of the middle point (a, 3) is 


By — 2a(x# +a) = B?-4aa => By —2ax = B? - 2aa (6.19) 
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Equations (6.18) and (6.19) are identical 


te of _ 2at + at? 
—2a 6B 6%-2aa 


2a B? — 2aa 
t=—— and Jat Hat? = ——_—_ 
B B 


Eliminating ’t’, we get 


2a ( +) | a( 2e\" = B? — 2aa 
B B B 
or, —4a?8? — 8a* = 64 — 2aa8? 
or, 64+ 8a* = 2aah? — 4a?6? = 2a6?(a — 2a) 


B? 4a? : 
T =a a. 
aoa B? 
y? 4a? 
Hence the required locus of (a, 3) is 5 t+ —, =2-— 2a. 
ay 


Example 6.8.7 PCP’ and QCQ’ are two conjugate diameters of the hy- 
perbola 3x? — 2y? = 1. If the coordinates of P be (1,1) and 6 be the angle 


between the diameters, then show that sin@ = 


V26- 
a? 
Solution: The equation of the given hyperbola be =- — > = 1, i-e., we get 
3 2 
1 1 
2 = b2 ==> 
saa 2 
1 1 1 
CP? -CQ=2-P= = 6.20 
ae 3. 2. 6 ee) 
Since the coordinates of P are (1,1), CP? =1+1=2 (6.21) 
1 13 
Hence form (6.20) we get CQ? = 2+ go (6.22) 
13 lise ols 
Now CP.CQsin@ = ab or, V2..— sind = —=—— [by (6.21) and (6.22 
Q sind = a [by (6.21) and (6.22) 
Ly 2. 4 6 1 
Hence sin @ = vs 


Gia 2B ee 
Example 6.8.8 Find the condition that the pair of straight lines Ax? + 


2 
x 
2Hxry + By? =0 may be conjugate diameters of the ellipse J 


taal 
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Solution: Let y = mj x and y = mga be the pair of lines represented by 


A 
the given equation Ar? + 2Hxry + By? = 0. Then mym2 = 3 Again if 


2 2 


x 
these lines became conjugate diameters of the given ellipse — + 2 ale 
b? : 
then mymMms. = 73° 
a 
. apie’ as ee b? 9 9 
Therefore the required condition is — = —- or, a*#A+b*B=0. 


B a? 


Example 6.8.9 Find the eccentric angles corresponding to two equal con- 


2 y? 


jugate diameters of the ellipse > +7 =1. 
a b 


Solution: Let PCP’ and QCQ’ be two equi-conjugate diameters of the 
given ellipse. Then we have CP = CQ. Also we have 


CP +C0Q@=07+0 => 2CP=07+h? (6.23) 


Let ¢ be the eccentric angle of P, i.e., the coordinates of P be (acos ¢, bsin ¢). 
Then CP? = a? cos? ¢ + b? sin? ¢. 
So we get form (6.23), 


2a’ cos? ¢ + 2b? sin? d = a? + b? 
or, a?(2cos? d — 1) = b*(1 — 2sin? 4) 
or, a?cos2¢ = b? cos2¢ or, (a? — b*) cos2¢ = 0 


or,, Ls 26=0> -GFAb) 4. 26= i 35. 


34, ie., 45°, 135°. 


Tv 
So, C= a) 4 


Example 6.8.10 Jf the angle between two equi-conjugate diameters of an 
ellipse is 60°, find its eccentricity. 


Solution: The equations of two equi-conjugate diameters of the ellipse 
; b b 

re ae y = —x and y = ——x [See § 6.7 equation (6.13) and (6.14)]. 

ge be a a 


Since the angle between them is given as 60°, we have 


b b 

b_(-8) 9 2ab 
ee al 7 
a? — a? — 


- (6.24) 
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Let the length of each diameter be 2d. Then by using the properties of § 6.5 
we get 2d? = a? + b and 2.4d? sin 60° = ab [vide. Example 6.8.7]. 


i.e., we get 2d? =a? +b? (6.25) 
and V3d? = 2ab (6.26) 


Dividing (6.26) by (6.25) we get 


3 2ab 
Degas (6.27) 
9 a? + b? 
From (6.24) and (6.27) we get 
DP eae or, 2a* — 2b° = a* +b 
be Oh 
2 2 
3b +z=s. 
i as: 
So, if e denotes the eccentricity of the ellipse, then 
b? 1-2 v2 1 
2 ; 
=I =1--=, ie,e= 2 =-V6. 
e 2 3 = 9 bese We 3V6 
Example 6.8.11 Find the locus of the point Q when the normal at a vari- 
2 2 
able point P on the ellipse - + a = 1 cuts the diameter CD conjugate of 
a 


CP at Q. 


Solution: If (acos@,bsin@) be the coordinates of the point P then the 
coordinates of D will be (—asin 6, bcos 6). 


The normal at P is ax sec 6 — by cosec 9 = a? — b?. 
The equation to C'D is bx cos @ + aysin@ = 0. 
Let Q be the point (a, (), then 


aa sec 6 — b8 cosec 6 = a? — b? (6.28) 
and bacos@ + af siné = 0 (6.29) 
i 1 
From (6.29), we get ead = ont = 
—ba a b202 + a262 
sin# = a and cos@ = ua 


[P02 + a2B2 [P22 + 4282 


290 Analytical Geometry of Two Dimensions 


Eliminating 0 between (6.28) and (6.29), we get 


(S42) Vier aR = 0-9 


B 
2 

(a? + p?)? 2,2 2.2 2 2)2 @ | b aoe 

or, page see + Ba") = (a =F} ar an a? + B? 
ae 2_ p2\? 
Hence the locus of Q is 3 + = (S 5 -) : 

ay? 
Example 6.8.12 PSQ is a focal chord of the ellipse 7) + vie 1 where S 


is a focus and CP, CQ are a pair of semi-conjugate diameters of the curve. 
If @ be the eccentric angle of P and e is the eccentricity of the curve, then 
show that PQ =a and e(sing + cos ¢) = 1. 


Solution: The coordinates of P and Q can be taken respectively as (a cos ¢, 
bsin ¢) and (asin ¢, —bcos ¢). Hence the equation of the line PQ is 


y—bsind — x£-acosd 
bsing+bcosd acos¢d—asing 


(6.30) 


Now the coordinates of the focus S is given by (ae, 0) and this point S(ae, 0) 


B 


Nab \ foo’ 


lies on (6.30) 


—sing e—cos@ 
sing + cos@ ~ cos ¢ — sing 
or, —sindcosd +sin? ¢ = e(sin ¢ + cos ¢) — sing cos ¢ — cos? ¢ 
or, e(sing+cos¢) =1 (6.31) 
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Now, PQ? =(acos¢—asin¢)? + (bsing + bcos ¢)? 
= a?(cos¢ — sin ¢)? + b?(sin ¢ + cos @)? 
= a"(cos¢ — sin @)? + a?(1 — e”) (sing + cos 6)” 
Pb? = 47(1 =e?) 
= a?[(cos ¢ — sin ¢)? + (sing + cos ¢)?] — a%e?(sin ¢ + cos ¢)? 
= a’.2(cos* ¢+ sin? ¢) — a? [using (6.31)] 
0G Sa = a 
PQ=a. 


Example 6.8.13 Lines are drawn through the foci of an ellipse perpendic- 
ular to a pair of conjugate diameters and intersect at Q. Show that the locus 
of Q is a concentric ellipse. 


Solution: Let the two extremities of a pair of conjugate diameters of the 


ellipse ae + P = 1 be P(acos@, bsin@) and D(asin 6, —bcos@). If C and S$ 
a 


be respectively the centre and focus of the ellipse then the coordinates of C 
and §' are respectively given as (0,0) and (ae,0) where b? = a?(1 — e?). 
bsin 6 bcos @ 


The slope of the diameter C'P is and that of CD is —. 
acos6 —asin6 


The equation of the line passing through S(ae,0) and perpendicular to 
CP is 
_ acosé 
oe pene? og) 
and that of the straight line through the point (—ae,0) and perpendicular 
to CD is 


~ errs ide) 
If these two straight lines meet at Q(a, 3), then we have 
See bB _ a(a + ae) 
~ afae—a) =— BBs 


Eliminating 0, we get, 
b262 = a2(a2e2 — a?) or, a2a? +626? = ate? = a2(a? — b*) 
a2 pe az _ b2 


nn er) 
a2 2 q2—# 
Hence, the locus of Q is 5 eae eae 7% which is an ellipse concentric 
a 


y 


1. 


hb 
with the ellipse az + a 
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Example 6.8.14 If PCP’ and DCD’ be two mutually perpendicular diam- 
te Oe. sae 1 1 i. 

eters of the ellipse =) _ po 1, prove that Cpe | Cm a | 5: 

Solution: Let (acos¢,bsind) and (acos¢’, bsin¢’) be the coordinates of 

the points P and D respectively. The coordinates of the centre C’ of the 

given ellipse are (0,0). 


b b 

The slope of C'P is — tan@ and that of CD is - tan’. 
a 

Since C'P and CD are perpendicular to each other so 


2 


* tan 6 tan@¢’ = —1 or, tand¢.tand’ = o (6.32) 
Now : + ! = 1 1 
CP? CD? a? cos?¢+b2sin?d a? cos? d/ +b? sin? d/ 
7 sec? sec? ¢! 
a2 +b? tan?d a2 +b? tan? d! 
1+ tan? 1+ tan? ¢’ 
~ a2 + 82 tan2 @ a+b? tan? d/ 
2 1+ Sg 
= ee > > re [using (6.32)] 
b* tan? d 
oy a tan? at + b* tan? 
~ a2 +b? tan?¢  atb? + a2b4 tan? d 
_ a7b?(1 + tan? d) + at + b* tan? ¢ 
i a2b?(a? + b? tan? d) 
__ a?(a? + b? tan? d) + b?(a? + 7 tan? ¢) 
7 a2b?(a? + b? tan? d) 
_ (a? +0?)(a? +b? tan? ¢) a? +0? 1 el 
(a2b?)(a2 +b? tan?) ab? a 
Hence : = : : , 
CP? Gp? sa? be 


Example 6.8.15 Show that the product of the focal distances of a point on 
an ellipse is equal to the square of the length of the semi-diameter parallel 
to the tangent at this point. 


Solution: See § 6.5 Property 4. 
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Example 6.8.16 Prove that the locus of the middle points of chords of 
contact of tangents to the hyperbola x? —y? = a? from points on the auxiliary 
circle is the curve (x? — y”)? = a?(x? + y?). 

Solution: The auxiliary circle is x? + y? = a?. 


If (acos ¢, asin ¢) be a point on it, then the chord of contact of this point 
with respect to the hyperbola x? — y? = a? is 


xacos ¢ — yasing = a” or, xcos¢— ysind =a (6.33) 


If (@1,y1) is the middle point of this chord, then the equation (6.33) is 
identical with 


EL, — yy, = x2 — y? (6.34) 
Comparing (6.33) and (6.34) we get 
i ax a 
es — zy = cosp=—>—Z — sing = ee 
na Y1 Li Yt 7 —- V1 ty 
a*(aj + yf) 


or, 1=cos?¢+sin? ¢ = or, (wf — yj)? = a*(x7 + yf) 


(xi — yf)? 


Therefore the required locus is (x? — y?)? = a?(x? + y’). 


Example 6.8.17 Any tangent to an ellipse with centre C meets the director 
circle in P and D. Prove that CP and CD are in the directions of the 
conjugate diameters of the ellipse. 


Solution: The straight line 


y= ma + Va?m? + b? (6.35) 


gy? 
is always a tangent to the ellipse = + = =1. 


ab 
The equation of the director circle of the ellipse is 

ety=at+h? (6.36) 
The combined equation of CP and C'D is obtained by making equation 
(6.36) homogeneous with the help of (6.35), which is 

(am? + b?) (a + y*) = (a? + B*)(y — ma)? 

(y — mex)? 
a2me + be 
or, (b? — b?m?)x? + (a?m? — a?)y? + 2(a? + b?)may = 0 
or, b2(1—_m?)a? + 2(a? + b?)may + a?(m? — 1)y? = 0 (6.37) 


[.: form (6.35), = 1] 
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If m, and my, be the slopes of CP and CD respectively, then from (6.37) 
we have 
b?(1 — m?) b 


ee a?(m? — 1) ae’ 


Thus CP and CD are in the directions of the conjugate diameters of the 
ellipse. 


Example 6.8.18 Prove that the straight lines joining the centre of the el- 
2 2 
x 


lipse — + po 1 to its points of intersection with the straight line y = 
a 


Qp2 + be 
fa*m* +b : : 
ma + ap are conjugate diameters of the curve. 


Solution: The equations of the lines joining the centre of the ellipse to its 


; , ; a2m? + b? ; 
points of intersection with the line y = max + —3z can be written as 


2 
ay (y — mz) 
Pe, I b2 ee 


=0 (6.38) 


[This is obtained by making homogeneous the equation of the curve with 
the help of the equation of the line.] 


ada we me Qed pr 
2 Ca: (: ee an?) b2 
where mm) = 7 = ae 
b2 ce b2 (: mtb — 0?) a2 
2 
(b? _ a?m?)b? b2 
(a2m? = b?)a? a2 


Therefore the lines y — mia = 0 and y — mga = 0, i.e., the lines repre- 
sented by (6.38) are conjugate diameters of the ellipse. 


Example 6.8.19 Show that the locus of the middle points of the normal 
chords of the rectangular hyperbola x? — y? = a? is (y? — 27)> = 4a?x?y?. 
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Solution: Let (21, y1) be the middle point of a chord of the rectangular 
hyperbola 


ga = 0% (6.39) 
The equation of the chord is 

tX1— YY = 7 vi (6.40) 
The equation of the normal at the point (asec ¢, btan @) to the hyperbola is 

xcos@+ ycot d = 2a (6.41) 


Comparing (6.40) and (6.41) we get 


cos cot 2a 2ax x 
ee Pe oo cos = —5—*5 and sing =——. 
L1 —Yl WT YT Ty Yj Y1 


Squaring and adding these we get 


Aa? x? x 
1 =cos? ¢+ sin? ¢ = s 
(zj-97)? vy 
4a*x? ie 4a? x? x? -- yz 
Ors 2 pg ta —1=0 or, 7745 4 g— 0 
(xi — yf) Wy e: — yj) yy 
2,22 
or, 4a? atyt + (aj — yf)? =0 or, (yf — xf)? = 4a*aiy7. 


Therefore the required locus is (y? — x)? = 4a?x?y?. 


Example 6.8.20 Show that the locus of the poles of line joining the extrem- 
2 


ities of two conjugate diameters of the ellipse > - v= = 143 —3'+ Pe 2. 
Solution: Let (acos6@,bsin@) and (—asin 6, bcos @) be the ends of the con- 
jugate diameters of the given ellipse 2 + Z wl 
The equation of the tangents at these points are 
7 cos 6 + ; sin@ = 1 (6.42) 
and , sin 0 — ; cos 6 = —1 (6.43) 


The point of intersection of these tangents is the pole of the line joining the 
ends of the conjugate diameters. 
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Eliminating 6 from (6.42) and (6.43) we get the required locus. Squaring 
(6.42) and (6.43) and then adding we get 


2 2 
5 (cos” 6+ sin? 6) + 5a (eos? 6+ sin? 6) = 17 + (-1)? 
2 
’ x y 
L€., I + RP = 2 
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6.9 Exercises 


Section A: Objective Type Questions 


1. Show that the locus of the middle point of a chord of a parabola 
which passes through a fixed point (a,0) is the parabola y? = 2a(x — a). 

2. Show that for the ellipse x? + 4y? = 36, the diameters y = 4a and 
x +16y = 0 are conjugate diameters. 
2 2 


l 
3. If the line —a + a =n cuts the ellipse = 1 at the ends of 
a 


b 


conjugate diameters of the ellipse, prove that /? + m? = 2n?. 


t 7] 
a 


2 
x 
4. Find the equations of two conjugate diameters of the hyperbola eo 


2 


¥ —_ 1 if one of them passes through the point (10,1). 
5. Show that the locus of the middle points of the chords of the ellipse 
2 2 
ae + Pp = 1 which pass through a fixed point (a, 8) is given by b?a(2—a)+ 
a 
a’y(y — 8) =0. 


6. Find the equation of the chord of the parabola y? = 8x which is 
bisected at the point (2, —3). 

7. Find the equation of the diameter of the ellipse 3x? + 4y? = 5 conju- 
gate to the diameter y + 3x = 0. 

8. For the hyperbola 16x? — 9y? = 144 find the equation of the diameter 
which is conjugate to the diameter x = 2y. 

9. Find the condition that the pair of straight lines Ax?+2Hxy+By? = 0 


2 2 
x 
may be conjugate diameters of the ellipse — + 2 =—iibs 
a 
a oy? 
10. If the points of intersection of the two ellipses — + po 1 and 
a 
ay? 
aos Be = 1 be the ends of the conjugate diameters of the former then 
a 


2 2 


prove that a = 2: 
a 


YB 


Section B: Broad Answer Type Questions 


1. Find the middle point of the chord of the parabola x? = 8y, whose 
equation is 37+ 4y+1=0. 
2. Find the locus of the middle points of the chords of the circle 2?7+-y? = 
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13 which are parallel to the straight line 3x + 4y = 5. 

3. Prove that the chord x + y = 0 of the parabola y? = 4z is bisected at 
the point (2, —2). 

4. Find the equation of the locus of the mid-points of the chords of the 


1 
parabola y? = 4x which have a gradient 5° 


5. CP and CQ are conjugate semi-diameters of the ellipse 2x?+7y? = 30. 
If the coordinates of P are (1,2), find the length of CQ. 

6. P and Q are the extremities of conjugate diameters of the ellipse 
2x? + 3y? = 24. Find the locus of the point of intersection of the tangents 
at P and Q. 

7. Show that the diameters whose equations are y+3z = 0 and 4y—x = 0 
are conjugate diameters of the ellipse 32? + 4y? = 5. 

8. If P(v1,y1) and D(x2, y2) be the extremities of the conjugate diame- 

T1%2  Yiy2 


ters CP and CD of an ellipse, prove that —- + ie 0. 
a 


Hence deduce x y2 — yi x2 = tab. 
9. Show that the diameters whose equations are y+3x = 0 and 4y—x = 0 
are the conjugate diameters of the ellipse 3x7 + 4y? = 5. 
2 


10. CP and CD are conjugate diameters of _ + ¥ _ 1. Show that 
a 


b2 
the ortho-centre of the triangle ACPD is 
2(b2y" a ar ) = (a? = b7)?(b?y/? = a*x?)?. 
11. If P and D are the ends of conjugate diameters find the locus of 


(i) the middle point of PD. 

(ii) the point of intersection of the tangents at P and D. 

(iit) the foot of the perpendicular form the centre upon PD. 
and (iv) the point of intersection of the normals at P and D. 


2 y? 


12. A circle passes through the ends of a diameter of the ellipse a — no 
a 


1 and also touches the curve. Prove that the centre of the circle lie on the 
ellipse 4a2x? + 4b2y? = (a? — b?)?. 

13. The normal to the rectangular hyperbola xy = c?, at a point P on 
it meets the curve again at Q and touches the conjugate hyperbola. Show 
that (PQ)? = 512ct*. 

14. Show that 4% — 3y + 4 = 0 and «+ 3y — 7 = 0 are parallel to the 
conjugate diameters of the ellipse 47? + 9y? = 36. 
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15. If the line lx + my = 1, passes through the extremities of a pair of 
2 


y2 
= 1, then a7/? + b?m? = 2. 


conjugate diameters of the ellipse — + Bp 
a 


2 
16. Show that the conjugate diameters of = + = = 1 which are equally 
a 


7] 
v2 
inclined to each of the axes are bx + ay = 0 and bx — ay = 0. 

17. Prove that the equation to the equi-conjugate diameters of the conic 


ax? + 2hay + by? = 1 is 


ax? + 2hay + by? _ 2(n* + y?) 
ab — h? ~~ a+b ~ 
18. Show that the pair of lines 


(Ha — hA)x? + (aB — Ab)xy + (hB — Hb)y? =0 


are conjugate diameters of both the conics ax? + 2hay + by? = 0 and Ax? + 
2Hxy + By? =0. 

19. Show that the tangents at the ends of the diameters of an ellipse 
are parallel to each other and to the conjugate ene 


2 

20. If O is the centre of the hyperbola = _ 7 
a 
diameters OD and OD, of the curve such that OD bisects the angle between 
the positive z-axis and OD,. 

21. If P(x1, y1) and Q(#2, y2) are the extremities of a pair of conjugate 

2 2 
diameters of the ellipse = + z = 1, then show that 
a 


(i) af+a3=a7, (i) yf tyZ=o*, (i) cy + toy =0 


= 1, find two conjugate 


and (iv) the equation of the chord PQ is si za + Yi = 2 =1. 
a 
ay? 
22. If CP and CQ are conjugate semi-diameters of the ellipse at = 
a 


1, show that the line joining the middle points of P and Q touches the conic 
2 2 
x Yy 1 


a Po 8 
23. Find the angle between the equi-conjugate diameter of the ellipse 
x? + 3y? = 3. 


24. Show that the condition that the lines Ar? +2Hay+ By? = 0 should 
be conjugate diameters of the conic 


ax? + 2hry + by? =1 is aB+bA-—2hH =0. 
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ANSWERS 


Section A: 4. y = He, y = 8x; 6. 4a 4+ 8y+1=0; 7. x = 4y; 8. 
32x = 9y; 9. Aa? + Bb? = 0. 


Section B: 1. (—3,2); 2. 4% = 3y; 4. y= 4; 5 wid 6. 7 ++ ve = 2° 
11. (i) 34+ 8 =4: (i) $4 ¥ =2 (ili) 202? $ y2)? = ae? + By’; (iv) 
2(a7x? + by?) = (a? — b*)?(a2a? — b*y?)?; 20. Equation of OD is y = mz 
my = 2; 23: 60°. 


am’? 


and that of OD, is y = mx where m = Tua’ 
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